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*'  A  Course  of  Hathematies,  for  the  Use  of  Aoademies.  as  well  as  PriTate  Tuition. 
In  two  Yolumee.  Bj  Charles  Hntton,  LL  D  F.K.B.  Late  Professor  of  Mathematics 
in  the  Royal  Hilitmry  Academy.  From  the  ScTeotfa  London  Edition.  RoTised,  cor- 
TCOted,  and  imraorea  To  which  is  added.  An  Elementary  Essay  on  Descriptive  Geo- 
metry, by  Robert  Adrain,  LL.O.F.A.P.S.  F.A.A.S.  ko  and  Professor  of  Mathema- 
tics and  Natural  Philosophy,  in  Columbia  College.  New-ToriL*' 

In  conformity  to  the  act  of  Confress  of  the  United  States,  entitled,  ^  An  act  for 
the  encoorafement  of  learainf,  by  sncorinp  the  copies  of  maps,  charts,  and  bo<Jcs. 
to  the  antfion  and  propneters  of  soch  copies,  durinf  the  time  therein  mendoned.'*  .  And 

alio  to  an  aot|  entitled,  *•  An  act,  supplementary  to  an  aot,  entitled.  An  act  for  the  eo- 
coaraf^ment  of  leamiw,  by  secvnny  the  comes  of  maps,  charts,  and  books,  to  the  au- 
thors and  proprietors  or  soeh  copies,  dnrinf  tne  times  thereiu  mentioned,  and  eztondinf^ 
the  benefit!  thereof  to  the  arts  of  de^ninft  ei^raTinf,  and  etclunf  historical  and  other 
prints.** 
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s-^^Hi^  PREFACE 

A  SHORT  and  Easy  Course  of  the  Mathematical  Sciences 
has  long  been  considered  as  a  desideratam  for  the  use  of  Stu- 
dents in  the  different  schools  of  education  :  one  thai  should 
hold  a  middle  rank  between  the  more  voluminous  and  bulky 
collections  of  this  kind,  and  the  mere  abstract  and  brief  com- 
mon-place forms,  of  principles  and  memorandums. 

For  long  experience,  in  all  Seminaries  of  Learning,  has 
shown  that  such  a  work  was  very  much  wanted,  and  would 
•prove  a  great  and  general  bene6t ;  as,  for  want  of  it,  recourse 
has  always  been  obliged  to  be  had  to  a  number  of  other  books 
by  different  authors  ;  selecting  a  part  from  one  and  a  part  from 
another  as  seemed  most  suitable  to  the  purpose  in  hand,  and 
rejecting  the  other  parts — a  practice  which  occasioned  much 
expense  and  trouble,  in  procuring  and  using  such  a  number 
of  odd  volumes,  of  various  forms  and  modes  of  composition  ; 
besides  wanting  the  bene6t  of  uniformity  and  reference,  which 
are  found  in  a  regular  series  of  composition. 

To  remove  these  inconveniences,  the  Author  of  the  present 
work  has  been  induced  from  time  to  time,  to  compose  various 
parts  of  tbb  -C^^^rve  of  Mathematics  ;  which  the  experience 
of  many  years'  use  jn  the  Academy  hu»  jBoaVAe^d  him  to  adapt 
.  and  improve  to  the  most  useful  form  and  quantity  for  the  be- 
nefit of  instruction  there.  And,  to  render  that  benefit  more 
^  eminent  and  lasting,  the  Master  General  of  the  Ordnance  has 

been  pleased  to  give  it  its  present  form,  by  ordering  it  to  be 
enlai^ed  and  printed,  for  the  use  of  the  Royal  Military  Aca- 
demy. 

As  this  work  has  been  composed  expressly  with  the  inten* 
tion  of  adapting  it  to  the  purposes  of  academical  education,  it 
H-  not  designed  to  hold  out  the  expectation  of  an  entire  new 
mass  of  inventions  and  discoveries  :  but  rather  to  collect  and 
arrange  the  most  useful  known  principles  of  mathematics,  dis- 
po!>ed  in  a  convenient  practicsal  form,  demonstrated  in  a  plain 
and  concise  way,  and  illustrated  with  suitable  examples,  re- 
jecting whatever  seemed  to  b0  masters  of  mere  curiosity,  and 
retaining  only  such  parts  and  branches,  as  have  a  direet  ten- 
dency and  application  to  some  useful  purpose  in  life  or  profes- 
sion. 

It  is  however  expected  that  much  that  is  new  will  be  foucid 
in  many  parts  of  these  volumes  ;  as  well  in  the  matter,  as  in 
the  arrangement  and  manner  of  demonstration,  throughout  the 
whole  work,  especially  in  the  geometry,  tibich  is  rendered 
much  more  easy  and  simple  than  heretofore ;  and  in  the  conic 
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f  ectioDi,  which  are  here  treated  id  a  manner  at  once  new,  easy, 
and  nataral  ;  so  much  so  indeed  that  all  the  propotitions  and 
their  demonBtrationi  in  the  <$llipcis»  are  the  very  same»  word 
fbr  word,  ai  those  in  the  hyperbola,  nling  only,  in  a  very  few 
placet,  the  word  Mm,  for  the  word  differmet :  alto  in  many 
of  the  mechanical  and  phtlotophical  parts  which  follow  in  the 
second  Tolume.  In  the  conic  tectiont  too*  it  may  be  obterved, 
that  the  first  theorem  of  each  section  only  is  proved  from  the 
cone  itself,  and  all  the  rest  of  the  theorems  are  deduced  from 
the  first,  or  from  each  other,  in  a  very  plain  and  simple  manner. 

Besidep  renewing  most  of  the  rules,  and  introducing  every 
where  new  examples,  this  edition  is  much  enlarged  in  several 
places  ;  particularly  bv  extending  the  tables  of  squares  and 
cubes,  square  roots  and  cube  roots,  to  1000  numbers,  which 
will  be  found  of  great  use  in  many  calculations  ;  also  by  the 
tables  of  logarithms,  sines,  and  tangents,  at  the  end  of  the  se* 
cond  volume  ;  by  the  addition  of  Cardan's  rules  for  resolving 
cubic  equations ;  with  tables  and  rules  for  annuities  ;  and 
inany  other  improvements  in  different  parts  of  the  work. 

Though  the  several  parts  of  this  course  of  mathematics  are 
ranged  in  the  order  naturally  required  by  such  elements,  yet 
students  may  omit  any  of  the  particulars  that  may  be  thought 
the  least  necessary  to  their  several  purposes  ;  or  they  may 
study  and  learn  various  parts  id  a  different  order  from  their 
present  arrangement  in  the  book,  at  the  discretion  of  the  tutor. 
So,  for  instance,  all  the  notes  at  the  foot  of  the  pages  may  be 
omitted,  at  well  as  many  of  the  rules  ;  particularly  the  1st  or 
Common  Rule  for  the  Cube  Root,  p  86,  may  well  be  omitted, 
being  more  tedious  than  useful.  Also  the  chapters  on  Surds 
and  Infinite  Series,  fn  the  Algebra  :  or  these  might  be  learned 
after  Simple  Equations.  Also  Compound  Interest  and  Annui- 
ties at  the  end  of  the  Algebra.  Also  any  part  of  the  Geome- 
try •  in  v  ol .  1 :  any  of  the  branches  in  vol .  2,  at  the  discretion  eC- 
the  preceptor.  And,  in  any  of  the  parts,  he  may  omit  some  of 
the  examples,  or  he  may  give  more  than  are  printed  in  the 
hook  ;  or  he  may  very  profitably  vary  or  change  them  by  alter- 
ing  the  numbers  occasionully. — As  to  the  quantity  of  writing ; 
the  author  would  recommend,  that  the  student  copy  out  into 
his  fair  book  no  more  than  the  chief  roles  whioh  he  is  directed 
to  leurn  off  by  rote  with  the  work  of  one  example  only  to 
each  rule,  set  down  at  full  length  :  omitting  to  set  down  the 
work  of  all  the  other  examples,  how  many  soever  he  may  be 
directed  to  work  out  upon  his  slate  or  waste  paper.*^In  short, 
a  great  deal  of  the  business,  as  to  the  quantity,  and  order,  and 
manner,  must  depend  on  the  judgment  of  the  discreet  and  pro<* 
dent  tutor  or  director. 

fDr. 


[Dr»  Uattoii'iPre&cetotbe  Third  Yotmne  of  the  Eaglifiik  EdJtkw, 

pobliflhed  in  1811.) 

X  HE  beneScial  improTements  now  nade  and  still  makiog 
ID  the  plan  of  the  scientific  education  of  the  Cadets,  in  the 
Royal  Military  Academy  at  Woolwich,  having  rendered  a  for- 
ther  extension  of  the  Mathematical  Coarse  adTiseahle,  I  was 
honoored  with  the  orders  of  bift  Lordship  the  Master  Gene* 
ral  of  the  Ordnance,  to  prepare  a  third  volume,  in  addition 
to  the  two  former  volumes  of  the  Course,  to  contain  snch 
additions  to  some  of  the  subjects  before  treuted  of  in  those 
two  volumes,  with  snch  other  new  branches  of  military  sci- 
ence, as  might  appear  best  adapted  to  promote  the  ends  of 
this  important  institution.     From  my  advanced  age  and  the 
precarious  state  of  my  health,   I  was  desirons  of  declining 
snch  a  task,  and  pleadt-d  my  doubts  of  being  able,  in  such  a 
state,  to  answer  satisfactorily  his  lordship's  wishes.     This 
difficulty  however  was  obviated  by  the  replv.  that,  to  pre* 
serve  a  uniformity  between  the  former  and  the  additional 
parts  of  the  Course,  it  was  requisite  that  I  should  undertake 
the  direction  of  the  arrangement,  and  compose  snch  parts  of 
the  work  as  might  be  found  convenient,  or  as  rejbted  to  to- 
pics in  which  \  hq^d  made  enperiments  or  improvements  ;  and 
for  the  rest,  I  might  take  to  my  aSAistance  the  aid  of  any  other 
person   I  might  think  proper.     With  this  kind  indulgeiice« 
being  encouraged  to  eiert  my  be^t  endeavours,  I  immediate* 
ly  announced  my  wish  to  request  the  assistance  of  Dr.  Gre* 
gory  of  the  Royal  Military  Academy,  than  whom,  both   tor 
his  extensive  scientific  knowledge,  and  his  Jong  eip#>rience,  I 
know  of  no  person  more  fit  to  be  associated  in  the  dne  per- 
formanre  of  such  a  task.     Accordingly,  this  volume  is  to  be 
considered  as  the  joint  composition  of  that  gentleman  and  my- 
self, having  each  of  us  taken  and  pr«* pared,  in  nearly  ^nal 
portions,  separate  chapters  and  branches  of  the  work,  being 
such  as  in  the  compass  of  this  volume,  with  the  advice  and  as* 
•istance  of  the  Lieut.  Governor,  were. deemed  among  the 
most  useful  additional  subjects  for.  the  purposes  of  the  educa* 
tion  established  in  the  Academy. 

The  several  parts  of  the  work,  and  their  arrangement,  are 
as  follow — In  the  first  chapter  are  contained  all  the  proposi- 
tions of  the  course  of  Conic  Sectionf,  first  printed  for  the  use 
of  the  Academy  in  the  year  1787,  which  remained,  after 
those  that  weie  i»elected  for  the  second  volume  of  this  Course  ; 
to  which  is  added  a  tract  on  the  algebraic  equations  of  the 
several  conic  sections,  serving  as  a  brief  introduction  to  the 
algebraic  properties  of  curve  linei?. 
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The  2d  chapter  contains  a  short  geometrical  treatise  on  the 
elements  of  Isoperimetry  and  the  maxima  and  minima  of  iur- 
facet  and  Molidt' ;  in  which  several  propositions  actually  inves- 
tigated by  Ouxiona'ry  processes  are  effected  geometrically  ; 
and  in  which,  indeed,  the  prmcipNl  results  deduced  by  Thos. 
Simpson,  Horsley,  Legendre,  and  Lhuillier,  are  thrown  into 
the  com  pans  of  one  short  tract. 

The  3d  and  4th  chapters  exhibit  a  concise  hut  compre- 
bentiive  view  of  the  iritfonometrical  analyut^  or  that  in  which 
the  chief  theorems  of  PUne  and  Spherical  Trigonometry  are 
deduced  algebraically  by  means  of  what  is  commonly  denom- 
inated the  Arithmetic  of  Sines.  A  comparison  of  the  modes 
of  investigation  adopted  in  these  chapters,  and  those  pursued 
in  that  part  of  the  second  volume  of  this  course  which  is  de- 
voted to  Trigonometry,  will  enable  a  student  to  trace  the 
relative  advantages  of  the  algebraical  and  geometrical  me- 
thods of  treating  this  useful  branch  of  science.  Thtf  fourth 
chapter  includes  also  a  disquisition  on  the  nature  and  measure 
of  »olid  angUi,  In  which  the  theory  of  that  peculiar  class  of 
geometrical  mignitudes  is  so  repretiented.  as  to  render  their 
mutual  comparison  (a  thing  hitherto  supposed  impossible,  ex- 
cept in  one  or  two  very  obvious  cases)  a  matter  of  perfect 
ease  and  siKiplicity. 

Chapter  the  fifth  relates  to  Geodesic  Operations,  and  that 
more  extensive  kind  of  Trigonometrical  Surveying  which  is 
employed  with  a  view  to  determine  the  geographical  situa- 
tion of  places,  the  magnitude  of  kingdoms,  and  the  figure  of 
the  earth.     This  chapter  »  divided  into  two  sections  ;  in  the 
first  of  which  is  presented  a  general  account  of  this  kind  of 
surveying  ;  and  in  the  second,  solutions  of  the  most  important 
problems  connected  %vith  these  operations      This  portion  of 
the  volume  it  is  hoped,  will  be  found  highly  useful  ;  as  there 
is  no  work  which  contains  a  concise  and  connected  account  of 
this  kind  of  surveying  and  its  dependent  problems  ;  and   it 
cannot  fail  to  be  interesting  to  those  who  know  how  much 
honour  redounds  to  this  country  from  the  great  skill,  accura- 
cy, and  judgment,  with  which  the  trigonometrical  survey  of 
England  has  long  been  carried  on. 

In  the  6th  and  7th  chapters  are  developed  the  principles 
of  Polygonometry^  and  those  which  reUte  to  the  Division  of 
lands  and  other  surfaces,  both  by  geometrical  construction 
and  by  computation. 

The  8th  chapter  contains  a  view  of  the  nature  and  solution 
of  equations  in  general,  with  a  selection  of  tne  best  rules  for 
equations  of  different  degrees.     Chapter  the  9th  is  devoted  to 
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the  natare  and  properties  of  curves^  and  the  c<mstruciion  of 
eqttations.  These  chapters  are  manifestly  connected,  and 
show  how  the  nnitnal  relations  subsisting  between  equations 
of  different  degrees,  and  curves  of  various  orders,  serve  for 
the  reciprocal  illustration  of  the  properties  of  both. 

In  the  lOth  chapter  the  subjects  of  Fluents  and  fluxional 
equaiiotu  are  concisely  treated.  The  various  forms  of  Flu- 
ents comprised  in  the  useful  table  of  them  in  the  2d  volume, 
are  investigated  :  and  several  other  rules  are  given  ;  such  as  it 
is  believed  will  tend  much  to  facilitate  the  progress  of  students 
in  this  interesting  department  of  science,  especially  those 
which  relate  to  the  mode  pf  finding  fluents  by  continuation. 

The  1 1th  chapter  contains  solutions  of  the  most  useful  prob- 
lems concerning  the  maximum  effects  of  machines  m.  motion ; 
and  developes  those  principles  which  should  constantly  be 
kept  in  view  by  those  who  would  labour  beneficially  for  the 
improvement  of  machines. 

In  the  12th  chapter  will  be  found  the  theory  of  the  prM- 
sure  of  earth  and  fluids  against  walls  and  fortifications  ;  and 
the  theory  which  leads  to  the  best  construction  of  powder  ma- 
gazines mih  equilibrated  roofs. 

The  19th  chapter  is  devoted  to  that  highly  interesting  sub- 
ject, as  well  to  the  philosopher  as  to  military  men,  the  theory 
and  pretetiee  of  gunnery.  Many  of  the  dimculties  attending 
this  abstruse  enquiry  are  surmodoted  by  assuming  the  results 
of  accurate  experiments,  as  to  the  resistance  experienced  by 
bodies  moving -through  the  air,  as  the  basis  of  the  computa- 
tions. Several  of  the  most  usefiil  problems  are  solved  by 
means  of  this  expedient,  with  a  facility  scarcely  to  be  expect- 
ed, and  with  an  accuracy  far  beyond  our  most  sanguine  expec- 
tations. 

The  14th  and  last  chapter  contains  a  promiscuous  but  ex- 
tensive collection  of  problems  in  statics^  dynamics^  hydrosta- 
ticst  hydraulic9t  projectiles^  &c.  &c. ;  serving  at  once  to  exer* 
cise  the  pupil  in  the  various  branches  of  mathematics  com* 
prised  in  the  Course,  to  demonstrate  their  utility  especially 
to  those  devoted  to  the  military  profession,  to  excite  a  thirst 
for  knowledge,  and  in  several  important  respects,  to  gratify  it. 
.This  volume  being  professedly  supplementary  to  the  pre- 
ceding two  volumes  of  the  course,  may  best  be  used  in  tuition 
by  a  kind  of  mutual  incorporation  of  its  contents  with  those 
of  the  second  volume.  The  method  of  e£fecting  this  will,  of 
course,  varv  according  to  circumstances,  and  the  precise  emr 
ployments  for  which  the  pupils  are  destined  :  but  in  general 
it  is  presumed  the  following  may  be  advantageously  adopted. 
Let  the  first  seven  chapters  be  taught,  imm^iately  aAer  the 
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io  the  Sd  ▼•lame.  Then  let  the  sabttance  ef 
tke  td  volane  sacceed,  at  far  ai  the  Practical  Exercket  on 
Natnral  Philosophy,  iBclasiTe.  Let  the  Bth  aod  9th  chapters 
i»  thia  8d  Tol.  precede  the  treatise  on  Flaxions  in  the  ^d ;  aod 
when  the  pupil  hits  been  taught  the  part  relating  to  Jimnts  io 
that  treatise,  let  him  immediately  be  conducted  through  the 
loth  chapter  of  the  2d  volume.  After  he  has  gone  over  the  re- 
mainder of  the  Fluxions  with  the  applications  to  tangents,  rad« 
dii  of  currature,  rectifications,  quadratures,  &c.  the  I  Ith  aod 
ISIh  chapters  of  the  Sd  vol.  should  be  taught.  The  prob- 
lems io  the  13  and  14th  chapters  must  be  blended  with  the 
practical  exercises  at  the  end  of  the  id  volume,  in  such  mao- 
•er  as  flhaU  be  found  best  suited  to  the  capacity  of  the  student, 
aod  best  calculated  to  ensure  his  thorough  comprehension  of 
the  several  curious  problems  contained  in  those  portions  of 
the  work* 

In  the  composition  of  this  3d  volume,  as  well  as  in  that  of 
the  preceding  parts  of  the  Connie,  the  great  object  kept  con- 
stantly in  view  has  been  utility^  especially  to  gentlemen  in- 
tended for  the  Military  Profession.  To  thin  end,  all  such  in- 
vestigations as  might  serve  merely  to  display  ingenuity  or  ta- 
lent, without  any  regard  to  practical  benefit,  have  been  care- 
fully excluded.  The  student  has  put  into  his  hands  the  two 
powerful  instruments  of  the  ancient  and  the  modem  or  sub- 
lime geometry ;  h«*  is  taoghc  the  use  of  both,  and  th*:ir  relative 
advantages  are  so  exhibited  as  to  guard  him,  it  is  hoped,  from 
any  ondue  aod  exclusive  preference  for  either.  Much  no- 
velty of  oiatter  is  not  to  be  expected  in  a  work  like  this ; 
though,  considering  its  magnitude,  and  the  frequency  with 
which  several  of  the  subjects  have  been  discussed,  a  candid 
reader  will  not,  perhaps,  be  entirely  disappointed  in  this  re- 
epect.  Perspicuity  and  condensation  have  been  uniformly 
aimed  at  through  the  fieribrmance  ;  and  a  small  clear  type, 
with  a  foil  page,  have  been  choaeo  for  the  introductiofl  of  a 
large  quantity  of  matter. 

A  candid  pnblic  will  accept  as  an  apology  for  any  slight 
disorder  er  irregularity  that  may  appear  in  the  composition 
and  arraogement  of  this  Course,  the  circumstance  «f  the  dif- 
ftrent  volumes  having  been  prepared  at  widely  distant  times, 
sind  with  gradually  expanding  views.  But,  on  the  whole,  I 
trust  K  will  be  found  that,  with  the  assistance  of  my  friend 
•nd  coadjutor  in  this  supplementary  volume,  I  have  now  ppo« 
dueed  a  Conrse  of  Mathematics,  in  which  a  great  variety 
•f  useful  subjects  are  introduced,  and  treated  with  grealer 
^rapicuily  aod  correctness,  than  in  aoy  fiiree  volumes  of 
equal  size  tn  aoy  langoi^. 

CHAS.  HUTTON. 
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HE  last  English  Editicm  of  Hidton^s  Course  of  Mathematics^ 
in  three  ToluoDes  octavo,  may  be  cODsidered  as  one  of  the 
best  systems  of  Mathematics  in  the  English  language  Its 
great  excellence  conikts  in  the  judicious  selection  made  by 
the  authors  of  the  work,  who  have  constantly  aimed  at  such 
things  as  are  most  necessary  in  the'  useful  arts  of  life.  To 
this  may  be  added  the  easy  and  per8picu)>us  manner  in  which 
the  8Txb3«ct  is  treated^-a  quality  of  primary  importance  in  a 
treatise  intended  for  beginnei*,  and  containing  the  elements  of 
science. 

The  Third  volume  of  the  English  Edition  having  been  but 
lately  published,  is  scarcely  known  at  present  in  this  country-., 
it  is  but  justice  to  its  excellent  authors  testate,  that  they  have 
collected  in  it  a  great  number  of  the  most  interesting  sub- 
jects in  Analytical  and  Mechanical  Science.  Analytical  Tri* 
tonometry.  Plane  and  Spherical,  Trigonometrical  Surveying, 
Maxima  and  Minima  of  Geometrical  Quantities,  Motion  of 
Machines  and  their  Maximum  effect^,  Practical  Gunnery, 
&c.  are  among  the  most  important  subjects  in  Mathematics, 
and  are  discussed  in  the  volume  just  mentioned  in  such  a 
manner  as  not  only  to  prove  highly  useful  to  pupils,  hot  also 
to  such  as  are  engaged  in  various  departments  of  Practical 
Science. 

As  the  work,  after  the  publication  of  the  third  volume,  em- 
braced most  subjects  of  curiosity  or  utiUty  in  Mathematics,  it 
has  been  bought  unnecessary  to  enlarge  its  mze  by  arach 
^Mitional  matter.    The  present  edition,  however,  diffen  in 

several 
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several  respects  from  the  last  English  one  ;  and  it  is  presumed , 
that  (his  difference  will  be  found  to  consist  of  improvements. 
These  are  principally  as  follows  : 

In  the  first  place,  it  was  thought  adviseable  to  publish  the 
work  in  two  volumes  instead  of  three  ;  the  two  volumes  be- 
ing still  of  a  convenient  size  for  the  use  of  students. 

Secondly,  a  new  arrangement  of  various  parts  of  the  work 
has  been  adopted.  Several  parts  of  the  third  volume  of  the 
English  edition  treated  of  ipbjects  already  discussed  in  the 
preceding  volumes  ;  in  such  cases,  when  it  was  practicable, 
the  additions  in  the  third  volume  have  been  properly  hi- 
corporated  with  the  corresponding  subjects  that  preceded 
them  ;  and,  in  general,  such  a  disposition  of  the  various  de- 
partments of  the  work  has  been  made  as  seemed  best  calcu* 
lated  to  promote  the  improvement  of  |^e  pupil,  and  exhibit 

the  respective  places  of  the  various  branches  in  the  scale  of 
science. 

In  the  third  place,  several  notes  have  been  added  :  and 
numerous  corrections  have  been  made  in  various  places  of 
the  work  :  it  were  tedious  and  unnecessary  to  enumerate 
all  these  at  present ;  it  may  suffice  to  remark  the  few  follow- 
ing :  ^ 

In  pages  68,  59,  vol.  1 ,  a  note    s  added  on  the  reduction  of 

fractions  to  the  least  common  denominator  ;  and  for  common 
cases  an  easier  rule  is  given,  than  has  been  before  presented 
to  the  public. 

In  page  169.  vol.  1 ,  a  useful  note  is  added  respecting  the 
degree  of  accuracy  resulting  from  the  application  of  loga- 
rithms. This  note  will  appear  the  more  necessary,  when 
we  observe  such  oversights  committed  by  authors  of  ezperi- 
ence. 

In  several  places  of  the  last  or  seventh  London  edition,  the 
corrections  made  in  the  first  American  edition  have  been 
adopted.  The  definition  of  Surds  which  had  been  improper- 
ly given  in  the  fifth  and  sixth  London  editions,  is  now  cor- 
rectly in  the  seventh  ;  agreeably  to  the  mode  prescribed  in 
the  first  American  edition.  This  erroneous  definition  of  Surds 
is  still  retained  in  th«  large  Algebra  of  Bonnycastle,  pub- 
lished 
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iished  in  London,  in  1820.  The  true  definition  is  given  in 
the  small  work  of  the  same  author,  by  the  editor,  Mr.  Ryan> 
in  the  New- York  edition  of  1822. 

The  erroneous  computation  of  the  value  a.  in  the  equation 
X  1 00,  which  was  pointed  out  and  corcected  in  the  first 
American  edition,  is  expunged  from  the  seventh  London  edi- 
tion. The  solution  of  this  problem  was  subject  to  the  same 
error  in  both  the  treatises  of  Algebra  by  Boonycastle.  The 
American  edition  of  18S2  is  correct,  but  the  large  Algebra, 
published  in  London,  in  18S0,  still  retains  the  error. 

In  the  second  volume,  page  24,  American  edition,  a  very 
simple  solution  was  given  to  the  problem  in  the  sixth  example. 
This  problem  was  solved  by  a  cubic  in  the  sixth  London  edt< 
tion  ;  and  in  the  seventh,  the  solution  is  reduced  from  a  cubic 
to  a  quadratic ;  but  notwithstanding  this  improvement  of  the 
solution,  it  is  still  inferior  to  that  given  in  the  first  American 
edition.  ■ 

There  are  in  the  last  London  edition  several  errors  conti- 
nued from  the  aixth  edition,  which  had  been  corrected  in  the 
first  American  edition.  Among  these  we  may  notice  the  de- 
monstration given  to  the  third  theorem  in  Spherics^  The 
demonstration  is  founded  on  the  assumption,  that  an  angle  of  a 
spherical  triangle  is  greater  than  the  angle  contained  by  the 
chords  of  the  sides  containing  the  spherical  angle. 

See  on  this  subject  the  note  page  555,  vol.  IL 

In  the  mensuration,  page  411,  vol.  1,  a  remark  is  added  re- 
specting the  magnitude  of  the  earth.  Dr.  Hutton  has  com* 
monly  used  a  diameter  of  7957}  Eoglish  miles,  merely  be- 
cause it  gives  the  round  number  25,000  for^the  circumference  : 
in  a  few  places  he  has  used  a  diameter  of  7930.  Haviog  some 
years  ago  discovered  the  proper  n^ethod  of  ascertaining  the 
most  probable  magnitude  and  figure  of  the  earth,  from  the  ad- 
measurement of  several  degrees  of  the  meridian,  1  found  the 
ratio  of  the  axis  to  the  equatorial  diameter,  to  be  as  320  to 
to  321,  and  the  diameter,  when  the  earth  is  considered  as  a 
globe,  to  be  7918-7  English  miles. 

In  the  additions  immediately  preceding  the  Table  of  Loga- 
rithms in  the  second  volume,  a  new  method  is  given  for  as- 
certaining 
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certaining  the  Tibrations  of  a  variable  penduluia.  This  prob- 
lem was  solved  bj  Dr.  Button,  in  his  Select  EzerciteSy  I  787, 
and  he  has  given  the  same  solation  in  the  present  work,  see 
page  637,  vol.  9.  The  method  ased  bj  the  Doctor  appears  to 
me  to  be  erroneoos  ;  but  in  order  that  such  as  would  judge  for 
themselves  on  this  abstruse  question,  may  have  a  fair  oppor- 
tunity of  deciding  between  us,  the  Doctor's  solution  is  given 
as  well  as  my  own. 

It  may  be  proper  to  observe,  with  respect  to  the  new  solu- 
tion, as  well  as  Dr.  Hutton's,  that  the  resulting  formula  does 
not  show  the  relation  betweeu  the  time  and  any  number  of 
vibrations  aetttaUy  performed  ;  but  merely  gives  the  limit  to 
which  this  relation  approaches,  when  the  horizontal  velocity 
is  indefinitely  diminished.  If  therefore  we  would  use  the 
new  formula  as  an  approxtmaiton  in  very  small  finite  vibra* 
tions,  the  times  must  not  be  extended  without  limitation. 

Besides  the  numerous  corrections  in  this  third  American 
edition,  there  is  added  to  tbe  second  volume  an  elementary 
treatise  on  Descriptive  Oeometry^  in  which  the  principles  and 
fundamentd  problems  are  given  in  a  simple  and  easy  maniier» 
with  a  select  number  of  useful  applications  in  Spherica,  Co- 
nies, Sections,  &c. 

ROBERT  AD  RAIN. 
eolumhia  CoUege^  Ntw-York, 
May  1, 1822. 
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MATHEMATICS,  &c 


GENERAL  PRINCIPJLES. 

1-  ^J^UANTITY,  or  Magnitude,  is  any  thing  that  will 

admit  of  ucrease  or  decrease  ;  or  that  is  capable  of  any  sort 
of  calcolatioQ  or  mensuratioo  :  such  as  nambers,  lines,  space, 
time,  motion,  weight. 

2.  Mathematics  is  the  science  which  treats  of  all  kinds 
of  quantity,  whatever,  that  can  be  numbered  or  measured. — 
That  part  which  treats  of  nambering  is  called  Arithmetic ; 
and  that  which  concerns  measuring,  or  figured  extension,  is 
called  Gfomstry.^-These  two,  which  are  conversant  about 
multitude  and  magnitude,  being  the  foundation  of  all  the  other 
psurts,  are  called  Pure  or  Mttract  Mathematics;  because  they 
lOTestigate  and  demonstrate  the  properties  of  abstract  num- 
bers and  magnitudes  of  all  sorts.  And  when  these  two  parts 
are  applied  to  particular  or  practical  subjects,  they  constitute 
the  branches  or  parts  called  Mixei  Mathematics. — ^Mathema- 
tics is  also  distinguished  into  Speculative  and  Practical :  viz. 
j^Mc«ia/tre,  when  it  is  concerned  in  discovering  properties 
and  relations  ;  and  PracticaL  when  appbed  to  practice  and 
real  use  concerniug  physical  objects. 
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2  GENERAL  PRINCIPLES. 

3.  In  Mathematics  are  seyeral  general  terms  or  principles  t 
such  as  Definitions,  Axioms^  Propositions,  Theorems,  Prob- 
lems, Lemmas,  Corollaries,  Scholiums,  he. 

4.  A  Definition  is  the  explication  of  any  term  or  word  in  a 
science  ;  showing  the  sense  and  meaning  in  which  the  term  is 
employed  —Every  Definition  ought  to  be  clear,  and  ex- 
pressed in  words  that  are  common  and  perfectly  well  under- 
stood. 

5.  A  Propotition  is  something  proposed  to  be  proved,  or 
something  required  to  be  done  ;  and  is  accordingly  either  a 
Theorem  or  a  Problem. 

6.  A  Theorem  is  a  demonstrative  proposition  ;  in  which 
some  property  is  asserted,  and  the  truth  of  it  required  to  be 
proved.  Thus,  when  it  is  said  that.  The  sum  of  the  three 
angles  of  any  triangle  is  equal  to  two  right  angles,  this  is  a 
Theorem,  the  truth  of  which  is  demonstrated  by  Geometry. 
— A  set  or  collection  of  such  Theorems  constitutes  a  Theory. 

7.  A  Problem  is  a  proposition  or  a  question  requiring 
something  to  be  done ;  either  to  investigate  some  truth  or 
property,  or  to  perform  some  operation.  As,  to  find  out  the 
quantity  or  sum  of  all  the  three  angles  of  any  triangle,  or  to 
draw  one  line  perpendicular  to  another.-^— ^  lAmited  Prob' 
lem  is  that  which  has  but  one  answer.  An  Unlimited  Proh' 
Um  is  that  which  has  innumembfe  answers.  And  a  Deter- 
miincUe  Problem  is  that  which  has  a  certain  number  of  an- 
swers. 

8.  Solution  of  a  Problem,  is  the  method  of  finding  the  aa- 
swer.  A  Numerical  or  Numeral  Solution^  is  the  answer  given 
in  numbers.  A  Geometrical  Solution^  is  the  answer  given  by 
the  principles  of  Geometry.  And  a  Mechanical  Solution,  is 
one  which  is  gained  by  trials. 

9.  A  Lemma  is  a  preparatory  preposition,  laid  down  in 
order  to  shorten  the  demonstration  of  the  main  phroposition 
which  follows  it. 

10.  .^  Corollary^  or  Consectary^  is  a  consequence  drawn  im- 
mediately from  some  proposition  or  other  premises. 

11..^  Scholium  is  a  remark  or  observation  made  on  some 
foregoing  proposition  or  premises. 

1 2.  An  Axiom^  or  Maxim,  is  a  self-evident  proposition  ;  re- 
quiring no  formal  demonstration  to  prove  the  truth  of  it-;  but 
is  received  and  assented  to  as  soon  as  mentioned.  Such  as. 
The  whole  of  any  thing  is  greater  than  a  part  of  it ;  or.  The 
whole  is  equal  to  all  its  parts  taken  together  ;  or.  Two  quan- 
tities that  are  each  of  them  equal  to  a  third  quantity,  are  equal 
to  each  other. 
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13.  A  Poittdatej  or  Petition^  is  something  required  to  be 
done,  which  is  so  easy  and  evident  that  no  person  will  hesitate 
to  allow  it. 

14.  An  hypothesi$  is  a  supposition  assumed  to  be  true,  in 
order  to  argue  from,  or  to  found  upon  it,  the  reasoning  and 
demonstration  of  some  proposition* 

15.  Detnottstration  is  the  collecting  the  several  arguments 
and  proofs,  and  laying  them  together  in  proper  order,  to  show 
tbe  troth  of  the  proposition  under  consideration. 

16.  A  Direct f  Positive,  or  Afirmative  Demonstration,  is 
that  which  concludes  with  the  direct  and  certain  proof  of  the 
proposition  in  hand.— This  kind  of  Demonstration  is  most  sa- 
tisfactory to  the  mind  ;  for  which  reason  it  is  called  some- 
times an  Ostensive  Demonstration. 

17.  An  Indirect,  or  JSegative  Demonstration,  is  that  which 
shows  a  proposition  to  be  true,  by  proving  that  some  absur- 
dity would  necessarily  follow  if  the  proposition  advanced  were 
false.  This  is  also  sometimes  called  Reductio  ad  Absurdum  ; 
because  it  shows  the  absurdity  and  falsehood  of  all  supposi- 
tions contrary  to  that  contained  in  the  proposition. 

18.  Method  is  the  aft  of  disposing  a  train  of  arguments  in 
a  proper  order,  to  investigate  either  the  truth  or  falsity  of  a 
proposition,  or  to  demonstrate  it  to  others  when  it  has  been 
foand  out. — This  is  either  Analytical  or  Synthetical. 

19.  Analysis,  or  the  Analytic  ASethod  in  Geometry,  is  the  art 
or  mode  of  finding  out  the  truth  of  a  proposition,  by  first  sup- 
posing the  thing  to  be  done,  and  then  reasoning  back,  step  by 
step,  till  we  arrive  at  some  known  truth. — This  is  also  called 
the  Method  rf  Invention,  or  Resolution ;  and  is  that  which  is 
commonly  used  in  Algebra. 

520.  Synihesis,  or  the  Synthetic  Method^  is  the  searching 
out  truth,  by  first  laying  down  sdme  simple  and  easy  princi* 
ples»  and  pursuing  the  coosequeDcos  flowing  from  them  till 
we  arrive  at  the  conclusioD.*— This  is  also  called  the  Method  of 
Composition  ;  and  is  the  reverse  of  the  Analytic  method,  as 
this  proceeds  firom  known  principles  tp  an  unknown  conclu- 
sion  ;  while  the  other  goes  in  a  retrograde  order,  from  the 
thing  sought,  considered  as  if  it  were  true,  to  some  known 
principle  or  fact.  And  therefore,  when  any  truth  has  been 
found  out  by  the  Analytic  method,  it  may  be  demonstrated 
by  a  process  in  the  contrary  order»  by  Synthesis. 
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ARITHMETIC. 


A, 


KITHMETIC  is  the  art  or  scieoce  of  nnmberiDg  ;  be-* 
iDg  that  branch  of  Mathematics  which  treats  of  the  natare 
and  properties  of  nnmbers. — When  it  treats  of  whole  num- 
bers»  it  is  called  ViUgar^  or  Common  Arithmetic  ;  but  when  of 
broken  numbers,  or  parts  of  numbers,  it  is  called  Fractiotu» 

Unity y  or  an  Unit^  is  that  bj  which  every  thing  is  called 
one  ;  being  the  beginning  of  number ;  as,  one  man,  one  ball, 
one  gun. 

Number  is  either  simply  one,  or  a  compound  of  several 
units  ;  as,  one  man,  three  men,  ten  men. 

An  Integer^  or  Whole  Number^  is  some  certain  precise 
quantity  of  units  ;  as,  one.  three,  ten. — These  are  so  called  as 
distinguished  from  Fractions,  which  are  broken  numbers,  or 
parts  of  numbers  ;  as,  one-half,  two-thirds,  or  three-fourths. 


NOTATION  AND  NUMERATION. 

Notation,  or  NuMERAtioir,  teaches  to  denote  or  express 
any  proposed  number  either  by  words  or  characters  ;  or  to 
read  and  write  down  miy  sum  or  number. 

The  numbers  in  Arithmetic  are  eipressed  by  the  following 
ten  digits,  or  Arabic  numeral  figures,  which  were  introduced 
into  Europe  by  the  Moors,  about  eight  or  nine  hundred 
years  since  ;  viz.  I  one,  2  two,  3  three,  4  four,  6  6ve,  6  six, 
7  seven,  8  eight,  9  nine,  0  cipher,  or  nothing.  These  cha- 
racters or  figures  were  formerly  all  called  by  the  general 
name  of  Ciphers ;  whence  it  came  to  pass  that  the  art  of  Arith- 
metic was  then  often  called  Ciphering,  Also  the  first  nine 
are  called  Significant  Figures^  as  distinguished  from  the  ci- 
pher, which  is  of  itself  quite  insignificant. 

Besides  this  value  of  those  figures,  they  have  also  another 
which  depends  on  the  place  they  stand  in  when  joined  toge- 
ther ;  as  in  the  following  table  : 

Units 
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•3 

OB  3 

a  §   i 

S        Q  ^         S 

«M       S  *8         S 

&c.  987       66432  1 

98765432 

9       8       7       6       5       4  3 

9       8       7       6       5  4 

9       8       7       6  5 

9       8       7  6 

9       8  7 

9  8 


Here  any  6g;Qre  in  the  first  place,  reckoniag  from  right  to 
left,  denotes  only  ita  own  simple  value  ;  but  that  in  the 
second  place,  denotes  ten  limes  its  simple  valae  ;  and  that  in 
the  third  place,  a  hundred  times  its  simple  value  ;  and  so  on  : 
the  value  of  any  figure,  in  each  successive  place,  being  always 
ten  times  its  fonner  value. 

Thus,  in  the  number  1796,  the  6  in  the  first  place  denotes 
only  six  units,  or  simply  six  ;  9  in  the  second  place  signifies 
nine  tens,  or  ninety  ;  7  in  the  third  place,  seven  hundi^d  ; 
and  the  1  in  the  fourth  place,  one  thousand ;  so  that  the 
whole  number  is  read  tbus^  one  thousand  seven  hundred  and 
ninety-six. 

As  to  the  cipher,  0,  though  it  signify  notbiog  of  itself,  yet 
being  joined  on  the  right-hand  side  to  other  figures,  it  in- 
creases their  value  in  the  same  tenfold  proportion  :  thus,  5 
signifies  only  five  ;  but  50  denotes  5  tens,  or  fifty  ;  and  600 
is  &yre  hundred  ;  and  so  on. 

For  the  more  easily  reading  of  large  numbers,  they  are 
divided  into  periods  and  half-periods,  each  half-period  con- 
sisting of  three  figures  ;  the  name  of  the  first  period  being 
units  ;  of  the  second,  millions  ;  of  the  third  millions  of 
millions,  or  bimillions,  contracted  to  billions  :  of  the  fourth 
millions  of  millions  of  millions,  or  tri-millions,  contracted  to 
trillions,  and  so  on.  Also  the  first  part  of  any  period  is  so 
many  units  of  it,  and  the  latter  part  so  many  thousands. 

The 


0  AlUTHMETiC. 

The  following  Table  contains  a  summary  of  the  whole  doc 

trine. 


H^uadriU;  TrillionajBiliionajMillions;    iJnita. " 
th.  iiD.     th.  un.     th.  un.     th.  an.     th.  un. 

Figqrefl.l|g3,4b6;789,098;765,432;lO|,g34;d67,890. 


Numeration  is  the  reading  of  any  number  in  words  that  is 
proposed  or  »et  down  in  figures ;  which  will  be  easily  done  by 
the  help  of  the  followmg  rule,  deduced  from  the  foregoing  ta- 
blets and  observations— viz.  * 

Divide  the  figures  in  the  proposed  number,  as  in  the  sum- 
mary above  into  periods  and  half-periods  ;  then  begin  at  the 

kL  ?   *if  f '  '"?'*  "'^?^  ^^"^  ^^^""^  ^*t*»  ^^^  M«e8  8et  to 
them  in  the  two  foregoing  tables. 


EXAMPLES. 


Express  in  wordd  the  following  numbers  ;  viz. 

It  ^^^^0  13405670 

9o  790O3  47060023 

180  109026  309026600 

304  403500  4723607689' 

CI  34  2600639  274866S9O0OO 

9028  7523000  6578600307024 

Notation  h  the  setting  down  in  figures  any  number  pro- 
posed m  words  ;  which  is  done  by  sitting  down  Se  figSr^ 
instead  of  the  words  or  names  belonging  to  them  in  thef^^ 
mary  above  ;  supplying  the  vacant  pllces  with  ciphei  whe^e 
any  words  do  not  occur.  ^  ^ 

EXAMPLES. 

Set  down  in  figures  the  following  numbers  ; 
Fifty. seven. 

Two  hundred  eighty-six. 
Nine  thousand  two  hundred  and  ten. 
Twenty-seven  thousand  five  hundred  and  ninety.four 

Thr^!     '1r  '°^  ^^'*^  l*^^"""^*^'  ^^"^  »^«»dr<^<J  and  eightyone 
anTsix!"^'"^'  '^'  ^^'^"^'•^^  "»*y  '^'^^^^^  one  huU^d 
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Foar  hundred  and  eight  millions,  two  hundred  and  fifty-fiTe 
thousand,  one  hundred  and  ninety-two. 

Twenty-seven  thousand  and  eight  millionsy  ninety-siz  thou- 
sand two  hundred  and  four. 

Two  hundred  thousand  and  five  hundred  and  fifty  millions, 
one  hundred  and  ten  thousand,  and  siiteen. 

Twenty-one  hillions,  eight  hundred  and  ten  millions,  sixty- 
four  thousand,  one  hundred  and  fiflty. 

Or  TBB  Roman  Notation. 

The  Romans,  like  several  other  nations,  expressed  their 
numbers  by  certain  letters  of  the  alphabet.  The  Romans 
used  only  seven  numeral  letters,  beinr  the  -seven  jfipUoWing 
capitals  :  viz.  I  for  one ;  V  for  Jive  ;  X  for  Ufi  ;  L  lor  Jifty ; 
C  for  an  hundred;  D  for  five  hundred i  M  for  a  tifueand. 
The  other  numbers  they  expressed  by  various  repetitions  and 
combinations  of  these,  after  the  following  manner : 

1=1 

2=11  As  often  as  any  character  is  re- 
sell I  peated,  so  many  times  is  its 

value  repeated. 

4=sUlI  or  IV.  AlesB  character  before  a  gredt< 

5=V  -  er  diminifibes  its  value. 

6= VI  A  less  character  after  a  greater 

7= VI I  increases  its  value. 
8=V!II 

9=rIX 

10=X 

50=L 
100=C 
500=  D  or  ID 

1000=M  or  CIO 
2000— MM 

6000=Vor  IDD 
6000=Vl 

10000=X^or  CCIDO 
60000=I^or  lOOD 
60000=LX 

100000=^  or  CCCIDOO 
1  OOOOOO^Mot  CCCCIDODO 
2000000=MM 
&c.        &c. 


For  every  q  annexed,  this  be- 
comes 10  times  as  many. 

For  every  C  and  3,  placed  one 
at  each  end,  it  becomes  10 
times  as  inuch. 

A  bar  over  any  number  increases 
it  1000  fold. 


ExPLA 
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ExPLARATIOir  OF  CERTAIN  CHARACTERS. 


There  are  Tarioas  characters  or  marks  used  io  Arithmetic, 
and  Algebra,  to  denote  several  of  the  operations  and  proposi- 
tions ;  the  chief  of  which  are  sa  follows  : 

+  signifies  plut^  or  addition. 

—     -     -    mmtts,  or  snbtraction. 

X  or      -     maltiplication. 

^    -      -     division. 

:  :  :  :    -     proportion. 

&s     -     •     eqaality. 

^    -     .    sqaare  root. 

^    •     -    cube  root,  &c. 

cQ     -     -    diff.  between  two  numbers  when  it  is  not  known 

which  is  the  greater. 
Thns, 

6-1-3,  denotes  that  3  is  to  be  added  to  6. 
6-*  2,  denotes  that  2  isto  be  taken  from  6. 
7X3,  or  7  .  3,  denotes  that  7  is  to  be  mnltiplied  by  3« 
8«r4,  denotes  that  8  is  to  be  dirided  bj  4. 
2  :  3  :  :  4  :  6,  shows  that  2isto3as4isto6. 
6+48=10,  shows  that  the  sam  of  6  and  4  is  equal  to  10. 
^3,  or  3^,  denotes  the  square  root  of  Uie  number  3. 
^6,  or  5|,  denotes  the  cube  root  of  the  number  6. 
7*,  denotes  that  the  number  7  is  to  be  squared. 
8',  denotes  that  the  number  8  is  to  be  cubed. 

&c. 


OF  ADDITION. 


Addition  is  the  collecting  or  putting  of  several  numbers 
together,  in  order  to  find  their  niin,  or  the  total  amount  of  the 
whole.    This  is  done  as  follows  : 

Set  or  place  the  numbers  under  each  other,  so  that  each 
figure  may  stand  exactly  under  the  figures  of  the  same  value, 

that 


\ 
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that  is,  uDits  ander  units,  tens  under  tens,  hundreds  under 
hundreds,  &c.  and  draw  a  line  under  the  lowest  number,  to 
separate  the  giTen  numbers  from  their  sum,  when  it  is  found. 
— Then  add  up  the  figures  in  the  column  or  row  of  units, 
and  find  how  many  tens  are  contained  in  that  sum.— Set 
down  exactly  below  what  remains  more  than  those  tens,  or 
if  nothing  remains,  a  cipher,  and  carry  as. many  ones  to  the 
next  row  as  there  are  tens. — Next  add  up  the  second  row 
to|;etber  with  the  number  carried,  in  the  sadie  manner  as  the 
first.  And  thus  proceed  till  the  whole  is  finished,  setting 
down  the  total  amount  of  the  last  row. 


TO  PROVE  ADDITION. 

First  Method, — Begin  at  the  top,  and  add  together  all  the 
rows  of  numbere  downwards  ;  in  the  same  manner  as  they 
were  before  added  upwards  ;  then  if  the  two  sums  agree,  it 
may  be  presumed  the  work  is  right.  This  method  of  proof 
is  only  doing  the  same  work  twice  over,  a  little  varied. 

Second  Method. — Draw  a  line  below  the  uppermost  number, 
and  suppose  it  cut  off.  Then  add  all  the  rest  of  the  numbers 
together  in  the  usual  way,  and  set  their  sum  under  the  num- 
ber to  be  proved.— Lastly,  add  this  last  found  number  and 
the  uppermost  line  together ;  then  if  their  sum  be  the 
same  as  that  found  by  the  first  addition,  it  may  be  presumed 
the  work  is  right. —  This  method  of  proof  is  founded  on  the 
plain  axiom  that  **  The  whole  ^  equal  to  all  its  parts  taken 
together." 

Third  Method, — Add  the  figures  in 
the  uppermost  line  together,  and  find  EXAMPLE  I. 

how  many  nines  are  contained  in 
their  sum. — Reject  those  nines,  and  3497    «        6 

set  down  the  remainder  towards  the  6612  .g    '  *'5 

right-hand  directly  even   with   the  8^95  ^       6 

figures  in  the  line,  as  in  the  annexed         ■  ^      — 

example. — Do  the  same  with  each  1Qi304    8        7        * 

oftheproptised  lines  of  numbers,  set-         _    g      — 
ting  all  these  excesses  of  nines  in  a  co-  U 

Inmn  on  the  right-hand,  as  here  6,  6, 6.^  Then,  if  the  excess 
of  9'8  in  this  sum,  found  as  before,  be  equal  to  the  excess 
of  9'8  in  the  total  sum  I8S84,  the  work  is  probably  right. — 
Thus,  the  sum  of  the  right-hand  column,  6,  5,  6,  is  16,  the 
excess  of  which  above  9  is  7.    Also  the  sum^f'^e  figures  in 

Vol.  I.  3  the 
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the  sam  total  18S04,  it  16,  the  exoen  of  which  above  9  i» 
also  7,  Che  same  as  the  former^. 


OTHER  EXAMPLES. 


2. 

3. 

4. 

1S346 

12345 

12345 

67890 

67890 

876 

98765 

9876 

9087 

45210 

543 

56 

12346 

21 

234 

67890 

9 

1012 

302446 


90684 


23610 


290100 


78339 


11265 


302445 


90684 


23610 


•  Tbii  method  of  proof  d^peods  on  »  property  of  the  number  9,  ^ich  except 
the  nomber  3^  belongs. to  no  other  di^it  whatever;  namely,  that  "  any  number 
divided  by  9.  will  leave  the  aame  reaamder  as  the  nim  of  it»  figures  or  digits  d  i- 
▼ided  by  9 ,"  niiich  may  be  demoostrated  in  this  manner. 

JOentomtraiion.  Let  there  be  any  number  propoeed  as  4658.  This  separat- 
ed into  its  several  parts,  becomes  4000  4-600 -f.60-|- 8.  But  4000=4  X  1«>00 
«4  X  (d99  4.  t)s4  X  999+4.  In  like  manner  600  ^S  x  99-f  6  nd 
50  »  6  X9  4-6.  Therefore  the  given  number  4658rs=  4  X  999  4  4  +6  X 
«^  +  646X  94648«4X  99946X9945x9  -I-4  +  64 
548)  and  4658  4  9==(4X  9994  6  )(9e46X94446  45  48) 
-r  9.  fiut4  X  999  4  6  X  994  ^  X  ^  >•  evidently  divisible  by  9,  without 
,A  remainder}  therefore  if  tfie  given  number  46.'>H  be  divided  bv'nine,  it  will 
leave  the  same  remainder  as446'f>5-^8  divided  by  9.  And  (he  same,  it  is 
evident,  will  hold  for  any  other  number  whatever. 

In  like  manner,  tfie  same  property  may  be  shown  to  belong  to  the  number  3; 
but  the  preference  is  usually  |;iven  to  the  number  9,  on  account  of  its  being  more 
convenient  in  jpractice. 

Now  from  the  demoostratkm  above  giren,  the  reason  of  the  rule  itself  is  evident  ^ 
for  the  excess  of  9*8  in  two  or  more  numbers  lieing  taken  separately,  and*the  ex- 
cess of  9*8  taken  also  out  of  the  sum  of  the  former  excesses,  it  is  plain  that  this 
last  excess  must  be  equal  to  the  excess  of  9*8  contained  in  the  total  sum  of  all 
these  numbers  I  all  the  parts  taken  together  being  equal  to  the  whole.— This  rule 
was  first  given  by  Doctor  Wallis  in  hi*  Arithmetic,  published  in  the  yesr  1657, 


Ex. 


SUBTRACTION.  u 

Ex.  5.  Add  3426  ;  9024  ;  5106  ;  8890  ;  1204,  together. 

Ad8.  27650. 

6.  Add  509267;  235809  ;  72920;  8392  ;  420  ;  21  ;  and 
9,  together.  Ads.  826838. 

7.  Add  2  ;  19;  817;  4298;  50916;  730205;  9180634, 
together.  Ad«.  9966891. 

&  How  many  days  are  in  the  twelre  calendar  months  ? 

Ads.  366. 

9.  How  many  days  are  there  from  the  1 6th  day  of  April  to 
the  24th  day  of  November,  both  days  included  ?       Ans.  224. 

10.  An  army  consisting  of  52714  infantry*,  or  foot,  5110 
horse,  6250  dragoons,  3927  light  horse,  928  artillery,  or 
gunners,  1410  pioneers,  250  sappers,  and  406  miners  :  what 
is^the  whole  number  of  men  ;  Ans.  7Q995. 


OF  SUBSTRACTION. 


Subtraction  teaches  to  find  how  much  one  nomber 
exceeds  another  called  their  difftrenee^  or  the  remainder^  by 
taking  the  less  from  the  greater.  The  method  cf  doing  which 
is  as  follows  : 

Place  the  less  number  under  the  greater,  in  the  same  man- 
ner as  in  addition,  that  is,  units  under  units,  tens  under  tens, 
and  so  on  ;  and  draw  a  line  below  them. — Begin  at  the  r%ht- 
band,  and  take  each  figure  in  the  lower  line,  or  ntupber,  vom 
the  figure  above  it,  setting  down  the  remainder  below  it.— * 
But  if  the  figure  in  the  lower  line  be  greater  than  that  above 
it,  first  borrow,  or  add,  10  to  the  upper  one,  and  then  take 
the  lower  figure  from  that  sum,  setting  down  the  remainder, 
and  carrying  1,  for  what  was  borrowed,  to  the  next  lower 
figure,  with  which  proceed  as  before ;  and  so  on  till  the  whole 
is  finished. 


»  The  whole  body  of  foot  soldiers  is  denoted  by  the  word  I^faniryf  and  all 
tfaoie  that  charge  on  horseback  by  the  word  Ctvo/ry.— Some  aathots  coDJectare 
that  the  term  a^ntry  is  derived  froiD  a  certain  Infanta  of  Spain,  who  finding  that 
tfaeanny  coramanded  by  the  king  her  fiither  had  been  defeated  by  th»iSoors,  aa. 
fembled  a  body  of  the  p«d|>le  together  on  loot,  with  which  she  encaffed  and  to. 
tally  lOQlsA  the  enemy.  In  hooonr  of  this  event,  and  to  distinffoiib  the  Coot  soi- 
diarSf  <vho  were  not  before  held  in  nmchestimatioo,  they  received  the  nama  m  !»• 
Atntry,  from  her  own  title  of  lufimu. 

To 
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TO  PROVE  SUBTRACTION. 


Add  the  remainder  to  the  less  number,  or  that  which  is 
just  above  it ;  and  if  the  sum  be  equal  to  the  greater  or  up- 
permost number,  the  work  is  right*. 


EXAMPLES. 


1. 
From  5386427 
Take  2164316 


2. 
From  6386497 
Take""  4268792 


3. 
From  1234667 
Take  702973 


Rem.  3222112 


Rem.  1127636 


Rem.  631694 


Proof.6386427 


Proof.  6386427 


Proof.  1 234667 


4.  From  6331806  take  6073918. 

5.  Frem  7020974  take  2766809. 

6.  From  8603602  take  674271. 


Ana.  267888. 
Am.  4264166. 
Ans.  7929131. 


7.  Sir  Isaac  Newton  was  born  in  the  year  1642,  and  he 
died  in  1727  :  how  old  was  he  at  the  time  of  his  decease  ? 

Ans.  86  y«ars. 

8.  Homer  was  born  2643  years  ago,  and  Christ  1810  years 
ago  :  then  how  long  before  Christ  was  the  birth  of  Homer  ? 

Ans.  733  years. 

9.  Noah's  flood  happened  about  the  year  of  the  world  1656, 
and  the  birth  of  Christ  about  the  year  4000  :  then  how  long 
was  the  flood  before  Christ  ?  Ans.  2344  years. 

10.  The  Arabian  or  Indian  method  of  notation  was  first 
kaown  in  England  about  the  year  1 150  ;  then  how  long  is  it 
iince  to  this  present  year  1810  ?  Ans.  660  years. 

1 1.  Gunpowder  was  invented  in  the  year  1330  :  then  how 
4oDg  was  this  before  the  invention  of  printing,  which  was  in 
1441  ?  Ans.  Ill  years. 

12.  The  mariner's  compass  was  invented  in  Europe  in  the 
year   1302;  then  how  long  was  that  before  the  discpirery  of'^jsi 
America  by  Columbus,  which  happened  in  1492  ? 

Ann^  160  years. 


i 


*  Hie  reason  of  this  method  of  proof  is  evident;  for  if  the  difference  of  two 
numbers  be  added  to  the  less,  it  must  manifestly  make  up  a  sum  equal  to  the 
greater. 

OF 
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OF  MULTIPLICATION. 

Multiplication  18  a  compeDdious  method  of  Addition, 
teaching  how  to  find  the  amount  of  an^  given  number  when 
repeated  a  certain  number  of  times  ;  as,  4  times  6,  which 
is  24. 

The  number  to  be  multiplied,  or  repeated,  is  called  the 
Multiplicand, — The  numbei  ^ou  multiply  bj,  or  the  number 
of  repetitions,  is  the  MuUi^ier. — And  the  number  found,  be- 
ing the  total  amount,  is  called  the  Product, — Also,  both  the 
multiplier  and  multiplicand  are,  in  general,  named  the  Ttrms 
or  Factors . 

Before  proceeding  to  any  operations  in  this  rule,  it  is  ne- 
cessary to  learn  off  very  perfectly  the  following  Table,  of  all 
the  products  of  the  first  12  numbers,  commonly  called  the 
Multiplication  Table,  or  sometimes  Pythagoras's  Table,  from 
its  inventor. 


MULTIPLICATION  TABLE. 


1 

2 

3 

4 

6  1  6 

7 

8 

j  9  1  10  ,  11  1  1«  j 

"2 

4 

6 

8 

lu 

12 

14 

16 

18   20 

22 

24 

3 

6 

9 

12 

16 

18 

21 

24 

27 

30 

XI 

36 

4 
5 

8 
10 

IS 
15 

16 
20 

25 

24 
30 

28 
35 

32 
40 

36 

40 

■ 
44 

56 

48 
60 

'45 

50 

6 

12 

18 

g^    30  ^36 

42 

48 

54 

60 

66 

72 

7 

14 

21 

28 

35 

42 

49 

56 

63 

70 

77 

84 

8 

16 

24 

32 

40 

48 

SQ 

64 

72 

80 

88 

96 

9 

18 

27 
oO 

36 

46 
50 

54 
60 

63 
70 

72 
80 

81 
90 

90 
100 

99 
110 

108 
120 

10 

20 

40 

11 

2f 

33 

1 

44- 

55 

66 

77 

88 

99 

110 

121 

132 

I-12L 

i^ 

M 

■ 

agg^ 

72 

84 

96 

108  120  1 

132 

144 

To 
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To  multiply  any  Given  Number  by  a  Single  Figure^  or  by  any 

/dumber  not  more  than  12. 

*  Set  the  multiplier  aoder  the  units  figure,  or  right-hand 
place,  of  the  foultiplicand,  and  draw  a  line  below  it. — Then 
beginning  at  the  right-hand,  multiply  every  figure  in  this  by 
the  multiplier. — Count  how  many  tens  there  are  in  the  pro- 
duct of  every  single  figure,  and  set  down  the  remainder  di- 
rectly under  the  figiire  that  is  multiplied  ;  and  if  nothing  re- 
mains, set  down  a  cipher. — Carry  as  many  unitv  or  ones  as 
there  are  tens  counted,  to  the  product  of  the  next  figures  ; 
and  proceed  in  the  same  manner  till  the  whole  is  finished. 


EXAMPLE. 


Multiply  98765432 1 6  the  Multiplicand. 
l  By        ...     -     2  the  Multiplier. 

1 9753086420  the  Product. 


To  multiply  by  a  Number  consisting  of  Several  Figures. 

t  Set  the  multiplier  below  the  multiplicand,  placing  them 
arin  Addition,  namely,  units  under  units,  tens  under  tens,  &c. 
drawing  a  line  below  it. — Multiply  the  whole  of  the  multi- 
plicand by  each  figure  of  the  multiplier,  as  in  the  last  article  ; 


*  The  reason  of  this  rale  is  the  same  as  for  the 

pioccss  in  Addition,  in  which  1  is  carried  for  eve-  

ry  10,  to  a>e  next  place,  gradually  as  the  several  32  -a        8  V  4 

products  are  prodaced  one  after  another,  instead  280  «       TO  5  4 

of  setting  them  all  down  one  below  each  other,  as  S40e  sa    600  X  4 

m  the  annesAd  example.  9000p  „  6000^  4 

t  After  having  found  the  produce  of  the  mulUplicand  by  the  firJHinira  of  the 
multipher,  as  in  the  former  case,  the  multiplier  is  s^^sed  to  be  divided  into 
parts  and  the  product  is  found  for  the  second  1 1        Wk     A  j 

vl^ZT^T  "^  5?"?.°^  '"'";  S?  PjlgtMi  tSSSes^tiriiije 
value  ;  and  therefore  the  first  figure  of  this  flBPHiK  act  in  the  place  pf 

.settfi^ 


'  '^ 


T^»." 


•»"' 


MULTIPLICATKJK.  15 

setting  down  a  lioe  of  products  for  each  figure  in  the  multi- 
plier, 80  as  that  the  first  figure  of  each  line  may  stand  straight 
under  the  figure  multiplying  by. — Add  all  the  line«  of  pro- 
ducts tquptber  in  the  order  as  they  stand,  and  their  sum  will 
be  the  answer  or  whole  product  required. 


TO  PROVE  MULTIPLICATION. 

Thers  are  three  different  ways  of  prarng  Multiplication, 
ivhich  are  ff  below. 

First  Method, — Make  the  multiplicand  and  multiplier 
change  places,  and  multiply  the  latter  by  the  former  in  the 
same  manner  as  before.  Then  if  the  product  found  in  this 
way  be  the  same  as  the  former,  the  number  is  right. 

Steond  Method. — ^Cast  all  the  9*s  out  of  the  sum  of  the 
figures  io  each  of  the  two  factors,  as  in  Addition,  and  set 
down  the  remainders.  Multiply  these  two  remainders 
together,  and  cast  the  9's  out  of  the  product,  aa  also  out  of 


tens  I  or,  which  is  the  same  thing,  directly  aader  the  figure  niultiplitid  ky.    And 

proceeding  in  this  manner  separate!  j 

with  all  the  6gures  of  the  nraltjplicr,  1234567  the  multiplicand. 

it  i«  evident  that  we  shall  multiply  all  4567 

the  putB  of  the  multiplicand  by  all 

the  parts  of  the  multiplier,  or  the  8641969  e=       7  times  the  mult, 

whole  of  the  multiplicand,  by  the  7407402    c^    60  times  ditto. 

whole  of  the  multiplier :  therefoi^.  6172835      »  500  times  ditto, 

these  sevei«i  products  bci^ng  added  4938268        =^4000  times  ditto. 

together,  will  be  equal  to  the  whole " 

Inquired  product «  as  io  the  example  563827489   *  4567  times  ditto. 

annexed.  

*  This  method  of  proof  is  derived  from  the  peculiar  property  of  the  nun^iber  0^ 
meDtioned  in  the  proof  of  Addition,  and  the  reason  for  the  one  may  serve  for  that: 
of  theoAMr.  Another  more  ample  demonstration  of  this  rule  may  be  as  follows  : 
—Let  l^d  Q  denote  the  number  o\9*s  iu  the  factors  to  be  mulHplipd,  and  a  and 
twbat  remain  J  then  9  P  -4-  o  and  9  Q^.  6  will  be  the  numbers  themselves,  and 
Iheir  product  is  (9  P  X  9Q) -t- (9  P  a' &)  +  (9Q  X  «)+  («  X  ^)i.  bat  the 
lirst  throe  of  these  products  are  each  a  precise  number  of  9^8,  because  their  factot  s 
are  so,  either  oneorijofhf  these  tlieretoro  being  case  away,  there  remains  only  a 
X  5 }  and  if  tbe  9*8  also  be  cast  out  of  this,  the  excess  is  the  excess  of  9's  m  the 
total  product :  but  a  and  b  are  the  excesses  in  tlie  factoia  themselves,  and  axo  is 
thdir  |Moduct:  therefore  the  Ta\«  istnie. 

the 
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the  whole  product  or  answer  of  the  question,  reserriDg  the 
remainders  of  these  last  two,  which  remainders  must  he  equal 
when  the  work  is  right.* — Note^  It  is  common  to  set  the  tour 
remainders  within  the  lour  angular  spaces  of  a  cross»#s  in  the 
example  helow. 

Third  Jlfe//M.-«4llulti plication  is  also  very  naturally  prov- 
ed by  Division  ;  for  the  product  divided  by  either  of  the  fac- 
tors, will  evidently  give  the  other.  But  this  cannot  be  prac- 
tised till  the  rule  of  Division  is  learned. 


EXAMPLES 

1 

Mult.  3542                         Proof. 

or  Mult!  6196 

by      6196 

by       3542 

21862                             >?X 

12392 

31878                              y<^ 

24784 

3642                                /^  \ 

30980 

21252                               /           \ 

'LES. 

18688 

21946232  Product. 

21946232  Proof 

OTHER  EXAMI 

Multiply   123456789  by  3. 

Ans. 

370370367. 

Multiply   123456789  by  4. 

Ans. 

493827156. 

Multiply   123456789  by  6. 

Ans. 

017283945. 

Multiply  123466789  by  6. 

*  Ans. 

740740734. 

Multiply  123456789  by  7. 

Ans. 

864197523. 

Multiply   123456789  by  8. 

Ans. 

987«64312. 

Multiply   123466789  by  9. 

Ans. 

iiiiiinoi. 

Multiply    I234567K9  by  11. 

Ans. 

1358024679. 

Multiply   H3456789  by  12. 

Ans. 

1481481468. 

Multiply  .^029 14603  by   16. 

Ans. 

41)4663^648. 

Multiply  273580961   by  23. 

Ans." 

6292362103. 

Multiply  40  097316  by   IPS. 

Ans. 

78408976620. 

Multiply  82164973     by  3027. 

Ans. 

2487  J 3373271. 

^uhiply  7564900       by  579. 
TVlultiply  84964:tJ7       by  8743n9. 

Ans. 

4380077100. 

An  8.^ 

74i89274l.a|d3. 
'  1023:i0768TO0. 

Multiply  2760325       by  37072. 

Ans. 

.   ^ 


i 


1 


*  If  tlie  two  remainders  be  equal,  it  by  no  means  follows  that  the  answer  is 
correct.  Tlius,  if  we  maltiply  13  by  12*  the  product  is  156,  and  the  lemainderB 
are  eacli  3:  but  if  we  Uke  lor  (he  answerer  product  any  of  the  numbers  165, 561, 
alS,  246,  &c.  tlic  rcmnindcrs  are  the  same  as  before,  and  therefore  the  rule  is  de- 
fective.   JEW. 
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CONTIUCTIONS  IN  MULTIPLICATION. 
1.  When  ikere  are  dpkers  in  the  Factors, 

Ir  the  cipherB  be  at  the  right  haDd  of  the  nuinbers  ;  mnl- 
tiply  the  other  figures  only,  and  aDoei  as  many  ciphers  to 
the  right  hand  of  the  whole  product,  as  are  iq  both  Ijbie  fac- 
tors.— When  the  ciphers  are  in  the  middle  parts  of  tto  mul- 
tiplier, negleel  them  as  before,  only  taking  care  to  place  the 
first  figure  of  every  line  of  products  eiactly  under  the^figure 
mxilti|Mying  with. 

EXAMPLES. 

1.  2. 

Mult.  9001635  Mult.  S90720400 

by      -     70100  by       -     406000 


9001635  23443S24 

63011445  16628816 


6310 1 46 1  :^500     Products         1/iSfi3248iS4QOO00 


3.  Multiply  8 1503600  by  7030.  Ans.  572970308000. 

4.  Multiply  9030100    by  2100.  Ans.  18963210000. 
6.  Multiply  8057069  by  70050.           Ans.  564397683450. 

II.  When  the  mvUiplier  is  the  Product  of  two  or  more  /{umbers 

in  the  Table ;  then^ 

*  Multiply  by  each  of  those  parts  separately,  instead  of  the 
whole  number  at  once. 

EXAMPf*K8. 

L  1 .  Multiply  51307298  by  56,  or  7  times  8. 

^         51307298 

7 


359151086 
8 


2873208688 


*  Hie  nana  of  ^it  nde  is  obriooB  encogfai  fcr  any  munber  nmltiplied  bjr 
tiM  compQuoi  futs  of  uodMr,  mnst  nve  dM  auna  proanct  as  if  it  vrere  mnlti- 
pliad  by  that  number  at  oooa.  Tims,  in  the  1st  esaimle,  7  tiknes  the  piodact  of 
8  hw  the  given  number,  makes  56  tioKs  the  same  immber,  as  plainly  as  7,times8 
imJns56. 

Vol.  I.  4  2.  Mul- 


18  ARITHMETIC. 

2.  Multiply  31704592     by  36.  Ads.  1141366312. 

3.  Multiply  29753804     by  72.  An9.  2142273888. 

4.  Multiply  71 283(S8       by  96.  Ads.  684323328. 

5.  Multiply  I6O43O0OO  by  108.  Ads.   ]7396o26400. 
0.  Multiply  618367^0     by  1320.  Ads.  81623150400. 

7.  There  was  ao  army  composed  of  104*  battalioos,  each 
consisltag  ef  500  oieo ;  what  was  the  Dumber  of  men  cod- 
taitied  iD  the  whole  ?  .    Ads.  52000. 

8.  A  coDToy  of  ammoDition  t  bread,'  consistiog  of  260 
waggons,  and  each  waggOD  coDtaiuiog  320  loayes,  havjac 
beeD  intercepted  and  takeo  by  the  eDemy,  what  is  the  Dumber 
of  loaves  lost  ?  Ads.  80000. 


OF  DIVISION. 

Division  is  a  kind  of  compeudious  method  of  SubtractioD, 
teaching  to  find  how  often  one  Dumber  is  cootaiDed  Id  aD- 
Other,  or  may  be  taken  out  of  it :  which  is  the  sanie  thing. 

The  number  to  be  divided  is  called  the  Dividend.^-^he 
number  to  divide  by,  is  the  Divisor  — ADd  the  Dumber  of 
times  the  divideod  contains  the  divisor,  is  called  the  Quotient. — 
Sometimes  there  is  a  Remainder  left,  after  the  division  is  fin- 
ished. 

The  usual  maoner  of  placing  the  terms,  is,  the  dividend  in 
the  middle,  having  the  drvisor  00  the  left  band,  and  the  quo- 
tient on  the  right,  each  separated  by  a  curve  line  ;  as,  to 
divide  1 2  by  4,  the  quotieut  is  3, 

Dividend  12 

Divisor  4)  it  (3  QuotieDt  ;        4  inbtr. 

sbowiog  that  the  Dumber  4  is  3  times  — 
contained  io  12,  or  may  be  3  times  8 
subtracted  out  of  it,  as  in  the  margio.         4  subtr. 

f:  Att/e-^HaviDg  placed  the  divisor  -^ 
ore  the  divideDd,  as  above  direct-  4 
ed,  fiDd  how  ofteo  the  divisor  is  con-  4  subtr. 
taiued  io  as  maDy  figures  of  the  divi-  — 
dend  as  are  just  uecessary,  and  place  0 
the  number  on  the  right  m  |te  quo-  — 
tient. Mul- 

,  *  A  battalion  is  a  kody  of  foot,  coosistiiig^  of  500,  or  600,  or  700  men,  mora  or 
iaa. 

f  The  aimnaiiitapn  bread  is  that  wliich  isprovided  for,  and  distributed  to,  tfaa 
foldiers ;  the  usual  allowance  beimf  a  loaf  of  6  ixninda  to  eveiy  soldier,  once  in 
4davs. 

X  In  tliis  way  the  dividend  is  resolved  into  parts,  and  by  trial  is  found  how  often 

the 
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Moitipij  the  divisor  by  this'  namber,  and  set  the  prodact 
Qoder  the  figures  of  the  dividend  before-meotioDed. — Sub- 
tract this  product  from  that  part  of  the  divideud  under  which 
it  stands,  and  ^{iof  down  the  next  figure  of  the  dividend,  or 
more  if  necessary,  to  join  on  the  right  of  the  remainder. — Di- 
vide this  number,  ao  increased,  in  the  same  manner  as  before  ; 
and  so  on  tUl  al|  the  figures  are  brought  down  and  used. 

f  J^.B.  If  it  be  necessary  to  bring  down  more  figures  than 

one  to  any  remainder,  in  order  to  make  it  as  large  as  the  di» 

'  Tisor,  or  lai^er,  a  cipher  must  be  set  in  tlie  quotient  for  every 

figure  so  l)rouglit  down  more  than  one. 

[■ 

TO  PROVE  DIVISION. 

*  MvLTiFLT  the  quotient  by  the  divisor ;  to  this  product 
add  the  remaimher,  if  there  be  any  ;  then  the  sum  will  be 
«qual  to  the  dividend  when  the  work  is  right. 


\ 


H 


the-dmsor  if  coatainecl  in  each  of  Cbote  parts,  ooe  after  another,  arrangnig  the 
'ei»i  figurcB  of  the  quotient  one  after  another,  into  ooe  nomber. 


"When  there  is  no  remainder  lo  a  diviuon,  the  quotient  is  the  whole  and  perfect 
■Dsarer  to  the  qoestioo.  But  when  diere  is  a  remainder.  It  goes  so  mach  towards 
another  time,  as  it  approaches  to  the  diTisari  so,  if  the  rsaBaiader  be  half  the 
diriaor,  it  will  go  the  half  of  a  time  more;  if  the  4th  part  of  the  divisor,  it  will 
go  one  foarth  of  a  time  more :  and  so  on.  tllerefore,  to  complete  the  quotient, 
■at  the  remainder  at  the  end  of  Hf  above  a  small  line,  and  the  divisor  bekiw  it, 
th«albBnmg>airaetk»al  part  of  the  whole  qooUeat 

*  This  method  of  prtxif  fl'pla'in  enoogh  -,  for  since  tiie  quotient  is  the  nnmber  of 
tisfliec  the  Avidend  contains  the  divisor,  the  quotient  multiplied -bj  the  divisor  mmst 
evidaDClj  be  eqoal  to  the  diridend 

Tliere  are  also  several  other  methods  sometmiss  used  for  proving  Division,  some 
of  the  moat  aseful  of  which  are  as  follow : 

Second  JttelAod— Snbtrect  die  remaindeT  from  the  dividend  -y  and  divide  what » 
left  by  the  mtfimd  \  so  shall  the  new  qaotieBt  from  this  laat  division  be  equal  to 
the  (oimer  divisor ,  when  the  work  is  iigfat  • 

2%trd  JlfeMoc^^Add  toother  the  remainder  and  all  the  products  of  the  seveml 

-^ — "  figures  by  dM  divisor,  according  to  the  order  iu  which  they  stand  in  the 

the  som  will  be  eqoal  to  the  dividend  when  the  woric  is  r^t. 

EXAM- 
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1 

EXAMPLES. 

1. 

3)  1234567 
12 

Q^0t. 
(4 11522 
malt.   3 

37) 

2. 

12345(W« 

111 

124 

quot. 
, (333666. 
37 

3 

1234566 

2335662 

3 

add  1 

111 

1000998 

4 

3       

1234567 

135 
111 

&vUA*    vv 

f!2345678 

oof. 

M  M  m 

246 

JR  ^w^p^r^^^v   •  ^^ 

15 

Proof. 

15 

• 

222 

6 

247 

6 

222 

7 

• 

268 

6 

• 

222 

Rem.  1 

• 

Rem.  36 

•• 

An».   1 828652  li^ 
Aq8.  759712289f. 
Ana.  475 16365 A. 
Ang.  2017246^. 
Ad8.   142161014. 
Ana.  46886^f|. 
Ana.  13861/^. 
Ana.  80496tH«. 


3.  Divide  73146085       by  4. 

4.  Divide  5317986027  by  7. 

5.  Divide  570196382    by  12. 

6.  Divide  74638105      by  37. 

7.  Divide  137896254    by  97. 

8.  Divide  35821640      by  764. 

9.  Divide  72091365      by  5201. 

10.  Divide  4637064283  by  57606. 

1 1.  Suppoae  471  men  are  formed  into  ranks  of  three  deep, 
what  ia  the  number  in  each  rank  ?  Ana.  157. 

12.  A  party  at  the  diatance  of  378  milea  from  the  head- 
quartera,  receive  ordera  to  join  the  corpa  in  18  daya  :  ^hat 
narober  of  milea  muat  the^ march  each  day  to  obey  their  or- 
dera ?  Ana.  21. 

13.  The  annual  revenue  of  a  gentleman  being  38330/  ; 
how  much  per  day  ia  that  equivalent  to,  there  being  365  daya 
in  the  year  ?  Ana.  104/. 

CO^TRACTlONS  IN  DIVfSfQN. 

There  are  certain  contractiona  in  Diviaion,  by  which  the 
operation  in  particular  caaea  may  be  performed  in  a  ahorter 
manner,  aa  followa  : 

1 .  Divt' 


DIVISION. 
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I.  Division  by  any  Small  Namhtr^  not  greater  thao  12»  may 
lie  ezpeditiooBlj  peHbrmed*  by  maltiplyiog  and  subtracting 
mentally,  omitting  to  set  down  the  work,  except  only  the 
quotient  immediately  below  the  dividend. 

EXAMFLKS. 
3)  56103961         4)  52619675         6)  1379192 

Qoot.  18701320^         ' 


6)  38672940         7)  81396627         8)  33718920 


9)  43981962       11)  57614230       12)  27980373 


II.  ^Wh«r^G,ph€rs  art  annexed  to  the  Divisor ;  cnt  off  those 
ciphers  from  it,  and  cot  off  the  same  namber  of  figures  from 
the  right-hand  of  the  dividend  ;  then  divide  with  the  remain- 
ing figures,  as  usual.  And  if  there  be  any  thing  remaining 
after  this  dWision,  place  the  figures  cut  off  from  the  dividend 
to  the  right  of  li,  and  the  whole  will  be  the  Ime  remainder; 
otherwise,  the  figures  cut  off  only  will  be  the  remainder. 


£Xi 

lAfPL 

ES. 

1. 

• 

Divide  3704196  by  20. 
2,0)  370419,6 

Qaot.  185209^^ 

2. 
71 

« 

Divide  31086901  by  7100. 
,00)310869,01  (4378^Uf. 

284 

268 
213 

• 

556 
497 

599 
568 

31 

- 

3.  Divide 

«  Tbia  method  *n  oaly  to  avoid  a  needUn  npelHkn  of  ci^en  whkh  jvoald 
happen  in  the  common  way.    And  the  troth  of  the  principle  on  whidi  it  is 
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S2  ARITHMETIC. 

3.  Divide  7380964  by  23000.  Ana.  320||^$}. 

4.  Diride  2304109  by  ^00.  Aos.  397  ^|}|. 

III.  When  the  Divisor  is  the  exact  Product  of  two  or  more 
of  the  smaU  Nwnhers  not  greater  than  12  :  *  Divide  by  each 
of  those  numben  separately,  instead  of  the  whole  divisor  at 
once. 

JV.  jB.  There  are  commoDly  several  remainders  in  work* 
iog  by  this  rule,  one  to  each  divisibo  ;  and  to  find  the  true 
or  whole  r«aMinder«  the  same  as  if  the  division  had  been  per- 
formed all  at  once,  proceed  as  ftllpws :  Multiply  the  last  re- 
mainder by  the  preceding  divisor,  or  last  but  one,  and  to  the 
product  add  the  preceding  remainder  ;  multiply  this  sum  by 
the  next  preceding  diviser,  and  to  the  product  add  the  next 
preceding  remainder ;  and  so  on,  till  you  have  gone  backward 
through  all  the  divisors  and  remainders  to  the  first.  As  in  the 
example  following : 

EXAMFLESu 

1.  Divide  31046835  by  56,  or  7  times  8. 
7)  31046835  6  the  last  rem. 

mult.     7  preced.  divisor. 


8)     4435263—1  first  rem. 
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554407 — 6  second  rem.  add  1  the  1st  rem. 


Ads.  554407||  43  whole  rem. 

2.  Divide  7014596  by  72.  Ans.  97424f|. 

3.  Divide  5130652  by  132.  Ans.  38868tH. 

4.  Divide  83010572  by  UO.  Ans.  345902^f. 


founded  is  erident :  for  cutting  off  tbe  aune  number  of  cipiMn,  or  ficnres,  from 
each,  18  the  same  at  dividing  each  of  them  by  10,  or  100,  or  1000,  £c.  accord- 
ing to  the  number  of  ciphers  cut  off;  and  it  is  evident,  that  as  often  as  the  whole 
divisor  is  contained  in  me  whole  dividend,  so  often  mnst  anjpait  of  the  fonner 
be  ccntamed  in  a  like  part  of  the  latter. 

*  This  Ibllows  from  tbe  second  contraction  in  Multiplication,  beinsf  onlj  the 
convene  of  it ;  lor  the  half  of  the  third  part  of  any  thiw:,  is  evidenfly  (ibe  same  at 
the  sixth  nart  of  tlie  whole;  and  so  of  any  other  numDen.<— The  resson  of  tbe 
method  of  finding  the  whole  remainder  from  the  several  narticnlar  ones,  will 
best  appear  finom  the  nature  of  Vulgar  Fractious.    Thus  m  the  first  example 

above,  the  first  remainder  being  1,  when  the  divisor  is  7,  makes  4  >diis  must  be 

added  to  the  second  remainder,  6,  making  frf  ^  the  divisor  8,  or  to  be  divided  by 
8. 

^        ^   ~*^  s=^  ;  and  this  divided  by  0,  gt^Mf — S=dS* 

IV.  Cbmmon 


if 


REDUCTION.  23 

IV,  Common  Division  maff  be  petf armed  more  eoncitely^ 
by  omitting  the  several  products,  and  settiDg  down  only  the 
remainders;  namely,  multiply  the  divtsor  by  the -quotient 
figures  as  before,  and  without  setting  down  the  product,  sub- 
tract each  figure  of  it  ffom  the  dividend,  as  it  is  produced  ; 
always  remembering  to  carry  as  many  to  the  next  figure  as 
were  borrowed  before. 

EXAMPLES. 

1.  Divide  3104679  by  833. 
833)  3104679  (3727^ 
6056 
2257 
5919 
88 

2.  Divide  79165238  by  238.     Ans.  332627^3'^. 

3.  Divide  29137062  by  5317.      Ans.  5479Hif  • 

4.  Divide  62015735  by  7803.     Ans.  79474fH* 


OP  REDUCTION. 

RftDtJCTioii  is  the  changing  pf  numbers  from  one  name 
or  denoBunation  lo  anolhei^,  without  altering  their  value.-— 
Thi«  is  cbieAj  coneemed  m  reducing  money,  weights,  and 
measures. 

When  the  numbers  are  tq  be  reduced  from  a  higher  name 
to  a  lower,  it  is  called  Reduction  Deicending;  bat  when, 
contraiywise,  from  a  lower  name  to  a  higher,  it  is  Reduction 
Ascendu^, 

Before  proceeding  to  (he  rules  and  questions  of  Reduction, 
it  will  be  proper  to  set  down  the  usual  Tables  of  money, 
freights,  and  mAasares,  which  are  as  follow  : 

Cy  MONEY,  WEIGHTS,  AND  MEASURES. 

TABLES  OF  MONEY.* 


2  Farthings  =»  1  Halfpenny  1 

4  Farthings  =  1  Petiny         d 

»12  Pence       s  1  Shilling       # 

20  ShiUings  =  1  Pound       £ 


qrt         d 
4=1  i 

48  =     12  «=  1         £ 
9C0  =  240  =  20  =  1 


PENCE 


*  j^dBBolM  ponndB,  i  thfllngt,  and  d  denotes  pence. 
^      dfwotw  t  Anlhiog,  or  oneiftaartor  of  any  thb^. 
^       denotes  a  balfpe&ny ,  or  the  Inlf  of  any  ttiing. 
}     denotes  3  fiffthiogi,  or  three  qnuten  of  any  thing:. 

The 


ARITHMETIC. 


PENCE  TABLH. 


SHILUNGS  tabu:. 


30  —   a    0 

40     —     S     4 
60     —     4     2 


FEDERAL  MONEV. 


Standard  Weight,  dwt  gr 
The  Ceat  weigha  6  23  Copper 
Dollar  17     Ij  Silver 

Eagle  1 1     4|  Gold 

Moaey  of  Gold  and  Silver  is  1 1 


10  Mills  (m)  =>  1  CeDt 
10  Ceots        =  1  Dime  d 
10  Dim«8       =  I  Dollar  D 
10  Dollars      =  I  Eagle  E 

The  standard  for  Federal  R 
parts  fine,  and  1  part  alloy. 

A  Dollar  is  tqual  to  4i  aad  &d  in  South  Carolina,  to  €s  in 
the  Neiv-Eogland  States  and  Virgioia,  to  7)  and  61^  in  Netv- 
Jevsiey,  PennsylvHnia.  Delanare,  and  Maryland,  and  to  Si  in 
New-York,  and  North  Carolina. 

TROY 


Thorullwoightuid  V 

Ixe  of  (he  EngliA  pM  ud  gilver  c« 

a,  ii  a*  ben  be- 

A  Guinea           1     1     0 
Hujfgumoo       0  10    8 
ScVLiiShillJueaO    7    0 
Qu=r«r-Euir,c,0    5    3 

H'ligM.if     SiLv«.         Fidui 
datgr                            ,     d 
'-     H    \Cniwu          S     0 
3  16f   Hs|r.Crowii      3    B 

1  i9J  sbinii«         1    0 

I     BJ  Siipenee           0    6 

9  16.L 
3  21 
l«it 

TI..-i.-u.il>..lueofgol 

d  in  iiMrly  4i  an  oonre,  or  2d  ■  Rnin 
*.     AIk  ihe  v«lue  of  anj  quulily  of 
of  standaiti  »ilv«r,  Marly  at  15  lo  1, 

■ndthatoful- 
Eold,  is  to  tbe 
in.oreDearijaE 

Pure  sirid,  free  from  m 

ilura  trflh  other  nutels,  ugually  called  fin  rold,  ■■  of 
nr>l1  endure  Ihe  Ire  without  waiting,  tboush  it  be  l»pt 

TABLES  OF  WEIGHTS. 


TROV  WEIGHT*. 


liraiu         -         -  marked  gr        gr      dvt 

S4  Grains  make  I  Peonyweight  dwi  24^     1      oz 

■SO  Penojweighta  I  Ounce  oz         <80=  80=   1      it 

IS  OoDces  I  Ponod  lb       &760=240=ISb.i 

By  this  weight  arc  weighed  Gold,  Silrer,  and  Jetrdi. 

AFOTHECABIES'  WEIGHT. 

Grains     -     -     marked  gr  "     ~- 

20  Grains  make  I  Scruple  te  or  3  ■ 

3  Scruples  -    -  1  Oram     dr  nr  3 
8  Drams      -    -  I  Dance    ox  or  3    ' 
12  Onnces    -    -  1  Pooad     tt  or  ft  ' 


eo   ~        3=1  o; 

480  =     «4  =     8   =      1         to 
3760  =  288  =  98   =   12  =   1 

Thia  i«  the  same  as  Troy  weight,  oii\;  having  some  diffei. 
«Bt  dirisioDs.  Apotbecariet  mske  use  of  this  weight  in  com- 
ponading  tbeir  Medicines  ;  bat  they  buy  and  sefl  iheir  Dngi 
by  Avoirdupois  weight. 


csatkmltf  nallMl.  BdI  dtm,  dm  baviog  iha  paiilx  of  gold,  win  ant  codura 
a*  finlitaili  jel  Sae  drsr  will  wutabniBwr  liitl*  b^  bamc  In  tbofinuy 
mddanM  Cknc  i  whetmt  copper,  IIB,  load,  Ik.  *iU  not  oalj  irwo,  bal  amj  ba 
calcinad,  or  btinit  lo  ■  powder. 

Both  gold  ud  nlTcr,  in  (bob- puiit}-,  an  lo  Ttiy  loA  and  dexiblo  (tike  qht  knd, 
AcJ,  llut  (bej;  an  not  to  uufal,  ailber  id  coin  or  otherwiic  (elccpl  la  bwlfctD 
Ic^KO'i^  ol'  *"**■%  *>  wtteo  duf  an  allayed,  or  miicd  uid  hardenad  wib  q^ 
parorlni*.  And  ltaDa|^  moil  DatloBi  iiBnt,  mmra  or  lau  ib  Iba  quurtrly  of 
tmth  alia;,  m  wall  u  ki  Ibe  aanae  place  al  diStiCDl  timu,  jai  in  Ei^tlaod  dw 
*taiiaudfcrgD4dandiaHrcuabwbaealbrah»ilin«ulolLowa-Tii.  ThatS 
paid  of  ba  gold,  and  S  parta  of  tapper,  baing  mallad  lotathar,  ihal]  be  uli  iin 
•dthoboa  staDdanl  br  gold  coin :  And  Ibal  11  ooacM  and  S  paan^vai|^li  of 
•neaUreTiand  ItjMUTw^falaof  c^par,  baiu  meliod  tugotaar,  u e«(eaned 
tha  Iraeiludaid  inriilTercraD,  called  Sterla^aiTisr. 
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ARITHMETIC. 

• 

AV0IRDC7P0IS  WEIGHT. 

Drmi 

marked  dr 

16  Drms 

make  1  Ounce    -        -        •  oz 

16  Oances 

1  Pound     -        -        'lb 

28  Pounds 

1  Q,uarter  -        -         -  yr 

4  Qoarters 

1  Hundred  weight       -  cwt 

20  Hundred 

weight  1  Ton      -        -          -  ttm 

dr 

oz 

16  =^ 

1              lb 

256  s 

16  =         1             qr 

7168  = 

448  =:       28  =       1            cwt 

28672  a 

1792  =     112  =       4  =       1         ton 

573440  =       36840  =  2240  =     80  =     20  =     1 

■  J 


By  this  weight  are  weighed  all  things  of  a  coarse  or  drossy 
nature,  as  Com»  Bread,  Butter,  Cheese,  Flesh,  Grocery 
Wares,  and  some  Liquids ;  also  all  Metals,  except  Silver  and 
Gold. 

oz  dwt  gr 
Note^  that  Mb  Avoirdupois  =14  11    15^  Troy. 
loz     '       -         ss    0  18     5^ 
\dr     '       -         =     0     1     3| 
Hence  it  appears  that  the  pound  Avoirdupois  contains  6999^ 
grains,  and  the  pound  Troy  5760 ;  the  former  of  which  aug- 
mented by  half  a  grain  becomes  7000,  and  its  ratio  to  the  lat- 
ter is  therefore  very  nearly  as  700  to  576,  that  is,  as  175  to 
144 ;  consequently  144  pounds  Avoirdupois  are  very  nearly 
equal  to  175  pounds  Troy  :  and  hence  we  infer  that  the  ounce 
Avoirdupois  in  to  the  ounce  Troy  as  17ft  to  192. 

LONG  MEASURE. 

3  Barley-corns  make  1  Inch  -  In 

12  Inches     -        -  l  Foot  -  Ft 

3  Feet        -        -  1  Yard  -  -  Yd 

6  Feet        -         -  1  Fathom  -       .  -  Ftk 

5  Yards  and  a  half  1  Pole  or  Rod  -  PI 

40  Poles       *         -  1  Furlong  -  -  Fur 

8  Furlongs  -  1  Mile  -  -  Mile 

3  Miles      .        .  1  League  -  Lea 

69}  Miles  nearly    -  1  Degree  -  •  Deg  or "", 


But  in  latter  timiif,  ilwat  thought  sufficient  to  divide  the  same  peimyweiglit  into 
24  eqoal  paHl,  Mfll  called  grains,  being^  the  least  weight  nofv  in  coosmoa  uie ;  and 
from  thence  the  rest  are  computed,  as  m  the  Tables  al;K>ve. 
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In  Ft 

12  =         1  Yd 

36  =         3    =  1              PI 

198  =s       16^==  6i  =       1         Fur 

•7920  =     660    ==  220     =     40  =     1         jyS7tf 

63360  =  6280    =  1760     s:  320  »     8  a;     ] 

CLOTH  MKASUBE. 

2  Inches  and  a  <|uarter  make  1  Nail      -        *  A? 
4  Nails                       .        .  ]  Quarter  of  a  Yard  Qr 

3  Qqarten  -  1  Ell  Flemiih    -  EF 

4  Qqartera        -        -        -  1  Yard  -  Yd 

5  Quarters        -        -         -  1  Ell  Eo^sh      -  E  E 
4  Qparten  1}  Inch     -        -  1  £U  Scotcb       -  £  S 

SQUAfiE  MEASURE. 

144    Square  Inches  make  1  Sq  Foot    -  /t 

9    Square  Feet      -        1  Sq  Yard  -  Yd 

30}  Square  Yards    -        1  Sq  Pole     -  PoU 

40    Square  Poles     -         I  Rood         -  Rd 

4    Roods      "        -         1  Acre    -    -  Act 


Sqlnch 

Sg  FY 

144 

=s 

1 

SqYd 

1296 

sss 

9 

=s 

1 

SqPl 

39204 

= 

272^ 

=£ 

30}    as 

1 

1568160 

= 

10890 

as 

1210        SB 

40  = 

6272640 

s= 

43560 

= 

4840     s 

160  » 

Rd 

1        A» 
4=     I 

By  this  measure,  Land,  and  Husbandmen  and  Gardeners' 
work  are  measured ;  also  Artificers'  work,  such  as  Board, 
Glass,  Pavements,  Plastering,  Wainscoting,  Tiling,  Flooiiny, 
and  erery  dimension  of  length  and  breadth  only. 

When  three  dimensions  are  concerned,  namely,  length, 
breadth,  and  depth  or  thickness,  it  is  called  cubic  or  solid 
measure,  which  is  used  to  measure  Timber,  Stone,  &c. 

The  cubic  or  solid  Foot,  which  is  12  inches  in  length  and 
breadth  and  thickness,  contains  1738  cubic  or  solid  inches, 
and  27  solid  feet  make  one  -solid  yard. 


MY 


SE 


ARITHMETIC. 


t  PinU  make 
3  Q^oarU     - 

2  Po(tle«     - 

3  Gallons     - 

4  Pecks  - 
8  Bushels  - 
6  Qjaarters  - 
2  Weys 


DRY,  OR  CORN  MEASURE. 

I  Qaart 
1  PotUe 
1  Gallon 
1  Peck 
1  Bushel 
1  Quarter 

1  Wey,  Load,  or  Ton 
1  Last      - 


Poi 
Gal 
Fee 
Bu 

Qr 

fVey 
Last 


PtB 

8 

16 

64 

512 

3560 

6120 


Gal 
1 

2  = 
8  = 

64  = 
320  = 

640  = 


Pec 
1 

4  = 

32  = 

160  = 

320  s= 


Bu 
1 

8 
40 
80 


Qr 
1 
5 

10 


Wey 

1  Last 

2  =  1 


By  this  are  measured  all  dry  wares,  as  Corn,  Seeds,  Roots, 
Fruit,  Salt,  Coals,  Sand,  Oysters*  &c. 

The  standard  Oallon  dry  measure  contains  268|  cuhic  or 
solid  inches,  and  the  Com  or  Winchester  bushel  2150^  cubic 
inches  ;  for  the  dimensions  of  the  Winchester  bushel,  b^'  the 
Statute,  are  8  inches  deep,  and  Ib^  inches  wide  or  in  diameter, 
but  the  Coal  bushel  must  be  1 9^  inches  in  diameter  ;  and  36 
bushels,  heaped  up,  make  a  London  chaldron  of  coals,  the 
weight  of  which  is  31561b  Aroirdapois. 

ALE  AND  BEER  MEASURE. 


2  Pints  make 

- 

1     Quart 

Qi 

4  Q^a^ts 

m 

1     Gallon 

Gal 

36  Gallons     - 

m 

1     Barrel 

Bar 

1  Barrel  and  a 

half 

1     Hogshead  - 

Hhd 

2  Barrels     - 

- 

1     Puncheon  - 

Pun 

2  Hogsheads 

- 

I     Butt 

BuU 

2  Butts 

- 

1     Tun 

Tun 

Pis       qt 

2  =      1 

Qal 

8  =      4  = 

1 

Bar 

288  =  144  = 

36  = 

I         Hkd 

432  =  216  = 

64  = 

H  »     1        Bvit 

864  =  432  = 

108  = 

3=2=1 

Noie^  The  Ale  Gallon  contains  282  cubic  or  solid  inches. 


WINE 


TABLES  OF  MEASURES  AND  TIME. 
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WINE  MEASURE. 

2  Pints  make 
4  Qjmarts       ... 
42  Gallons     -         .         . 

1  Quart 
1  GalloD 
1  Tierce 

Oal 
Tier 

63  GalloDS  or  1^  Tierces 
2  Tierces     - 

1  Hogshead    - 
1  Puncheon    • 

Hhd 
Pun 

2  Hogsheads 

2  Pipes  CT  4  Hhds 

1  Pipe  or  Butt 
1  Tun     -      - 

Pi 

Tun 

PtM.         qt 

2  =          1         6a/ 

8  =          4=1           Tier 

336  =       168  =     42  a   1 

Hhd 

504  =      262  «     63  =    IJ 

=  1         Pun 

672  as      336  »     84  ==   2 

=  1J=  1         P 

1008  =      604  =:  126  =   3 

=  2  =  H^  1 

Tm 

2016  =s    1008  =  252  <s   6 

=  4  »  3  =  2 

=s=    1 

JVbtSy  Bj  this  are  measured  all  Wines,  Spirits,  Stroi^  wa- 
t6rs»  Cider,  Mead,  Perry,  Vinegar,  Oil,  Honejr,  iic. 

Tbe  Wme  Gallon  contains  231  cubic  or  solid  inches.  And 
it  is  remarkable,  that  the  Wme  and  AleGallons  have  the  same 
proper tioo  to  each  other,  as  the  Troy  and  Avoirdupois  Pounds 
hare  ;  that  is,  as  one  Pound  Trojr  is  to  one  Pound  Arohdu- 
pois,  so  is  one  Wine  Galloo  to  one  AJe  Gallon. 


OF  TIME. 


60  Seconds  or  60"  make 
60  Minutes 
24  Hours 

7  Days 

4  Weeks     -        -        - 

13  Months  1  Day  6  Hours, 

or  365  Days  6  Hours 


Sec 

60  = 

3660  = 

36400  = 

604800  s= 

2419200  » 

31557600  ss 


Min 

1 

'       60 

1440 

10080 

40320 

525960 


Hr 

1 

24 

168 

672 

8766 


1  Minute 
1  Hour 
1  Day 
1  Week 
1  Month 


Jlf  or 
Hr 
Day 
Wk. 

Mo 


\  Julian  Yenr  Yr 


Day 
1 

7  ^ 

28  = 

365}= 


Wk 

1       Mo 

4  =  1 


1  Year 


Or 
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Wk  Da  Mr      Mo  Da  Hr 
Or  5e      1      6  =  IS     1     6  s:   1  Julian  Year 
DaHr    M    Sec 
But   365  5     48     48  =  1  Solar  Year. 


RULES  FOR  REDUCTION. 

T.  When  the  Numbert  are  to  be  reducedfrom  a  Higher  Denomi- 

nation  to  a  Lower : 

m 

MULTIPLY  the  Dumber  id  the  highest  deDomioation  by  as 
many  as  of  the  next  lower  make  an  integer,  or  1 ,  in  that  high- 
er ;  to  this  product  add  the  number,  if  aoy,  which  was  id  this 
lower  denomination  before,  and  set  down  the  amount. 

Reduce  this  amount  in  like  manner,  by  multiplying  it  by  as 
many  as  of  the  next  lower,  make  an  integer  of  tnis,  taking  in 
the  odd  parts  of  this  lower,  as  before.  And  so  proceed  through 
all  the  denominations  to  the  lowest ;  so  shall  the  number  last 
found  be  the  value  of  all  the  numbers  which  were  in  the 
higher  denominations,  taken  together.* 

XEAMPLE. 

].  In  1^34/  iSs  *7d,  how  many  farthings  ? 

I         s         d 
1234     16       7 
20 


24695  Shillings 
12 


296317  Pence 
4 


Answer  1185388  Farthings. 


*  The  reason  of  this  rule  is  vcnr  evident ;  for  pounds  are  broi^ght  into  shiUmn 


consisting  of  any  denominations  whatercr. 

II.  When 
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1 1 .  When  the  Nmnbers  are  to  be  reduced  /ram  a  lower  Deno- 
mination to  a  higher  * 

Divide  the  giyen  d amber  by  as  manv  as  o{  that  deDomina- 
tion  make  1  of -the  next  higher,  and  sex  dgsn  what  tenmoB^ 
as  weQ  as  the  quoti^jit.'- 

Divide  the  qiiotieDtJ>y  as  many  as  of  this  deoomiBatioD 
make  1  &f  the  next  higher  ;  settiog  dowp  the  oew  qaotieot, 
and  remainder,  as  before. 

Proceed  in  the  same  manner  through  all  the  denomina- 
tions, to  the  highest ;  and  the  quotient  last  foond,  together 
with  the  sereral  remainders,  if  any,  will  be  of  the  same  f  aloe 
as  the  first  nomber  proposed. 

l!''XAMPLES. 

2.  Reduce  1185388  farthings  into  pounds,  shillings,  and 
pence. 

4)1185388 
12)   296347  d 
2,0)     2469,5  #— 7ci 
Answer    1234/ 15^  7c^ 


3.  Reduce  24/  to  farthings.  Ans.  23040. 

4.  Reduce  337587  farthings  to  pounds,  kc. 

Ans.  351/ I3f  0|. 

5.  How  many  farthings  are  in  36  guineas  ?       Ans.  36288. 
6    In  36288  farthii^  how  many  guineas  ?  Ans.  36. 

7.  In  591b  13dwts  5gr  how  many  grains  ?         Ans.  340157. 

8.  In  8012131  grains  how  many  pounds,  &c.  ? 

Ans.  1390  lb  1 1  oz  18  dwt  19  gr. 

9.  In  35 ton  ]7cwt]qr23]b  7oz  13drhow  many  drons? 

Ans.  20571005. 

10.  How  many  barley-corns  will  reach  round  the  earth* 
supposing  it,  according  to  the  best  calculatioas,  to  be  24877 
miles  ?  Ans.  4728620160. 

1 1.  How  many  seconds  are  in  a  solar  year,  or  365  days  5 
hrs  4S  min  48  sec  ?  Ans.  31556926. 

12.  In  a  lunar  month,  or  29  ds  12  hrs  44  min  3  sec,  how 
many  seconds  ?  Ana.  2551443. 

COM- 
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COMPOUND  ADDITION. 

CoMFOUiTD  Addition  shows  how  to  add  or  collect  several 
nooiberi  of  different  denomiaations  into  one  sam. 

Rule. — Place  the  numbers  so,  that  those  of  the  same  de- 
nomination may  s^anS  directly  under  each  other,  and  draw  a 
line  below  them.  Add  up  the  figures  in  the  lowest  denomi- 
nation, and  find,  by  Redaction,  how  many  units,  or  ones,  of 
the  next  higher  denomination  are  contained  in  Uieir  8am.->-* 
Set  down  the  remainder  below  its  proper  column,  and  carry 
those  «mts  or  ones  to  the  next  denomination,  which  add  up 
in  the  same  manner  as  before.— -Proceed  thus  through  all  the 
denominations,  to  the  highest,  whose  sum,  together  with  the 
sereral  remainders,  will  gire  the  answer  sought 

The  method  of  proof  is  the  same  as  in  simple  Addition. 


EXAMPLES  OF  MONET. 

1. 

3. 

3. 

4. 

I    s 

d 

{  f  d 

I     $     d 

I    i 

d 

7  13 

3 

14  r  6 

16  17  10 

63  14 

8 

3  5 

10| 

8  19  2^ 

3  14  6 

6  10 

t 

6  18 

7 

7   8  li 

23  6  2} 

93  11 

6 

0  2 

^ 

21   2  9 

14  9  4^ 

7  6 

0 

4  0 

3 

7  16  8^ 

16  6  4 

13  2 

6 

17  16 

H 

0   4  3 

6  13  9f 

0  IB 

7 

39  16 

9i 

3S  2 

6J 

39  16 

9| 

6.                       6.                     7.  8. 

lid  ltd  ltd  ltd 

14   0    r\  37  15    8  61     3     2^  472  16    8 

8 16   3  14  12  9j         7  16     8  9     2     2^ 

62    4    7  17  14  9  29  13  10|  27  12     6^ 

4  17    8  23  10  ^  12  16     2  370  16     2^ 

23    0  4}            860  076jt  13     74 

6    6   7  14    0  6^  24  13     0  6  10     6^ 

91    0  10^  64    2  7^          6    0  10}  30    0  llf 


EXAM- 
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Exam.  9.  A  Doblemaa  going  out  of  town,  is  iDformed^by 
--B  steward  that  his  bvlober's  bill  comes  to  197/ J  3f  Hd  ;  bis 
baker's  to  59/  6t  •}  d  \  bis  brewer's  to  86/ ;  his  wine-mer- 
chaot's  to  103/  13s  ;  to  his  corn -chandler  is  dae  Ibl  5d  ;  to 
his  tallow  chandler  and  cheesemonger,  ^11  16s  1  l^c/ ;  and  to 
bis  tailor  56/  3t  6fd ;  ako  for  rent,  servants'  wages,  and 
oth«r  charges,  1^7/  3s  i  Now,  sopposiing  he  would  take  100/ 
with  him  to  defray  his  charges  on  the  road,  for  what  sum  must 
he  send  to  his  banker  ?  Ans.  830/.  1  Is.  6id, 

10.  The  strength  of  a  regiment  of  foot,  of  10  companies, 
aod  the  amount  of  their  subsistence*,  for  a  month  of  30  dajs, 
according  to  the  annexed  Table >  are  required  ? 


Numb. 

Rank. 

Subsistence  for  a 

Month. 

/      f 

d 

1 

Colonel 

27     0 

0 

1 

Lieutenant  Colonel 

19  10 

0 

1 

Major 

17     6 

0 

7 

Captains 

78  15 

0 

11     \  LiemenantB 

57   15 

0 

9     ]  Ensigns 

\                    .  40  10 

0 

1     1  Chaplain 

7   10 

0 

1 

Adjutant 

4   10 

0 
0 

1 

Quarter-Master 

5     5 

1 

Surgeon 

4  10 

0 

1 

Surgeon's  Mate 

4   10 

0 

30 

Serjeants 

45     0 

0 

30 

Corporals 

30     0 

0 

20 

Drummers 

20     0 

0 

2 

Fifen 

2     0 

0 

390 

Private  Men 

292   10 

^^  j 

1 

607 

Total.               1 

656   10 

0         1 

•  Sobfliteiice  Moncj,  u  the  money  paid  totlie  aoldien  weekly,  which  is  short 
of  (heir  full  pey,  becauae  Iheir  clotbee  and  accoutnaoeiiCs,  dc.  are  to  be  accounted 
6r.  It  is  likewise  the  mooey  advanced  to  offioeis  till  their  accounts  are  made  jn, 
wfaicb  it  oonamonly  once  a  year,  when  they  are  paid  their  arrears.  The  folM- 
Tnble  ihofws  the  fidl  pay  and  nhsstence  of  each  rank  on  the  Engliih  esta- 


Vol.  r. 
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1 
1 

1 

O         (O 

1 

2     " 

^  w        1  •>  r>  lo 

i 

1 

1 

1      1 

1       12 

21-    «i2:« 

o      o      e.      eo 

1 

—      n 

-   j*      »   |«u. 

3 

i 

WJ-tC  — 

1  1=     11"! 

1 

f  1"     1  |»  ( 

& 

M         »> 

u 

«WOI»>0     |OC~<SU3 

III       12  I* 

2  I« 

(O     j   US         ^-     1   «« 

m 

loCD 

_- oooo 

1  I  1      IS|«>« 

SL     5  9  " 

^ 

1 

Mlliii 

5'i 

I 

i 

^1 
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EXAMPLES  OF  WEIGHTS,  MEASURES.  Uc. 


> 

TROY  WfilOHt. 

APOTHECARIES*  WEIGHT. 

1. 

a. 

3. 

4. 

lb  oz  dwt 

oz  dwtgr 

lb  oz  dr  sc 

oz  dr  8cgr 

17     3  15 

37     9     3 

3    5     7     2 

3    5     1   17 

7     9     4 

9     5     3 

13     7     3     0 

7     3     2     6 

0  10     7 

8  12  12 

19  10    6     2 

16     7    0  12 

9     6    0 

17     7     8 

0     9     12^ 

7     3    2     9 

176     2  17 

5     9     0 

36     3     5    0 

4     1     2  18 

'23  fl   12 

3     0  19 

5     8     6     1 

36     4     1  14 

- 

■ 

AVOIRDUFOrS  WEIGHT. 

LONG 

MEASURE. 

6. 

6. 

7. 

8. 

lb  OZ  dr 

cwt  qr  lb 

mis  for  pis 

yds  feet  inc 

'    17  10  12 

15     2  15 

20    3  14 

137     1     5 

5  14     8 

6     3  24 

19     6  29 

12     2     9 

12     9  18 

9     1    14 

7     0  24 

10    0  10 

«7     1     6 

9     I  17 

9     1  37 

54     1   11 

0     4    0 

10    2     6 

7    0S 

5     2     7 

«   14   10 

3    0     3 

4*  6     9 

23     0     5 

- 

CLOTS  Measure. 

LAND  MEASURE. 

9. 

10. 

11. 

12. 

y&B  qr  nls 

el  en  qrs  nl« 

ac     ro  p 

ac  ro   p 

26     3     1 

270     1     0 

226    3  37 

19    0  16 

1 
1 

13     1     2 

57     4     3 

16     1  25  . 

270    3  29 

1 

9     1     2 

18     1     2 

7     2  18 

6     3  13 

217     0     3 

0     3     2 

4     2     9 

23    0  34 

9     10 

10     1     0 

42     1  19 

7     2  16 

56     5     1 

4    4     1 

7     0    6 

76     0  23 

'« 

[EASURE. 

ALE  AND  BEER 

WINEl^ 

MEASURE. 

13. 

14. 

16. 

16. 

t  hdsgal 

bdsgalpta 

bdsgal  pts 

bds  fBl  pti 

1 

13     3  15 

15  61     6 

17  37     3 

29  43     6 

8      1  37 

17  14  13 

9  10  15 

12  19     7 

1 

1 

14     1  20 

29  23     7 

3    6    2 

14   16     6 

1 

i 

26     0  12 

3  15     1 

5  14    0 

6     8     I 

1 
i 

3     1     9 

16     6     0 

12     9    6 

67  13     4 

72     3  21 

4  36     6 

8  42     4 

6     6     0 

COM. 
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COMPOUND  SUBTRACTION. 


CoMPOUifD  Subtraction  shows  how  to  find  the  difference 
between  anj  two  numbers  of  different  denominatioDS.  To 
perform  which,  observe  the  following  Rule  : 

*  Place  the  less  number  bplow  the  greater,  so  that  the 
parts  of  the  same  denomination  ma^  stand  directly  under 
each  other ;  and  draw  a  line  below  them. — Begin  at  the 
right-hand,  and  siibtrnct  each  number  or  part  in  the  lower 
line  from  the  one  just  above  it,  and  set  the  remainder 
straight  below  it. — But  if  any  number  in  the  lower  line  be 
greater  than  that  above  it,  add  as  many  to  the  upper  number 
as  make  I  of  the  next  higher  denomination  ;  then  take  the 
lower  number  from  the  upper  one  thus  increased,  and  set 
down  the  remainder.  Carry  the  unit  borrowed  to  the  next 
number  in  the  lower  line  ;  afler  which  subtract  this  number 
from  the  one  above  it,  as  before  ;  and  so  proceed  till  the  whole 
is  finished  Then  the  several  remainders,  taken  together, 
will  be  the  whole  difference  sought. 

The  method  of  proof  is  the  same  as  in  Simple  Subtraction. 

EXAMPLES  OF  MONEY. 

1.  St.                    3.  4. 

I      s  d       I  $  d  I      s      d      I  8  d 

From  79  17  8|  103  3  S}  81  10  II  254  12  O 

Take  36  12  4|  71  12  5^  29  13  3X  37  9  4$ 

^^■i^^".""'^™^"^"*  ^m^t^mmt^mmm^^^a^  •^wBi«B^.aHMB^>a  •— >— ov^taavwi^Bi^M* 

Rm.  44     5     4|       31    10     8| 
Proof.79   \7     8J     103     3     2^ 


5.  What  is  the  difference  between  73/  B^d  and  19/  13s  tOd  ? 

Ans.  53/  6s  l^d. 


*  The  raafion  of  this  Rule  will  easily  appear  from  what  has  been  eaid  in  Sim- 
pie  Subtraction  i  for  t)ie  borrowing  depenns  on  the  same  principle,  and  is  only 
^fierent  as  the  numbers  to  be  wibfracted  are  of  di&rcnt  d«nomhmtionB. 

Ex.  6. 
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£x.  6.  A  lends  to  B  1002,  how  mncb  is  B  in  debt  after  A 
has  taken  goods  of  bim  to  the  amount  of  73/  IS9  4fd  ? 

Ans.  26/  7f  7^i. 

7.  Suppose  that  my  rent  for  balf  a  year  is  20/  ]2#,  and  that 
I  have  laid  out  for  tbe  land-tax  14f  6d,  and  for  several  repairs 
1/35  3Jd,  what  have  I  to  pay  of  my  half-year's  rent  ? 

Ans.  18/14*  2|</. 

8.  A  trader  failing,  owes  to  A  35/  Is  Bdy  to  B  91/  13*  \d, 
to  C  53/  lid,  to  D  87/  5s,  and  to  E  1 11/  3s  5|d.  When  this 
happened,  he  had  by  him  in  cash  23/  7s  5d^  in  wares  53/  1 1  j 
lO^d.  in  household  furniture  63/  17*  7}d,  and  in  recoyerable 
book-debt«  25/  7s  6d.  What  will  his  creditors  lose  by  him, 
suppose  these  things  deliyered  to  them  ?    Ans.  212/  5s  3(ci. 

EXAMPLES  OF  WEIGHTS,  MEASURES,  &c. 

TROY  WEIGHT.  AJPOTHECARIES*  WEIGHT. 

1  2  3 

lb  oz  dwt  gr  lb  oz  dwt  gr  lb  oz  dr  scr  gr 
From  9  2  12  10  7  10  4  17  73  4  7  0  14 
Take  5     4     6  17         3     7  16  12         29     5     3     4     19 


Rem. 

Proof 

AVOIRDUPOIS  WEIGHT. 
4.                        5. 
c  qrs  lb         lb    oz  dr 
From  6    0  17        71     5     9 
Take  2     3  10         17     9  18 

LONG  MEASURE. 
6.                          7. 

m  fu  .pi         yd    A   in 

14     3  17         96     0     4 

7     6   11         72     2     9 

Rem. 

Proof 

CLOTH  MEASURE. 
8.  9. 

yd  qr  nl  yd  qr  nl 
From  17  2  1  9  0  2 
Take    9    0    2         7     2     1 


LAND  MEASURE. 
10.  11. 

ac  ro  p  ac  ro  p 
17  1  14  57  I  10 
16     2     8         22     3  2a 


Rem. 
Proof 


WINK 
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WINE  MEASURE.                      ALE  AND  BE] 

12.                        IS.                        14. 
t    bd  gal          bdgal  pt        hd  gal  pt 
From  )7     2  23          5     0    4         14  29     3 
Take    9     1  36           2  12    6           9  35     7 

Eat  MEASURE. 

15. 
hdgal  pt 
71   16     6 
19     7     1 

■ 

Rem. 

Proof 

l^RT  MEASURE. 
16.                        17. 

Ja  qr  bo        bo  gal  pt 
From    9    4     7         13     7     1 
Take     6     3    5          9    2    7 

TIME. 

18.                     19. 
mo  we  da        da  bra  min 
71     2     5         114  17  26 
17     1     6           72  10  37 

Rem. 

Proof 

20.  Tbe  line  of  defence  Id  a  certain  polygon  being  236 
yards,  and  that  part  of  it  which  is  terminated  by  the  curtain 
and  shoulder  being  146  yards  1  foot  4  inches  ;  what  then  was 
the  length  of  the  face  of  the  bastion  ?    Ans.  89  yd^  1  ft  8  in. 


COMPOUND  MULTIPLICATION. 

CoKPOUiTD  Multiplication  shows  how  to  find  the  amount 
of  any  given  number  of  different  denominations  repeated  a 
certain  proposed  number  of  times  ;  which  is  performed  by 
the  following  rule. 

Sbt  the  multiplier  under  the  lowest  number  of  the 
multiplicand,  and  draw  a  line  below  it. — Multiply  the  num- 
ber in  the  lowest  deoominatiouLby  the  multiplier,  and  find 
how  many  units  of  the  next  higher  denomination  are  con- 
tained in  the  product,  setting  down  what  remains. — In  like 
manner,  multiply  the  number  in  the  next  denomination,  and 
to  the  product  carry  or  add  the  units,  before  found,  and  find 
how  many  units  of  the  next  higher  denomination  are  in  this 

amount, 
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amoooC,  which  carry  in  like  manner  to  the  next  product,  set* 
ting  down  the  orerpliis*— Pr<>ceed  thui  to  the  higfaeit  datia«> 
mination  proposed  :  so  shall  the  last  product*  with  th^  stf ve- 
ra! remainders,  takemas  one  codnpoaad  nomber,  be  the  whole 
amount  required.  The  method  of  Proof,,  and  the  reason  of 
the  Rule,  are  the  same  as  in  Simple  Miritiplication. 

^  EXAMPL£8  OF  MONEY. 

1.  To  find  the  amount  of  81b  of  Tea,  at  &  Sj(f  per  lb. 

s     d 
6     gj 


£t  6    8  Abswer. 


I 


I    s  d 

2.  4lb  of  Tea,  at  7f  Qd  per  lb.  Ans.     1   10  8 

3.  61b  of  Batter,  at  9fd  per  Ih.  An&     O.  4  9 

4.  71bof  Tobacco,  at  If  8J4<  per  lb.        Ans.    0  11  ll| 

5.  9  Stone  of  Beef,  at  1^  7|ii  per  St.         Ans.     1     1  0 

6.  10cwtofCheeae,at2ll7sl0dpercwt.  Ans.  28  18  4 
7   12  cwt  of  Sugar  at  31  It  Ad  per  cwt.       Ans.  40     8  0 

OOWTRACTIONS. 

LMf  the  moltiplier  exceedalS,  multiply  successirely  by 
its  component  parts,  instead  of  the  whole  number  af  once. 

1.   I5cwt  oTCheese,  at  179  6iper  cwt. 

lid 


m 


0  17     6 
'3 


2  12     6 


5 


13     2    6  Answer. 


I     $  d 

SL  20  cwt  of  Hops,  at  4/  7f  Zd  per  cwt.     Ans.  87    3  4 

3.  24  tons  of  Hay,  at  31  79  M  per  ton.      Ans.  810  0 

4.  45  ells  of  Cloth,  at  It  ed  per  ell.        Ans.     3    7  6 

i;x.  5. 


f 

d 

1 

9 

0 

0 

4 

0 

0 

0 

10 

0 

0 

0 
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i 
£z.6.  63  gallons  of  Oil.  at  2s  3d  per  gall,     Ans.       7 

6.  70  barrels  of  Ale,  at  U  4$  per  barrel.  Ans.     84 

7.  84  quarters  of  Oats,  at  1/  Ki  8<f  perqr.  Ads.  137 

8.  96qoarterBofBarley,at  1/35 4d  per qr.  Ads.  112 

9.  120  days'  Wages,   5s  Id  per  day.        Ads.     34 
10. 1 44  reams  of  Paper , at  1 3s  4d  per  ream.  Ans.     96 

II.  If  the  multipliercaDDOt  be  exactly  produce  Ay  the  mul- 
tiplication of  simple  numbers,  take  the  nearest  Duml>er  to  it» 
either  greater  or  less,  which  can  be  so  produced,  and  multiply 
by  its  parts,  as  before. — Then  multipljuthe  given  multipli- 
cand by  the  difference  between  this  assumed  number  and  the 
multiplier,  and  add  the  product  to  that  before  found,  when  the 
assumed  number  is  less  than  the  multiplier,  but  subtract  the 
same  when  it  is  greater. 

EXAMPLE. 

1 .  26  yard!  of  Cloth,  at  3t  Ofd  per  yard. 

I      s    d 

0    3    0} 

6 


0  15     3| 
5 

3  16  a6| 
3    0} 

£3  19    7^  Answer.  ^ 

^    I  s     d 

2.  29quartersofCom,at2/5s3|c{perqr.  Ans.   65.  12  10^ 

3.  53  loads  of  Hay,  at  3/  15s  ^d  per  load.  Ans.  1 99  3  10 

4.  79  bushels  of  Wheat,  at  1  Is  b\d  per  bus.  Ans.  ^5  6  10^ 

5.  07  casks  of  Beer,  at  12s  2(2  per  cask.     Ans. ^9  0    2 

6.  ll48toneofMeat,at15s3|dperstone.    Ans.  87  5     H 

EXAMPLES  OF  WEIGHTS  AND  MEASURES. 


1. 

lb  oz  dwt  gr 

28  7  14  10 

5 

2. 
lb  oz  dr  sc  gr 
2  6  3  2  10 

8 

3. 
cwt  qr  lb  oz 
29  2  16  14 
12 

m 

4. 


I 
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4.  6.  6. 

mis  Ai  pis  yds  yds     qrs  na 

22     5     29     6  126       3  1 

4  7 


ac 

ro 

po 

28 

3 

27 
9 

7. 

8. 

9. 

tQDsfabdgalpts 

wiB  qr  bu  pe 

mo  we  da  ho  min 

20     2     26     2 

24     2     5    3 

172     3     6  16  49 

3 

6 

10 

COMPOUND  DIVISION. 

CoicPOUND  Division  teaches  how  to  divide  a  number  of 
seTeral  deoominatioot  by  aoy  given  nnmber*  or  into  any  num- 
ber of  eqaal  parts  ;  as  follows : 

Place  the  divisor  on  the  left  of  the  dividend,  as  in  Simple 
DiTision. — Begin  at  the  left-hand,  and  divide  the  number  of 
the  highest  denomination  by  the  divisor,  setting  down  the 
qnotieot  in  its  proper  place.-^If  there  be  any  remainder  after 
this  division,  reduce  it  to  the  next  lower  denomination,  which 
add  to  the  number,  if  any,  belonging  to  that  denomination,  and 
divide  the  sum  by  the  divisor. — Set  down  again  this  quotient, 
reduce  its  remainder  to  the  next  lower  denomination  again, 
and  so  on  through  all  the  denominations  to  the  last. 

EXAMPLES  OF  MONEY. 

1.  Divide  2371 8t  6<i  by  2. 

I     s     d 
2)  237   8     6 

£118  14  3  the  Quotient. 

2.  Divide 

Vol.  I  7 
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ltd  I      $  d 

«.  DiTide     432  12     1}  by  3.  Ans.  144     4  0^ 

3.  Di?idc     607     3     6     by  4.  Ans.  126  15  lOJ 

4.  Divide     632     7     6^  by  6.  Ans.  126     9  6 
6.  Divide     690  14     3|  by  6.  Ans.  116     2  4^^ 

6.  Divide     705  10     2    by  7.  Ans.  100  15  8} 

7.  Divide     760     6     6     by  8.  Ans.    96     0  8J 

8.  Divide     76 1     6     7f  by  0.  Ans.    84  1 1  8f 

9.  Divide     Qi9  17  10    by  10.  Ans.    82  19  9j 

10.  Divide     937     8     8}  by  11.  Ans.    86     4  6 

11.  Divide  1146  11     4J  by  12.  Ans.    96     9  3^ 


CONTRACTIONS. 

1.  If  the  divisor  exceed  1?»  find  what  simple  numbers, 
Ibnitiplied  together,  will  produce  it,  and  divide  by  them  se- 
parately, as  in  Simple  Division,  as  below. 

EXAMPLES. 

1.  What  is  Cheese  per  cwt,  if  16  cwt  cost  251  14$  8d[  ? 

I       \     d 
4)  26     14     8 

4)     6       8     8 

£1     12    2  the  Answer. 


I    9   d 

2.  IfSOcwtof  Tobacco  come  to  ^  .       n  \r\  a 
\60l  6$  8d,  what  is  that  per  cwt  ?  J  ^^^'  7  lu  4 

3.  Divide  982  8«  by  36.  Ans.  2  14  8 

4.  Divide  71<  ISs  \0d  by  66.  Ans.  0  15  7^ 

5.  Divide  44i  4s  by  96.  Ans.  0     9  2^ 

6.  At  31/  lOf  pet  cwt«  how  much  per  lb  ?  Ans.  0    6  7| 

II.  If  the  divisor  cannot  be  produced  by  the  multipUcatioD 
of  small  numbers,  divide  by  the  whole  divisor  at  once,  after 
the  manner  of  Long  Division,  as  follows. 


EXAM. 
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EXAMPLES. 


3 .  Divide  592  6s  Zfd  by 
I    $    d             I  s  d 
19)59  6  3 J           (3  2  5}  Ans. 
57 

19. 

9 

20 

46(2 
38 

8 
12 

99(5 
95 

4 

4 

19(1 

22. 
5. 
4. 
6. 

Divide    39  14 
Divide  126    4 
Divide  642     7 
Divide  123  11 

d 

6f  by    67. 

9    by     43. 

10    by     97. 

2 J  by  127. 

Aim. 
Ans. 
Ana. 
Ans. 

/    $ 
0  13 
2  18 
5  11 
0  19 

d 

Hi 

3 

10 

EXAMPLES  OF  WEIGHTS  AND  MEASURES. 

1.  Divide  17  lb  9  oz  0  dirts  2  gr.  by  7. 

Ans.  2  lb  6  oz  8  dwts  14  gr. 

2.  Divide  17  lb  5  oz  2  dr  1  scr  4  gr  by  12. 

Ads.  I  lb  5  oz  3  dr  1  scr  12  gr. 

3.  Divide  178  cwt  3  qrs  14  Ibby  53.     Ans.  3  cwt  1  qr  14  ib. 

4.  Divide  144  mi  4  for  2  po  1  yd  2  ft  0  in  by  39. 

Ads.  3  mi  5  for  26  po  0  yds  2  ft  8  in. 

5.  Divide  634  yds  2  qrs  S  na  by  47.     Ans.  1 1  yds  1  qr  2  na. 

6.  Divide  71  ac  1  to  33  po  by  51.  Ads.  1  ac  2  ro  3  po. 

7.  Divide  7  in  0  hhds  47  gal  7  pi  by  65.  Ans.  27  gal  7  pL 

8.  Divide  917  la  9'qr  by  72.  Ans.  5  la3  qrf  7  bii, 

9.  Divide  206  mo  4  da  by  26.  Ans.  7  mo  3  we  6  ds« 

THE 
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THE  GOLDEN  RULE,  OR  RULE  OF  THREE. 

Thb  Rule  of  Thbee  teaches  how  to  fiod  a  foarth^ pro- 
portional to  three  numbers  given :  for  which  reason  it  is 
sometimes  called  the  Rule  *of  Proportion.  It  is  called  the 
Rule  of  Three,  because  three  terms  or  numbers  are  given,  to 
find  a  fourth.  And  because  of  its  great  and  extensive  use- 
fulness, it  is  often  called  the  Golden  Rule.  This  Rule  is 
usually  considered  as  of  two  kinds,  namely,  Direct,  and 
Inverse. 

The  Rule  of  Three  Direct  is  that  in  which  more  requires 
more,  or  less  requires  less.  As  in  this  ;  if  3  men  dig  21  yards 
of  trench  in  a  certain  time,  how  much  will  6  men  dig  in  the 
same  time  ?  Here  more  requires  more,  that  is,  6  men,  which 
are  more  than  3  men,  will  also  peiform  more  work  in  the 
same  time.  Or  when  it  is  thus :  if  6  men  dig  42  yards,  how 
much  will  3  men  dig  in  the  same  time  ?  Here  then  less  re- 
quires less,  or  3  men  will  perform  proportionably  less  work 
than  6  men,  in  the  same*  time  In  both  these  cases  then,  the 
Rule,  or  the  Proportion,  is  Direct ;  and  the  stating  must  be 

thus,  As  3  :  21  :  :  6  :  42, 
or  thus,  Ase  :  42  :  :  3  :  21. 

But  the  Rule  of  Three  Inverse,  is  when  more  requires  less, 
or  less  requires  more.  As  in  this  :  if  3  men  dig  a  certain 
quantity  o£  trench  in  14  hours,  in  how  many  hours  will  6 
men  dig  the  like  quantity  ?  Here  it  is  evident  that  6  men, 
being  more  than  3,  will  perform  an  equal  quantity  of  work  ia 
less  time  oc  fewer  hours.  Or  thus :  if  6  men  perform  a 
certain  quantity  of  work  in  7  hours,  in  how  many  hours  will 
S  men  perform  the  same  ?  Here  less  requires  more,  for  3 
men  will  take  more  hours  than  6  to  perform  the  same  work. 
In  both  these  cases  then  the  Rule,  or  the  Propoilion,  is  In- 
verse ;  and  the  atating  must  be 

thus.  As  6  :  14  :  :  3  :     7, 
or  thus.  As  3  :    7  :  :  6  :  14. 

And  in  all  these  statings,  the  fourth  term  is  found,  by  mul- 
tiplying the  2d  and  3d  terms  together,  and  dividing  the  pro- 
duct by  the  1st  term. 

Of  the  three  given  numbers  ;  two  of  them  contain  the 
supposition,  and  the  third  a  demand.  And  for  stating  and 
working  questions  of  these  kinds  observe  the  4|k>wing  ge* 
neral  Rule  r 

State 
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State  the  question,  by  settiog  down  in  a  straight  line  the 
thi^e  given  nambers,  in  the  following  manner,  viz.  so  that 
the  2d  term  be  that  number  of  supposition,  which  is  of  the 
same  kind  that  the  answer  or  fourth  term  is  to  be  ;  making  the 
other  number  of  supposition  (be  1st  term,  and  the  demandlbg 
number  the  3d  term,  when  the  question  is  in  direct  propor- 
tion ;  but  contrariwise,  the  other  number  of  supposition  the 
3d  term,  and  the  demanding  dumber  the  Ist  term,  when  the 
question  has  inverse  proportion. 

Then,  in  both  cases,  multiply  the  2d  and  3d  terms  together, 
and  divide  the  product  by  the  Ist,  which  will  give  the  answer, 
or  4th  term  sought,  viz,  of  the  same  denomination  as  the  se- 
cond term. 

Ab<e,  If  the  first  and  third  terms  consist  of  different  deno- 
mioations,  reduce  them  both  to  the  same  :  and  if  the  second 
term  be  a  compound  number,  it  is  mostly  conveoieut  to  re- 
duce  it  to  the  lowest  denomination  mentioned. — If,  after  di- 
'vision,  there  be  any  remainder,  reduce  it  to  the  next  lower 
denomiuation,  and  divide  by  the  same  divisor  as  before,  and 
the  quotient  will  be  of  this  last  denomination.  Proceed  in 
the  same  manner  with  all  the  remainders,  till  they  be  reduced 
to  the  lowest  denomination  which  the  second  admits  of,  and 
the  several  quotients  taken  together  will  be  the  answer  re- 
quired. 

J^ote  also.  The  reason  for  the  foregoing  Roles  will  appear, 
when  we  come  to  treat  of  the  nature  of  proportions. — Some- 
times two  or  more  statings  are  necessary,  which  may  always 
be  known  from  the  nature  of  the  question. 

EXAMPLES. 

1.  If  9  yards  of  Cloth  cost  1/  4s,  what  will  96  yards  cost  ? 
yds  1  s    yds     1  s 
As  8  :  I  4; :96  ;  14  8  the  Answer. 
20 

24 
96 

144 
216 


8)  2304 
8,0)  S8,8« 

£14  8  Answer.  £z.  2 
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Ex.  2.  Ao  engioeer  having  raised  100  yards  of  a  certain 
work  io  24  days  with  6  men  ;  how  many  men  must  he  employ 
to  finish  a  like  quantity  of  work  in  15  days  ? 

*  ds  men     ds   loen 

As  16:  5  ::  24  :  8  Ans. 

6 

15)   120  (8  Answer. 
120 

3.  What  will  72  yards  of  cloth  cost,  at  the  rate  of  9  yards 
for5/12«?  Ans.  44/.  IB$. 

4.  A  person's  annoal  income  heing  146/ ;  how  much  is  that 
per  day  ?  '  Ans.  8i. 

5.  If  3  paces  or  common  steps  of  a  certain  person  he  equal 
to  2  yards,  how  many  yards  will  460  of  his  paces  make  ? 

Ans.  106  yds  2  ft. 

6.  What  length  must  he  cot  off  a  hoard,  that  is  9  inches 
broad,  to  make  a  square  foot,  or  as  much  as  12  inches  in  length 
and  12  in  breadth  contains?  Ans.  16  inches. 

7.  If  750  men  require  22600  rations  of  bread  for  a  month  ; 
how  many  rations  will  a  garrison  of  1200  men  require  ? 

Ans.  36000. 

8.  If  7  cwt  1  qr  of  sugar  cost  26/  \0$4d;  what  will  be  the 
price  of  4  cwt  2  qrs  ?  Ans.  159/  2#. 

9.  The  clothing  of  a  regiment  of  foot  of  760  men  amount- 
ing to  283 .  /  5s  ;  what  will  the  clothing  of  a  body  of  3500  men 
amount  to?  •  Ans.  13212/  10s. 

10.  How  many  yards  of  matting,  that  is  3  ftbroad,  will  cover 
a  floor  that  is  27  feet  long  and  20  feet  broad  ? 

Ans.  60  yards. 

11.  What  is  the  value  of  6  bushels  of  coals,  at  the  rate  of 
1/  14s  6d  the  chaldron  ?  Ans.  6s  9d. 

12.  If  6362  stones  of  3  feet  long  complete  a  certain  quan- 
tity of  walling  ;  how  many  stones  of  2  feet  long  will  raise  a 
like  quantity  ?  Ans.  9628. 

13.  What  must  be  given  for  a  piece  of  silver  weighing  73 
lb  5  oz  16  dwts,  at  the  rate  of  5s  9d  per  ounce  ? 

Ans.  263/  10s  Of  c/. 

14.  A  garrison  of  536  men  having  provision  for  12  months  ; 
how  long  will  those  provisions  last,  if  the  garrison  be  increas- 
ed to  1 124  men  ?  Ans.  174  days  and  jf^. 

15.  What  will  be  the  tax  upon  763/  15s  at  the  rate  of  3s 
6d  per  pound  sterling  ?  Ans.  133/.  ISs  lid, 

16.  A 
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16.  A  certain  work  being  raised  in  12  ilays,  by  working  4 
houra  each  day  ;  how  long  would  it  have  been  in  raising  by 
working  6  hours  per  day  ?  Ans.  8  days. 

17.  What  quantity  of  corn  can  I  buy  for  90  guineas,  at  the 
rate  of  6s  the  bushel  ?  Ans  39  qrs  3  bo. 

18.  A  person,  failing  in  trade,  owes  in  all  977/  ;  at  which 
time  he  has,  in  money,  goods,  and  recoverable  debts,  420/  6$ 
^d  ;  now,  supposing  these  things  delivered  to  his  creditors, 
bow  much  will  they  get  per  pound  ?  Ans.  8«  l}d. 

19.  A  plain  of  a  certain  extent  having  supplied  a  body  of 
3000  horse  with  forage  for  18  days  ;  then  how  many  days 
would  the  same  plain  have  supplied  a  body  of  iOOO  horse  ? 

Ans.  27  days. 

20.  Suppose  a  gentleman's  income  is  600  guineas  a  year, 
and  that  he  spends  26«  64  per  day,  one  day  with  another  ,* 
bow  much  will  he  have  saved  at  the  yearns  end  ? 

Ans.  164/  12s  6d. 

31.  What  cost  30  pieces  of  lead,  each  weighing  I  cwt  121b, 

at  the  rate  of  16s  4d  the  cwt  ?  Ans.  27/  3s  6d. 

22.  The  governor  of  a  besieged  place  having  provision  for 
54  days,  at  the  rate  of  l^lb  of  bread  ;  but  being  desirous  to 
prolong  the  siege  to  80  days,  in  expectation  of  succour,  in 
that  case  what  must  the  ration  of  bread  be  ?  Ans.  l^lb. 

23.  At  half  a  guinea  per  week,  how  long  can  I  be  boarded 
ibr  20  pounds  ?  Ans.  387!^  wks. 

24.  How  much  will  75  chaldrons  7  bushels  of  coals  come 
to,  at  the  rate  of  11  13s  6d  per  chaldron  ? 

Ans.  125/  \9sOid, 

25.  If  the  penny  loaf  weigh  8  ounces  when  the  bushel  of 
wheat  costs  7s  3d,  what  ought  the  penny  loaf  to  weigh  when 
the  wheat  is  8s  4d  ?  Ans.  b  oz/loy^JLdr. 

26.  How  much  a  year  will  173  acres  2  roods  14  poles  of 
land  give,  at  the  rate  of  1/  7s  Qd  per  acre  ? 

Ans.  2A0f  2i  l^^d. 

27.  To  bow  much  amounts  73  pieces  of  lead,  each  weigh- 
log  1  cwt  3  qrs  7lb,  at  10/  4s  per  fother  of  \0\  cwt  ? 

Aog.  60/4J2J  4fq. 

28.  How  many  yards  of  stuff,  of  3  qrs  wide,  will  line  a 
cloak  that  is  1}  yards  iiv  length  and  3^  yards  wide  ? 

An?.  8  ydi  0  qrs  2|  nl. 
39.  If  5  yards  of  cloth  cost  14s  2d,  ivhat  must  be  given  for 
9  pieces,  conCainiog  each  21  yards  1  quarter  ? 

Ans.  27/  Is  lOJf/. 

30.  If  a  gentleman's  estate  be  worth  2107/  129  a  year ; 
what  may  be  spend  per  day,  to  save  500/  in  the  year  ? 

Ans.  4/  8s  l^Vf''- 
31.  Wanting 
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31.  Wanting  just  an  acre  of  land  cut  off  from  a  piece  wbich 
is  13^  poles  in  breadth,  what  length  must  the  piece  be  ? 

Ans.  1 1  po  4  yds  2  A  Oj*  in. 

32.  At  7#  9^d  per  yard,  what  is  the  value  of  a  piece  of   . 
cloth  containing  53  ells  English  1  qu.  Ans  isl  18s  \}d. 

33.  If  the  carriage  oi  5  cwt  M  lb  for  96  miles  be  1/  13s  6c/  ; 
how  far  may  1  have  3  cwt  1  qr  carried  for  the  same  money  ? 

Ans.  151  m  3  fur  3^  pol. 

34.  Bought  a  silver  tankard,  weighing  1  lb  7  oz  14  dwts; 
what  did  it  cost  me  at  6s  id  the  ounce  ?  Ans.  61  4s  9|<£. 

35.  What  is  the  half  year's  rent  of  547  acres  of  land,  at 
15s  ed  the  acre  ?  21 1/  19s  3d, 

36.  A  wall  that  is  to  be  built  to  the  height  of  36  feet,  was 
raised  9  feet  high  by  16  men  in  6  days;  then  how  many  men 
must  be  employed  to  finish  the  wall  in  4  days,  at  the  same 
rate  of  working  ?  Ans  72  men. 

37.  What  will  be  the  charge  of  keeping  20  horses  for  a 
year,  at  the  rate  of  14}  J  per  day  for  each  horse  ? 

Ans.  441/ Os  lOd. 

38.  If  18  ells  of  stuff  that  is  }  yard  wide,  cost  39s  Sd  ; 
what  will  50  ells,  of  the  same  goodness,  cost»  being  yard  wide  ? 

Ans.  11  6s  3{|£/. 

39.  How  many  yards  of  paper  that  is  30  inches  wide,  will 
hang  a  room  that  is  20  yards  in  circuit  and  9  feet  high. 

Ans.  72  yards. 

40.  If  a  gentleman's  estate  be  worth  384/  16s  a  year,  and 
the  land-tax  be  assessed  at  2s  d^d  per  pound,  what  is  his  net 
annual  income  ?  Ans  331/  Is  9}^. 

41.  The  circumference  of  the  earth  is  about  24877  miles  ; 
at  what  rate  per  hour  is  a  person  at  the  middle  of  its  surface 
carried  round,  one  whole  rotation  being  made  in  23  hours  56 
minutes  ?  Ans.  10394f|  miles. 

42.  If  a  person  drink  20  bottles  of  wine  per  month,  when  it 
costs  8s  a  gallon  ;  how  many  bottles  per  month  may  he 
drink,  without  increasing  the  expence,  when  wine  costs  10s 
the  gallon  ?  Ans.  16  bottles. 

43.  What  cost  43  qrs  5  bushels  of  corn,  at  1/  8s  6d  the 
quarter.  Ans.  62/  3s  S^d. 

44.  How  many  yards  of  canvas  that  is  ell  wide  will  line  50 
yards  of  say  that  is  3  quarters  wide  ?  Ans.  30  yds. 

45.  If  an  ounce  of  gold  cost  4  guineas,  what  is  the  value  of 
a  grain  ?  Ans.  2j\d, 

46.  If  3  cwt  of  tea  cost  40/  12s  ;  at  how  much  a  pound 
must  it  be  retailed,  to  gain  10/  by  the  whole  ?       Ans.  SjJ^s. 


rOMPOlFKD 


'■ 


\ 


I  ^  \ 


COUVCVXD  PBDPORTION. 


ConPOimD  Peopoatjou  shows  bow  to  resolve  such  gaestion^  } 

99  require  two  or  poore  statines  bj  Simple  Proportion  ;  and 
these  any  be  either  Direct  or  InTerse.  ! 

In  these  questioiis,  ther^  is  alwajis  ^ren  an  odd  omnber  ojp 
tenns»  either  $?e  or  sereo,  or  Dine»^.  These  are  distin- 
goiihed  into  terms  of  sappoi»itioD,apd  terms  of  demand,  there 
being  alwajs  one  term  more  of  the  ibrmer  than  of  the  latter, 
which  is  of  the  same  kind  with  the  aiwer  sought.  The  me- 
thod is  tbns : 

Set  down  in  the  middle  place  that  term  of  suppositiot^ 
which  is  of  the  same  kind  with  the  answer  songbt — Take 
one  of  the  other  terms  of  soppo^'tjoo,  and  one  of  the  de- 
Buuidiiig  terms  which  is  of  the  same  kind  with  it ;  then- place 
one  of  them  for  a  first  term,  and  the  other  for  a  third,  accord- 
ing to  the  directiona  9^^  «•  ^h*  ^Jtl^  of  Three. — Do  the 
same  with  imolher  term  of  apposition,  and  its  corresponding 
deosandisy  lerai ;  ond  to  on  if  thero  he  i»ore  terms  of  each 
kind ;  setting  the  namben  an^er  each  othf  r  which  fill  all  on 
the  left-hand  side  of  the  middle  term,  and  the  same  fi>r  the 
others  on  the  mht-h^nd  side.-— Then,  to  work 

Bif  several  (^srattont.-r-Take  the  two  upper  terms  and     ^ 
the  middle  term,  in  the  same  order  as  they  stand,  for  the  first 
Role-of-Three  onestion  to  be  worked,  whence  will  be  found 
a  fourth  term.    Then  take  thin  fourth  nuqpber,  so  found,  for 
the  middle  term  of  a  second  Rnle-of- Three  qnestion,  snd 
Uie  next  two  ander  ternss  in  the  general  stating,  in  the  same 
order  as  they  stand,  finding  a  fourth  term  for  them.     And  so 
on,  as  fiff  as  tlwire  are  anj  numbers  in  the  genera^ stating, 
*  '  g  always  th«  fo»i<h  nvrober,  refuktng  firom  each  simple 
J,  to  be  the  second  term  in  the  next  following  one.    j§<> 
the  last  resulting  namber  be  the  answer  ti>  the  qaention. 
Bp  one  QpM'witOfi.— 'Mnkiply  together  all  the  term^  stand- 
ing nndor  each  other,  on  the  left-hand  side  of  the  noidd].e 
iMwi ;  and,  in  lihe  manner,  muhiply  together  all  tho^e  on  the 
pfhl-hand  aide  of  it.     Then  multiply  the  middle  tervi  hy 
thelaittor  prodoot,  and  divide  the  result  by  the  former  pro- 
d^el;  so  shall  the  qnoliant  be  the  answer  sought. 

Vot.  1.  •  fi  KAMPLKb. 
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ARITHMETIC. 


EXAMPLES. 

1.  How  many  men  can  complete  a  trench  of  135  yards 
long  in  8  days,  when  16  men  can  dig  54  yards  in  6  days  ? 

General  Stating. 

yds       54  :   16  :  :   135  yds 

dayn       8  6  days 


432 


810 
16 


4860 
81     men 


43 .)  1 2960  (30  Ans.  by  one  operation. 
1296 


The  same  hy  two  Operatums. 


1st. 
As  54  :  16  ::  135  :  40 

16 

2d. 
As  8  :  40  :  :  6  :  30. 
6 

810 

135 

8)  240(30  Ans. 
24 

54)  2160  (40 
216 

0 

0 

— 

2.  If  100/  in  one  year  gain  5/  interest,  what  will  be  the  in- 
terest of  760/  for  7  year?  ?  Ans.  362'  lOi. 

3  If  a  family  of  8  perFons  expend  200/  in  9  months  ;  how 
much  will  serve  a  family  of  18  people  12  months  ? 

Ans.  300/. 

4.  If  275  be  the  wages  of  4  men  for  7  days  ;  what  will  be 
the  wages  of  14  men  for  10  day**  ?  Ans   6/  155, 

5.  If  a  footman  travel  1  0  miles  in  3  days,  when  the  days 
are  12  houni  long  ;  in  how  many  days,  of  10  hours  each,  may 
ha  trarel  860  mUes  ?  Ans.  9JJ  days. 

Ev.  6. 
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Ex.  6.  If  120  baflheU  of  corn  can  terye  14  horses  56  days  ; 
1m>w  manj  days  will  96  bushels  serve  6  horses  ? 

Ads.  102^1  days. 

7.  If  3000  Ib^  of  beef  serre  340  men  16  days  ;  how  many 
lbs  will  serve  ISO  meo  for  26  days  ?      Ads.  1764  lb  I  l^f  oz. 

8«  If  a  barrel  of  beer  be  sufficieot  to  last- a  family  of  8  per- 
BODB  12  days  ;  bow  maDy  barrels  will  bedraok  by  16  persons 
an  the  space  of  a  year  ?  Ads    60f  barrels. 

9.  If  180  men,  io  6  days  of  10  boors  each,  can  dig  a  trench 
MO  yards  long,  3  wide,  and  2  deep  ;  id  how  many  days,  of  4 
boors  long,  will  100  men  dig  a  trench  of  360  yards  long.  4 
wide,  and  3  deep  ?  Ans.  16  days. 


OP  VULGAR  FRACTIONS. 

A  Fraction,  or  broken  number,  is  an  expression  of  a  part, 
or  some  parts,  of  aomething  constiderf-d  as  a  whole. 

It  is  denoted  by  two  numbers,  placed  one  below  the  other, 
with  a  line  between  them  : 
S  numerator  ^ 

Thus,  -  >  which  is  named  3-foorth8. 

4  denominator       ) 

The  denominator,  or  oamber  placed  below  the  line,  shows 
how  many  equal  parts  the  whole  quantity  is  divided  into  ; 
and  it  represents  the  Divisor  in  Division. — And  the  Numera- 
tor, or  number  set  above  the  line,  shows  how  many  of  these 
parts  are  eiprecsed  by  the  Fraction  ;  being  the  remainder 
aHer  division. — Also,  both  these  numbers  are,  in  general^ 
named  the  Perms  of  the  Fraction. 

Fractions  are  either  Proper,  Improper,  Simple,  Compound, 
or  Mixed. 

A  Proper  Fraction,  is  when  the  numerator  is  less  than  the 
denominator  ;  as,  ^,  or  {,  or  },  &c. 

An  Improper  Fraction,  is  when  the  numerator  is  equal  to, 
or  exceeds,  the  denominator  ;  as,  |,  or  f ,  or  J.  &c. 

A  Simple  Fraction  is  a  !>ingle  ex  press*  ion,  denoting  any 
mmiber  of  parts  of  the  integer  ;  as,  |,  or  |. 

A  Compoond  Fraction,  is  the  fi'action  of  a  fraction,  or 
serend  fractions  connected  with  the  word  of  between  them  ; 
as^  ^  of  |,  or  I  of  f  of  3,  &c. 

A  Mixed  Number,  is  composed  of  a  whole  number  and  a 
fraction  together  ;  as,  S|  or  12|,  &c. 

A  whole 
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A  whole  er  integer  auBiber  macf  be  eipeeaMd  ik^atec- 
tioD»  bj  writieg  I  beloir  it»  es  a  4eaeniMtfler ;  ee  9  it  f » ee  4 
if  f,  Ate 

A  fracdeD  deaotea  divitieii }  wai  ito  vatee  b  etftfd  to  tbe 
quoUeBt  obtafBed  by  dividing  the  ouoMnCOr  by  the  deeie- 
flMoetor ;  to  y  it  e^al  to  3,  aad  y  it  eqind  to  4^ 

Heete  then,  If  the  aoiioretar  be  leie  tbw  tie  den^mitatet, 
the  vchiedf  thefraction  is  less  then  1.  Bot if  the amiMMteif 
he  tbe  seoie  as  the  donoMinntorythe  teetioe  it  joiteqiail  te  1. 
And  if  tbe  wMDerater  be  greeler  lfaa»  liic  deoeaaioaivr,  HM 
Ihrntion  i*  greatef  than  1. 


REDUCTION  OF  VULGAR  FRACTIONS. 


Rbdoction  of  VxAgut  Fractkmi,  is  the  bringing  them  ovt 
6f  one  form  or  denomination  into  another  ;  commonly  te  pre-. 
pare  them  for  the  operations  of  Addition,  Sabfraction^  4c.  o€ 
tvbich  there  are  several  cases. 

P&OBLfiM. 

To  find    tkt   Greatest  C^emimon  Meamre  of  Two  or  tuiort 

lumbers, 

Thk  Common  Measure  of  two  or  more  hambers,  is  the! 
number  whieh  will  divide  them  both  without  reoMinder  }  se^ 
3  is  a  common  oieasure  of  18  and  24  ;  the  qnotient  of  tiie 
Former  being  6,  and  of  the  latter  S^  And  the  greatest  nnmber 
that  will  do  this,  is  the  greatest  common  msasure  j  so  6  is  the 
greatest  common  measure  of  18  and  24  ;  the  quotient  of  the 
former  being  3,  and  of  the  latter  4,  which  will  not  both  divide 
further. 

RULE. 

If  there  be  two  numbers  only  ;  divide  the  greater*  by  tli6 
less  :  then  divide  the  divisor  by  the  remainder  }  and  so  oB| 
dividing  always  the  last  divisor  by  the  last  remainder,  tiH  bo* 
thing  remains  :  so  shall  the  last  divisor  of  all  be  the  greatest 
tomipon  measure  sought. 

When  there  are  more  than  two  numbers,  find  the  greatest 
bbmuiOn  measure  of  two  of  them,  as  before ;  then  do  the  same 
for  that  common  measure  and  another  of  the  nambOn ;  aad  «0 

on^ 


I 

i 
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to^diro^  all  the  Mmbm;  MiHll  tM  ffre«tost 
\f  hst  Aaad  ^  tlie  antwer. 


EXA1IPLE8. 

1.  To  find  the  greatest  commoD  measure  of  1908,  i36, 
aadaSO. 

.    936}  1908  (f  So  lliot  d6  is  the  greatest  cooimoii 

]87f  measure  of  1908  and  996. 

36)  936  (26  Hence  36)  630  (17 
7«  36 

816  270 

tl6  262^ 

18>  96  (2 
36 

Ueoce  ttken  18  is  the  answer  required. 

t.  What  is  the  greatest  conmiOD  measure  of  246  and  372  ? 

Ans  6. 

3.  What  is  the  greatest  coounon  measure  of  StU,  612,  t&d 
10W  ?  Ana.  It. 

#         CASE  L 

To  Mbr€9iaU  arIUdue€  Fratiiatu  to  Adr  lamM  lltf^ns. 


*DiTiDB  the  terms  of  the  gi?en  fraction  hj  anj  numbet 
Ihal  will  diride  them  without  a  remainder ;  then  diride  these 

'    quotients 


•  IW  dSfiaogbodHfaetenntor  tbefnetion  bjtiia  lUM  «iiia>tr, 
«r  i(  be,  will  give  wuof^m  fnctiaii  tifful  to  the  former,  it  endeat    Aod  wbeo 
iMeedl^irioMeiefeHbittieaee  often  ee  oea  be  dene,  orwhen  the  rnninun  <tt. 
vlaor  ie  tlw  fmleel  (oiiMe,  Ibe  lanMef  Uie  NMUii«  inctioA  a^ 
poiiiUe. 

J¥hk.l.  AayiMBBber endiiy  with eaeyeaaaB^bflr,€r» cipher, is dii^ 
be  divided,  by  t. 


£.  Avynanber  eiidiDcwith8^<vO,itdiviiib1eb]r5. 

3.  If 
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qootieDts  again  in  the  tame  manner  ;  and  so  on,  till  it  appears 
that  there  is  no  number  greater  than  1  which  will  divide 
them  ;  then  the  fraction  w til  be  in  its  lowest  terms. 

Or,  divide  both  the  terms  of  the  Fraction  by  their  greatest 
common  measure  at  once,  «ind  the  quotients  will  be  the  terms 
of  the  fraction  required,  of  the  same  value  as  at  first. 


E3LAMLPES. 


1.  Reduce  ||f  to  its  leant  terms. 

trt  =  H  =  H  =  H  =  *  =  f .  the  answer. 

Or  thus  : 
216)  288  (1  Therefore  72  is  the  greatest  common 

216  measure  ;    and  72)  |ff  =s  |  the 

Answer,  the  same  as  before. 
72)  216  (3 
216 

2.  Reduce 


3  If  the  rucht  hand  pkce  of  any  number  be  0,  the  whole  is  divisible  bv  10  ;  if 
thefe  be  two  ciphera,  it  ia  divisible  by  100 ;  if  throe  ciphers  by  1000 ;  and  so  on ; 
which  is  only  cutting  off  those  ciphers.  # 

4.  If  the  two  right  hand  figures  of  any  number  be  divisible  by  4,  the  whole  is 
divisible  by  4.  And  if  the  three  right  hand  figures  be  divisible  by  8,  (he  whole 
Is  divisible  by  S.    And  so  on. 

5.  If  the  sum  of  the  digits  in  any  number  be  divisible  bj  3i  or  by  9,  the  whole  Is 
divifliwie  by  3.  or  by  9. 

6.  If  the  rieht  hand  digit  be  even,  and  die  sum  of  all  the  digits  be  divisible  by 
e,  then  the  whole  is  divisible  by  6. 

7.  A  number  is  d  visible  by  1 1 .  when  the  sum  of  the  Sst  Sd.  6th.  Ac.  or  all  die 
odd  places,  is  equal  to  the  sum  of  the  8d,  4th,  6tii«  Ac.  or  of  all  the  even  places 
ofd^ts. 

8.  If  a  number  cannot  be  divided  by  some  qnantitv  less  than  the  square  root  of 
the  eame,  that  number  is  a  prime,  or  cannot  be  divided  by  any  number  what- 


ever. 


9.  All  prime  nrmbers.  exrept  2  and  5«  have  either  1>  3.  7.  or  9,  in  the  place  of 
onitf ;  and  all  other  numbers  are  composite  or  can  be  divided.  * 

10.  IVhen 
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S.  Reduce  4f(  to  its  lowest  terms.  Aos.  }. 

3.  R%ioce  4f  f  to  its  lowest  terms.  Ans.  f . 

4.  Redace  f  ||  to  its  lowest  terms.  Ans.  f  • 


CASE  u. 

To  reduce  a  Mixed  Number  to  its  Equivalent  improper 

Fraction, 

*  MuLTiPLT  the  integer  or  whole  nnmher  hy  the  denoou- 
natoT  of  the  fraction,  and  to  the  product  add  the  numerator; 
then  set  that  sum  abore  the  denominator  for  the  fraction 
required 

EXAMPLES. 

1.  Reduce  2df  to  a  fraction. 
S3 

6 

115  Or, 

2  (^43  X  B')  -V-  a     in 
«.«.  ..ass  — ,  the  Answer. 

1J7  5  B 

6 

2.  Reduce  12|  to  a  fraction.      *  Ans.     >^* 

3.  Redace  14^^  to  a  fraction.  An8»     yf 

4.  Reduce  185/,  to  a  fraction.  Ans.  >|4* 


10.  Wbea  nmnben,  with  the  sig^  of  additiaii  or  sabtractian  between  them, 
vs  to  be  divided  by  any  number,  tbeo  each  of  thofle  Dumt>en  moft  be  divided 

byil.    ThM'i^'^"-«e5+4-2=i7. 

11.  But  if  tIkB  numbers  have  the  aiga  of  multiplication  between  themi  only 
ana  of  them  must  be  dividni.     Thus, 

10X8X3      10X4X3      10X4>«t      lOxSxl      90 

6xS  6X1  8X1  1X1  1 

*  This  is  no  more  than  first  multiplying  a  quantity  by  some  ovmber,  and  then 
dtvidiiig  the  retalt  back  again  b>'  the  same ;  whirb  it  is  evident  does  not  alter  the 
ndue  i  for  any  fraction  repreaents  a  division  of  the  numerator  by  the  denomi' 
nator. 

CASE 


ABITHHETIC. 


CASB  W 


2V  lUd^t  an  Impn^per  Fraction  to  in  EquhaUnt  WhpU  or 

Mixed  Numhtr, 

^  *  Divide  the  niimerfttor  by  the  depomitudor,  eqd  the  quo^ 
tient  will  be  the  whole  or  mixed  number  sought. 


EXAMPLES. 


1 .  Beduce  y  to  its  eqiuTeleot  nunher. 
Here  y  or  12  ^  :^  ss  4,  the  Answer. 

2.  Reduce  y  to  its  equiralent  number. 
Here  y  or  15  ^  7  ^  2^,  the  Answer. 

3.  Redace  t^  to  its  eqniTalent  namber. 
Thos  1 7)749(44  W 

68 


69        So  that  Iff  cs  44VV»  the  Answer. 
68 


1 


4.  Redoce  y  to  its  equiTalent  number.  Ans.  8. 

5.  Redace  iff*  to  its  equivalent  number.         Ans  54^^. 

6.  Reduce  '|4*  to  its  equiFalent  number.        Ans.  ITlff 

CASE  IV. 

To  Sidaee  a  WbioU  NumLer  to  an  Efmval9mi  Fra€iiom^  having 

a  Given  denominaior. 

t  BfvLTiPLT  the  whole  number  by  the  gitren  dei^minator ; 
flien  set  the  product  otrer  the  said  denominator,  and  it  wiH 
form  the  fraction  required.. 


.m^iX''^^ 


«Mne  M  tht  <|Qaiitit7  Snt  propoMd. 

EXAMPLES. 
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EXAMPLES. 

I.  Redace  9  to  a  fractioD  whose  denominator  thall  be  7. 
Here  9  X  7  ==  63  :  (ben  y  is  (be  Answer  ; 
For  V=  63  -f-  7  =r  9,  (he  Proof. 
3.  Redace  12  to  a  fraction  whose  denominator  shall  be  13. 

Ana.  y/. 
3.  Redace  27  to  a  fraction  whose  denominator  shall  be  II, 

Ans.  Vf . 

CASE  V. 
To  Reduce  a  Compound  Fraction  to  an  EqutvcUjent  Simple  One, 

*  Multiply  all  the  numerators  together  for  a  numerator, 
asdi  all  the  deoominators  together  for  a  denominator,  and  they 
will  form  the  simple  fraction  sought. 

Wlien  part  of  the  compound  fraction  is  a  whole  or  mixed 
nnuiber,  it  mutt  first  be  reduced  to  a  fraction  by  one  of  the 
former  cases. 

And,  when  it  can  be  done,  any  two  terms  of  the  fraction 
may  be  dirided  by  the  same  number,  and  the  quotients  used 
instead  of  them.  Or,  when  there  are  terms  that  are  common, 
they  may  be  omitted  or  cancelled. 

EXAMPLES. 

1.  Reduce  ^  of  }  of  |  to  a  simple  fraction. 

1X2X3        6        1 
Here  • ==  —  =  -,  the  Answer 

2X3X4       24       4 

iXgxJf      1 
Or,  ■  =  -,  by  cancelling  the  2*s  and  3*8. 

gxgx^     4 
S.  Redace  }  of  }  of  f  f  to  a  simple  fraction. 
2x3X10       60     12      4 

Here  ■  rr = — =  — ,  the  Answer. 

3X5X11       166   33     11 


*  Hie  tnitli  of  thia  Rule  mey  be  shown  as  MUms :  Let  the  compoafid  fraction 
b«  f  of  ^.  Now  ^  of  4  ii  f  ^  3,  w>u«h  is  -fj^  coosequeoUy  }of  4  will  be  ^,  X 
e  or  j-*;  that  is,  the  mmierators  are  multiplied  together,  and  also  the  dcnomipa^ 
tors,  as  in  the  Rale.  When  the  compound  fraction  consists  of  more  than  two 
sHtf^  ones  f  having  first  rsduoad  two  or  them  as  above,  tlion  the  resultinff  fraction 
nid  a  thitd  will  be  the  sane  as  a  compoond  fraction  of  two  parts ;  ana  so  or.  t» 
die  last  of  all. 

Vol  1 .  9  2.  Redace 


^  I 
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Or, =  — ,  the  same  as  before,  by  caDcelling 

gXgXW       11 
the  3*8,  and  dividing  by  5^3. 

3.  Reduce  if  of  f  to  a  simple  fraction.  Ans.  ^f . 

4.  Reduce  |  of  |  of  f  to  a  simple  fraction.  Ans.  f . 

5.  Reduce  |  of  |  of  3 J  to  a  simple  fraction.  Ans.  }. 

6.  Reduce  ^  of  f  of  }  of  4  to  a  simple  fraction.    Ans.  f . 

7.  Reduce  2  and  |  of  |  to  a  fraction.  Ans.  |. 

CASE  VI. 

To  Reduce  Fractiont  of  Differani  Denominators^  to  Equivaleni 
Fraetiona  having  a  Common  Denominator. 

*  Multiply  each  numerator  by  all  the  denominators  except 
its  own,  for  the  new  numerators  :  and  multiply  all  the  deno- 
minators together  for  a  common  denominator. 

Abte,  It  is  evident  that  in  this  and  several  other  operations, 
when  any  of  the  proposed  quantities  are  integers,  or  mixed 
numbers,  or  compound  fractions,  they  must  first  be  reduced, 
by  their  proper  Rules,  to  the  form  of  simple  fractions. 

EXAIVIPLES. 

1.  Reduce  ^,  f ,  and  f ,  to  a  common  denominator. 

1  X  3  X  4  SB  12  the  new  numerator  for  ^ 
2X2X4=16  ditto  | 
3X2X3=18                  ditto                  a 

2  X  3  X  4  =s=  24  the  common  denominator. 
Therefore  the  equivalent  fractions  are  ^},  ^{,  and  ^J. 

Or  the  whole  operation  of  multiplying  may  be  best  per- 
formed mentally,  only  setting  down  the  results  and  given  frac- 
tions thus  :  i,  I,  f ,  =  H»  M»  H  =  A'  A.  A  ^J  abbrevia- 
tion. 

2.  Rednce  |  and  f  to  fractions  of  a  common  denominator. 

3.  Reduce  |,  f ,  and  |,  to  a  common  denominator. 

Ans.  J^  a, «. 

4.  Reduce  f,  2j  and  4,  to  a  common  denominator. 

Ans.  «,  H  W- 

J^ote  I.     When  the  denominators  of  two  given  fractions 

have- a  common  measure,  let  them  be  divided  by  it;  then 


*  This  is  evidently  no  more  than  muttiplying  each  numeFator  and  its  denoroi* 
nator  by  the  same  quantity,  and  consequenfCly  the  yalae  of  the  fractien  is  not  alter- 
ed. 

3.  Reduce 
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maltiply  the  terms  of  each  given  fraction  by  the  quotient 
arising  from  the  other's  denominator. 

Ex.  ^,  and  -^  =  ,*yy  and  ^\,  by  multiplying  the  former 
5  7  by  7,  and  the  latter  by  6. 

2.  When  the  less  denominator  of  two  fractions  exactly 
divides  the  greater,  maltiply  the  terms  of  that  which  has  the 
less  denominator  by  the  quotient. 

Ex,  ^  and  ^  =  ^  and  /j,  by  mult,  the  former  by  2. 
2 

3.  When  more  than  two  fractions  are  proposed,  it  is  some- 
times convenient,  first  to  reduce  two  of  them  to  a  common 
denominator ;  then  these  and  u  third  ;  and  so  on.  till  they  be 
all  reduced  to  their  least  common  denominator. 

Ex,  I  and  i  and  f =f  and  }  and  |=^f  and  i|  and  f }. 

CASE  VII. 

To  find  the  value  of  a  Fraction  in  parts  of  the  Integer. 

Multiply  the  int^er  by  the  numerator,  and  divide  the 
product  by  the  denominator,  by  Compound  Multiplication  and 
DiYiBionj  if  the  integer  be  a  compound  quantity. 

Or,  if  it  be  a  single  integer,  multiply  the  numerator  by  the 
parts  in  the  next  mferior  denomination,  and  divide  the  pro- 
duct by  the  denominator.  Then,  if  any  thing  remains,  mul- 
tiply it  by  the  parts  in  the  next  inferior  denomination,  and 
divide  by  the  denominator  as  before  ;  and  so  on  as  far  as  ne- 
cessary ;  so  shall  the  quotients,  placed  in  order,  be  the  value 
of  the  fraction  required.** 

*  Tbe  nmnerator  of  a  fraction  being  considered  as  a  remaiader,  in  DiTisioo* 
and  the  denominator  as  the  divisor,  this  rule  i«of  the  same  nature  as  Compound 
Dtfision,  or  tbe  valuation  of  remainders  in  tbe  Rule  of  Three,  before  explained. 

Abfs,  bjfthe  £i2i/or.<— Fractions  may  be  reduced  to  their  least  common  deno- 
miiMfor  as  Jbllovrs. 

£«t  24,  27,  30,  32,  36,  40,45,  48  be  the  denominators :  reduce  each  denomi- 
nator mto  the  product  of  the  powers  of  its  prime  factors,  and  the  given  numbers 

become«'xS,3',2XSx6,2*,2*xS»,  9»  X  5,  3»  X5,  2*XS:nowtake 
Ibo  highest  power  of  each  prime  factor  and  we  have  2*^  3^,  6;  the  product  of 

which  2*  X3*X5  =  32x27  y5c=s 4320.  is  the  least  common  denominator  re. 
qowed.     Again,  let  2,  3,  4,  5,  6i  7,  8,  9,  10  be  the  denominators.    In  this  cftse 

^  powers  of  the  primes  in  each  number  are  2, 3,  2*,  5, 2X3,  7,  2',  3*,  2  x  5; 

»od  the  highest  powers  of  the  primes  are  2',  3* .  6, 7,  of  which  the  product  is 

3' X3*X6X7«8X9X5X7«  63x40  =  2620,  which  is  the  least  common  de- 
nomuator. 

Thtf  method  is  advantageous  when  the  prime  factors  are  easily  discovered,  in 
other  cases  we  may  proceed  in  the  following  manner.  Find  the  greatest  com- 
mon divisor  of  the  first  and  second  given  numbers;  divide  the  product  of  the 
first  and  second  given  numbers  by  this  greatest  common  divisor,  and  call  the 
quotient  c :  in  like  manner  divide  d>Q.prodact  of  c  and  the  third  given  number  • 
by  their  greatest  common  divisor,  and  call  tbe  quotient  d  :  proceed  in  like  man-  * 
ner  with  d  and  the  foorth  given  number,  and  the  laet  number  thus  found  will  be 

the 
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EXAMPLES. 

1.  What  is  the  J  of  ^l  6s  ? 
By  the  former  part  of  the  Rule 

2/  Qs 
4 


6)  9  4 
Ans.      1/  IGs  9d^q. 


2.  What  is  theyalue  off  of  U  i 
By  the  2d  part  of  the  Rule, 
2 
20 


3)  40  {\3s4d.  Ad8. 


1 

12 


3)  12(4(1 

3.  Find  the  value  of  |  of  a  pound  sterling.         Ans.  It  6d. 

4.  What  is  the  value  of  f  of  a  guinea  ?  Ans.  4s  Bd, 

5.  What  is  the  value  of  |  of  hah  a  crown  ?    Ans.  \t  lO^d, 

6.  What  is  the  value  of  f  of  4*  \0d  ?  Ans.  U  U\d. 

7.  What  is  the  value  of  f  Ih  troy  ?        Ans.  9  oe  12  dwts. 

8.  What  is  the  value  of  y^  of  a  cwt  ?  Ans.  1  qr.  71b. 

y— —  ■    ■  .        ■         -■■■    ■  -I-.     ■  ■  I        .       I 

the  least  conunoo  multiple  cf  the  given  numbers  i  that  isi  the  least  commoo  de- 
nominator of  the  giveu  fractions. 

£l  1.  Let  ^,  S7,  30,  32,  36,  40,  45,  48  be  the  g^ven  numbers.    The  great- 
est  common  dbisor  of  S4  and  S7  is  found  by  the  oommoA  rule  to  be  3,  tbsn 

~~^ —  sa816  Bsac.     Again,  the  greatest  common  divisor  of  1216  and  dO  is  found 

216X30 
to  be  6,  and  therefore  n=s . — >  ^^  1080.    Again  the  greateft  cttiiimdii  divt- 

1080  X  32 

sor  of  lOSOand  38  is  8,  therefore  sea ^  —  B49fl0.    Farther,  the  gveat^st 

9 

common  divisor  of  4S90  and  36  is  36,  whence  w  «  — —  —  e=   4380.     In  like 

4380X40       .^^        ^         4380X45        ^„^        ,  .     , 

muuer  O0 —--  a43a0,  and  b=s —-  =  4380,  end  lastly  k  » 

4U  45 

-~ —  B=  4380  ss  the  least  common  multiple  of  the  given  numbers. 

8XS 

Ex.  8.  Let  8,  3,  4,  5,  6,  7,  8,  9, 10  be  the  given  numbers.    Here  c  s-j- 

e=  6,  D  s=  — -  -—12,  is=»  —  —  «=  60,  T  -a — -  —  c=  60,  O  = — ■—    e=4«0,  B^ 

420X8      ^^^  840X9     ^,^       ^.     ,  2580X10     ^^^     ,|.  , 
J—  «=  840,  K  s=  — ^J_a=t85a0,  and  lastly  ls=  — -  • —  =85fll>  « the  least 

common  multiple  required. 

This  general  rule  inay  be  expressed  as  follows. 

Divide  the  first  by  tlie  greatebt  coramon  measure  of  the  first  and  sec(mdt  and 
muUiply  the  quotient  by  the  secondi  aud  call  the  product  c :  divide  c  by  Ihft 
greatest  common  measure  of  c  and  the  third  riven  number,  and  multiply  the  quo- 
tient by  the  third*  call  this  product  o :  in  liKe  manner  proceed  with  n  and  ttie 
Ibarth  given  number,  aod  the  last  product  will  be  the  least  common  multiple  re« 
quired. 

9.  What 


ADDITION  OF  VULGAR  FRACTIONS.  61 

9.  What  is  the  valoe  of  |  of  ao  acre  ?      Ads.  3  to.  20  po. 
10.  What  is  the  value  of  ^  of  a  day  ?      Ans.  7  hrs  12  min. 

CASE  VHI. 

To  Reduce  a  Fraction  from  one  Denomination  to  another. 

*  CoirsiDER  how  maoy  of  the  less  denominatioD  make  one 
of  the  greater ;  then  multiply  the  numerator  by  that  number, 
if  the  redaction  be  to  a  less  name»  bnt  multiply  the  denomi- 
Dator,  if  to  a  greater. 

EXAMPLES. 

1.  Reduce  }  of  a  pound  to  the  fraction  «f  a  penny. 

|XV  XV  =*!•  =  *♦••  ^^  Answer. 

2.  Reduce  f  of  a  penny  to  the  fraction  of  a  pound. 

4X|XyX,V=Ti7  ^**«  answer. 

3.  Reduce  -fji- to  the  fraction  of  a  penny.  Ans.  M  d. 

4.  Reduce  f  q  to  the  fraction  of  a  pound.  Ans.  ttVv- 

5.  Reduce  f  cwt  to  the  fraction  of  a  lb.  Ans.  y . 

6.  Reduce  I  dwt  to  the  fraction  of  a  lb  tro^.  Ans.  j^^. 

7.  Reduce  f  cro^rvn  to  the  fraction  of  a  guinea.       Ans.  fy. 

8.  Reduce  |  half-crown  tothefiract.  of  a  shilling.  Ans.  f|. 

9.  Reduce  ts  6d  to  the  fraction  of  a  £.  Ans.  |. 

10.  Reduce  17i  7d  df^  to  the  fraction  of  a  £. 
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If  the  fractions  have  a  common  denominator ;  add  all  the 
jnUBerators  together,  then  place  the  sum  over  the  com  mo  u 
deoofflinator,  and  that  will  be  the  sum  pf  the  fractions  re- 
quired. 

t  If  the  proposed  fractions  have  not  a  common  denomina- 
tor, they  must  be  reduced  to  one.     Also  compound  fractions 


*  This  is  the  nine  as  tbe  Rule  of  Reductioa  in  whole  numbers  ftom  oim;  deno- 
imwfctioe  to  another. 

t  Before  fractkms  ara  rednced  (o  a  coinmon  denominator^  tbej  arc  quite  dUii- 
inUar,  a«  mocb  as  shilltogs  and  pence  arc,  and  therefore  cannot  be  mcorporated 
with  one  another,  anymore  than  these  can.  But  whenthev  arc  reduced  to  a 
coBBBoo  deaonaaalor,  and  made  parts  of  tbe  same  thing,  their  sum,  or  difference, 
amy  then  be  as  properlT  enpressed  by  (ho  sum  or  difference  of  the  nunieralors,  as 
the  mun  or  diflhrence  of  any  two  quantities  whatever,  by  the  sum  or  diBcrcncc  of 
their  aMlinda&ls.    Whence  the  reason  of  the  Rule  is  manifest,  both  tor  Addiiian 

and  Suhtractioa. 

•  Wh*»n 
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mast  be  reduced  to  simple  ones,  and  fractions  of  different 
denominations  to  those  of  the  same  denomination .  Then  add 
the  namerators  as  before.  As  to  mixed  numbers,  they  may 
either  be  reduced  to  improper  fractions,  and  so  added  with^ 
the  others  ;  or  else  the  fractional  parts  only  added,  and  the 
integers  united  afterwards. 

'EXAMPLES. 

1.  To  add  }  and  ^  together. 

Here  J  + 1  ^  J  s=  I  |,  the  Answer. 

2.  To  add  |  and  |  together. 

}  +  *==  if  + 1*  =  H= »  ih  the  answer. 

3.  To  add  |  and  7^  and  |  of  |  together. 

i  +  7j  +  iof  |  =  f  +  V+|=f  +  V  +  f=V=S}. 

4.  To  add  f  and  f  together.  Ans.  If- 

5.  To  add  }  and  f  together.  Ans.  1|4* 

6.  Add  f  and  j\  together.  Ans.  /|-. 

7.  What  is  the  sum  of  }  and  f  and  |  ?  Ans.  llff. 

8.  What  is  the  sum  of  |  and  |  and  2}  ?  Ans.  3f  |. 

9.  What  is  the  sum  of  J  and  f  of  |  and  9  -f^  ?  Ans.  10  ^7. 

10.  What  is  the  sum  of  |  of  a  pound  and  ^  of  a  shilling  ? 

Ans.  »!»»  or  13»  lOd  2|y. 

11.  What  is  the  sum  of  }  of  a  shilling  and  j\  of  a  penny  ? 

Ans.  Lyrf  or  7d  Ifjy. 

12.  What  is  the  sum  of  }  of  a  pound,  »nd  ^  of  a  shilling, 
and  /;  of  a  penny  ?  Ans.  }i}}s  or  3s  Id  l^f^. 


SUBTRACTION  OF  VULGAR  FRACTIONS. 

Fheparc  the  fractions  the  same  as  for  Addition,  when  ne- 
cessary ;  then  subtract  the  one  numerator  from  the  other,  and 
pet  the  remainder  over  the  common  denominator,  for  the  dif- 
ference of  the  fractions  sought. 

EXAMPLES. 

1.  To  find  the  difference  between  ^  and  }. 

Here  |— ^=^=r|,  the  Answer. 

2.  To  find  the  difference  between  J  and  ^. 
J-i=H-ft*=A>  the  Answer. 


Wh«n  several  fractions  are  to  be  collected,  it  is  commonly  best  first  to  add  (ivo 
of  them  together  that  most  easily  reduce  to  a  common  denominator}  then  add 
their  Kum  and  a  third,"  and  soon. 

3.  What 
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d.  What  is  the  difference  between  ^  and  -fj  ?         Ana.  ^. 

4.  What  is  the  difference  between  ^  and  ^  ?       An«.  ^. 

5.  What  is  the  difference  between  -f^  and  ^p^  ?      Ans.  j^, 
•      6.  What  is  the  diff.  between  5  f  and  }  of  4^  ?    Ans.  4fy^. 

7.  What  is  the  difference  between  f  of  a  pound,  and  |  of 
f  of  a  shiUing  ?  Ans.  yy  s  or  XQi  Id  l^q. 

8.  what  is  the  difference  between  ^  of  5^  of  a  pound,  and 
^  of  a  shilling  ?  Ans.  |f  i|/  or  1/  8t  1  t^d. 


MULTIPLICATION  OF  VULGAR  FRACTIONS. 


*  Reduce  mixed  numbers,  if  there  be  any,  to  equivalent 
fractions  ;  then  multiply  all  the  numeratorp  together  for  a  nu- 
merator»  and  all  the  denominators  together  for  a  denominator, 
which  will  give  the  product  required. 


EXAMPLES. 


1.  Required  the  product  of  J  and  }. 
Here  }  X  |  =  ^^  =  |,  the  Answer. 

2.  Required  the  continual  product  of  },  Sj-,  5,  and  j  of  f 
J2f      13     jff      ff      3      13X3     39 

Here— X— X— X— X  — — =— =  4}  Ans. 

3       4       1       4      ir     4X2       8 

3.  Required  the  product  off  and  f .  Ans.  /g-. 
4  Required  the  product  of  ^  and  -^j.  Ans  y^. 
5.  Required  the  product  of  ^,  ^,  and  ||.                Ans,  7^. 


*  Multiplication  of  any  thing  by  a  fraction,  implies  the  taking  aonoe  part  or 
parts  of  the  thing  ;  it  may  therefore  be  truly  expressed  by  a  compound  fraction  ; 
which  is  lesolv^  by  multiplying  together  the  numerators  and  denominators. 

~J\"of«.   A  Fraction  is  best  muttiulied  by  an  integer,  by  dividing  the  denomina- 
tor by  it ;  but  if  it  will  noUiactly  mtide  them,  then  multiply  the  numerator  by  it 

6.  Required 
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6.  Repaired  th«  product  of^,  |,  and  3.  Ans.  1. 

7.  Required  the  product  of  },  },  aod  4  ^^:  Ans.  2^. 

8.  Required  the  product  of  f ,  and  |  of  f .  Aug  |f . 

9.  Required  the  product  of  6»  aod  |  of  &.  Ans.  20. 

10.  Required  the  product  of  |  off,  and  f  of  dl^.     Ani.  f  (. 

11.  Required  the  product  of  3f  and  4v|.  Ans.  14^ff. 

12.  Required  the  prodDct  of  6,  |,  f  oi  f ,  and  4^.  Ans.  ^. 


DIVISION  OF  VULGAR  FRACTIONS. 


*  Prepare  the  fractions  as  before  in  multiplication  ;  then 
divide  the  numerator  by  the  numerator,  and  the  denominator 
by  the  denominator,  if  they  will  exactly  divide  :  but  if  not, 
then  invert  the  terms  of  the  divisor,  and  multiply  the  divi- 
dend by  it,  as  in  multiplication. 


EXAMPLES. 


I.Divide  V  by  f . 
Here  V  -f- 1  =  f  =  H*  ^J  ^^^  ^^^  method. 

2.  Divide  |  by  ^. 
Heret^A=ixy  =f  Xi  =  V  =4i. 

3.  It  is  required  to  divide  ^|  by|.  Ans.  f . 

4.  It  is  required  to  divide  ^  by  |.  Ans.  •^. 

5.  It  is  required  to  divide  V  by  |.  Ans.  t\. 

6.  It  is  required  to  divide  f  by  y .  Ans.  f^. 

7.  It  is  required  to  divide  ^|  by  |.  Ans.  4* 

8.  It  is  required  to  divide  |  by  |.  Ans.  ^f  • 


*  Division  being  the  rey^rae  of  MulUplicstioii,  the  reaaon  of  the  Rule  if  evi- 
dent. 

JVoU.  A  fnction  if  best  divided  bj  mi  iateker*  by  dmdng  tlie  namentor  by 
it :  bat  if  it  will  not  eiactly  divide,  then  multiply  (be  denominator  by  it 

9.  It 
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9.  It  is  required  to  divide  ^  by  3.  Ans.  ^. 

10.  It  is  required  to  divide  |  by  2.  Ans.  y\. 

1 1.  It  is  required  to  divide  7^  by  9f .  Ans.  f|. 

12.  It  is  required  to  divide  |  of  4  by  ^  of  7f  Ans.  ^^j. 


RULE  OF  THREE  IN  VULGAR  FRACTIONS. 

Make  the  necessary  preparations  as  before  directed  ;  then 
multiply  continually  together,  the  second  and  the  third  terms, 
and  the  first  with  its  parts  inverted  as  in  Division,  for  the 
answer.* 

EXAMPLES. 

1 .  If  f  of  a  yard  of  velvet  cost  f  of  a  pound' sterling  ;  what 
will  iV  of  a  yard  c;^t  ? 

3       2.      5      8      If       ^  ' 

—  :  —  ::  —  :  —  X — X =y  =  6s  8d,  Answer. 

8       6       16     3      5      IMT 

2.  What  will  3f  oz  of  silver  cost,  at  6$  id  an  ounce  ? 

Ans.  1/  1^  4^d, 

3.  If  ^  of  a  ship  be  worth  273/  2s  6d;  what  are  j%  of  her 
worth?  Ans.  227/  Ifis  id. 

4.  What  is  the  purchase  of  12301  bank- stock,  at  108f  per 
cent.  ?  Ans.  1336/  Is  9d. 

6.  What  is  the  interest  of  273/  IBs  for  a  year  at  3|  per 
cent.?  Ans.  8/  Ms  W^d. 

6.  If  I  of  a  ship  be  worth  73/  1j  3<^;  what  part  of  her  is 
worth  250/  10s?  Ans.  ^. 

7.  What  length  must  be  cut  off  a  board  that  is  7^  inches 
brood,  to  contain  a  square  foot,  or  as  much  as  another  piece 
of  12  inches  long  and  12  broad  ?  An?.  I8if  inches. 

8.  What  quantity  of  shalloon  that  is  f  of  a  yard  wide,  will 
line  0^  yards  of  cloth,  that  is  2^  yards  wide  ?     Ans.  31}  yds. 


*  This M  only  multiplying  th«  2nd  and  3rci  terras  tO(;ether,  and  dividing  the 
product  by  the  firtt,  as  in  the  Rule  of  Tliree  in  whole  numbers. 

Vol.  I.  10  9.  If 
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9.  If  the  penny  loaf  weighs  6  ^  oz,  when  the  price  o{ 
wheat  is  6*  the  hushel ;  what  ought  it  to  weigh  when  the 
wheat  is  Qt  6d  the  bushel  ?  Ans.  4fy  oz. 

10.  How  much  in  lengthy  of  a  piece  of  land  that  is  I.IU. 
poles  broad,  will  make*  an  acre  of  land,  or  as  much  as  lu 
poles  in  length  and  4  in  breadth  ?  Ans.  13  y^  poles. 

11  If  a  courier  perform  a  certain  journey  in  H6 4  days, 
travelling  I3f  hours  a  day  ;  how  long  would  he  be  m  per- 
forming the  same,  travelling  only  1 1^  hours  a  day  ? 

^     Ans.  40f  If  days. 

]?.  A  regiment  of  soldiers,  consisting  of  976  men.  are  to 

be  new  cloathed  ;  each  coat  to  contain  H  yards  of  cloth  that 

is  If  yard  wide,  and  lined  with  shalloon  |  yard  wide  :  hoir 

many  yards  of  shalloon  will  line  them  ? 

Ans.  4531  yds  1  qr  2f  nails. 


DECIMAL  FRACTIOUS. 

A  Decimal  Fragtioit,  ig  that  which  has  for  its  denomina* 
tor  an  unit  (1),  with  as  many  ciphers  annexed  as  the  nume* 
rator  has  places  ;  and  it  is  usually  expressed  by  setting  down 
the  numerator 'only,  with  a  point  before  it,  on  the  left  band. 
Thus,  tV  ««  '4,  and  f^  is  -24,  and  yjf ^  is  -074,  and  tt'^t 
is  '00124  ;  where  ciphers  are  prefixed  to  make  upas  many 
places  as  are  ciphers  in  the  denominator,  when  there  is  a  de- 
ficiency of  figures. 

A  mixed  nuniber  is  made  up  of  a  whole  number  with  some 
decimal  fraction,  the  one  being  separated  from  the  other  by 
a  point.     Thus,  3*25  is  the  same  as  3  ^|^,  or  f  }f . 

Ciphers  on  the  right  band  of  decimals  make  no  alteration 
in  their  value  ;  for  *  t  or  40,  or  400,  are  decimals  having  all 
the  same  value,  each  being  =  -^^  or  f .  But  when  they  are 
placed  on  the  left  hand  they  decrease  the  value  in  a  ten-fold 
proportion  :  Thus,  *4  is  ^^  or  4  tenths  :  but  ^04  is  only  y|j, 
or  4  hundredths,  and  -004  is  only  j-^^^  or  4  thousandths. 

The  1st  place  of  decimals,  counted  from  the  left  hand  to* 
wards  the  right,  is  called  the  place  of  primes,  or  lOths  ;  the 
2d  is  the  place  of  seconds,  or  lOOths  ;  the  3d  is  the  place 
of  thirds,  or  lOOOths  ;  and  so  on.  For  in  decimals,  as  well  as 
in  whole  numbers,  the  values  of  the  places  increase  towards 
the  left  hand  and  decrease  towards  the  right,  both  in  the 

same 
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saiDe  teo*lbkl  proportion  ;  as  in  the  foUowiiig  Scale  or  Table 
of  Notation. 


«     -3 

f  8-    S,    ^     g     I 

^ii   0S0§*Sa§oaS=3 
l£ji£.S£  9      S     M     S      S     S      B 

33S3333333333 


ADDITION  OF  DECIMALS. 

Sar  the  onmbera  nder  eack  other  according'  to  the  valae 
of  their  places,  like  ai  in  whole  numbers  ;  in  which  state  the 
decimfl}  separating  points  will  stand  all  exactly  under  each 
other.  Then,  beginning  at  the  right-hand,  add  up  all  the  co- 
lumns of  nambers  as  in  integers  ;•  and  point  off  as  manj  places, 
for  decimals,  as  are  in  the  greatest  number  of  decimal  places 
in  any  of  the  lines  that  are  added  ;  or  place  the  point  directly 
below  all  the  other  points. 

EXAMPLES. 

1.  To  add  together  29*0146,  and  3146-5,  and  3109  and 
•62417,  and  14*16. 

290146 

3146-5 
2109. 

•62417 
1416 


5299-29877  the  Sum. 


Ex.2.  What  is  the  sum  of  276,  36213,  72014*9  417 
and  6032^  '        ' 

S.  What  is  the  sum  of  7630,  l6*2ol,  3-0142,  967*13 
0«1«119  and -03014.  ' 

4.  What  is  the  som  of  312*09,  3*5711,  7195-6,  71-498 
9739*215, 179,  and  0027  ?  ' 

SUBTRACTION 


b8  ARITHMETIC. 


SUBTRACTION  OF  DECIMALS. 

Place  the  numben  nnder  each  other  according  to  the  va- 
loe  of  their  places,  w  id  the  last  Rule.  Then,  beginning  at 
the  right  hand,  subtract  as  in  whole  numbers,  and  point  off  the 
decimals  as  in  Addition. 

EXAMPLES. 

1 .  To  find  the  difference  between  91-73  and  2*138. 

91-73 
2- 138 


Ans.  89.593 


2.  Find  the  diff.  between*  1-9185  and  8«73.     Ans.  0-8115. 

3.  To  subtract  4-90142  from  214-81.      Ans      209-90858. 

4.  Find  the  diff.  between  2714  and  •916.     Ans.  2713-084. 


MULTIPLICATION  OF  DECIMALS. 

*  Place  the  factors,  and  multiply  them  together  the  same  as 
if  they  were  whole  numbers. — Then  point  off  in  the  product 
just  as  many  places  of  decimals  as  there  are  decimals  in  both 
the  factors.  But  if  there  be  not  so  many  figures  in  the  pro- 
duct, then  supply  the  defect  by  prefixing  ciphers. 


*  The  Rule  will  be  evident  from  this  exainple  ^— Let  it  be  required  to  multipljr 
.12  by  '361 ;  these  numbers  are  equivalent  to  ^^  and  -j^^^  ;  the  product  of 
which  is  -.1.1.12,- ='04432,  bj  the  nature  of  Notation,  which  coDsista  of  as  ma- 
ny plRces  as  there  are  ciphers,  that  is,  of  as  many  places  aa  there  are  in  lK>th 
number«>.    And  in  like  manner  for  any  other  numbers. 

EXAMPLES. 


i 
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EXAMPLES. 


1.  Multiply    321096 
by  -2465 

1605480 
1926576 
1284:^84 
642192 

Ads.  •0791501640  the  Product. 


2.  Multiply  79*347  by  23-15.  Ans.  1836-88305. 

3.  Multiply  -63478  by  8204.  Ads.  -520773512. 

4.  Multiply  -385746  by  00464.  Ans.  -00178986144. 

CONTRACTION  I. 

To  muUtply  DecitnaU  by  1  with  any  number  of  Ciphen^  as  by 

10,  or  100»  or  1000,  j^c. 

This  is  done  by  only  removing  the  decimal  point  so  many 
places  farther  to  the  right  hand,  as  there  are  ciphers  in  the 
multipL'er ;  and  sabjoioing  ciphers  if  need  be. 

EXAMPLES. 

^     1.  The  product  of  51-3  and  1000  is  51300. 

2.  Tbe  product  of  2-714  and  100  is 

3.  The  product  of  -916  and  1000  is 
%  Tbe  product  of  21*31  and  10000  is 

CONTRACTION  II. 

To  eoniraei  rh^  Operation^  so  as  to  retain  only  as  many  Deci* 
mals  in  th^t  Product  as  may  be  thought  necessary,  mhen  the 
Product  would  naturally  contain  several  more  Places. 

Set  the  units'  place  of  the  multiplier  under  that  figure  of 
the  multiplicand  whose  place  is  the  same  as  is  to  be  retained 
for  the  last  in  the  product ;  and  dispose  of  the  rest  of  the 
figures  in  the  inserted  or  contrary  order  to  what  they  are 
usually  placed  in. — Then,  in  multiplying,  reject  all  the  figures 
fhat  are  more  to  the  nght  hand  than  each  multiply  ng  figure, 
and  set  down  the  products,  so  that  their  right  hand  figures 

may, 


f 
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may  Mi  id  a  colamn  straight  below  each  other  ;  but  obflerr- 
ing  to  increase  the  first  figure  of  every  line  with  what  woold 
arise  from  the  figures  omitted,  in  this  mauDer,  namely,  1  from 
5  to  U,  2  from  16  to  24,  S  from  26  to  34,  &c. ;  and  the  sam 
of  all  the  lines  will  be  the  product  as  requiredi  commonly  to 
the  nearest  unit  in  the  last  figure* 

EXAMPLES. 

1.  To  multiply  27*14986  by  92*41036,  so  as  to  retain  only 
four  places  of  decimals  in  the  product. 

CatUracttd  Way.  Common  Way. 

27*14986  27*14986 

63014*29  9241036 


94434874  131374930 


54^997  8 J 

108699  2714 

2716  108699 

81  642997 

14  24434874 


2608*9280  2608*9280660610 


44968 
986 
44 
2 


2.  Multiply  480*14936  by  2*72416,  retainiog  only  four  de- 
cimals in  the  product. 

3.  Multiply  2490*3048  by  •673286,  retaining  only  five  de- 
cimals in  the  product. 

4.  Multiply  326*701428 by -7218393,  retaining  only  three 
decimals  in  the  product. 


DIVISION  OF  DECIMALS, 

DiTiDK  as  in  whole  numbers ;  and  point  o£f  in  the  quotient 
as  ma»y  places  fot  decimals,  as  the  decimal  places  in  the  di?i- 
dend  exceed  those  in  the  divisor.* 


-iw^ 


*  Tbe  reasoD  of  this  Rule  is  evident:  for,  since  the  divisor  multiplied  by  the 
QDOtieat  gives  the  dividend,  therefore  the  number  of  decimal  pkces  io  ChedSvi- 
aend»  is  e(|aal  to  those  in  the  divieor  and  quotiettt,  taken  together,  by  (he  natnv 
of  MultiplKation ;  and  coosequeatly  the  quotient  itself  must  contain  as  manj  as 
the  dividend  exceeds  ttut  divisor. 

Another 
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Another  way  to  know  the  place  for  the  decimal  point,  is 
this  :  The  first  figure  of  the  qaotieat  must  be  maito  to  occii« 
pr  the  same  place,  of  iotagers  or  decimals^  as  doth  that  figore 
of  the  dividend  which  stands  over  the  anit*s  figare  of  the  first 
products 

When  the  places  of  the  qootient  are  not  so  many  as  the 
Role  requires,  the  defect  is  to  be  supplied  by  prenxing  ci- 
phers. 

When  there  happens  to  be  a  remainder  after  the  division, 
or  when  the  decimal  places  in  the  divisor  are  more  than  those 
in  the  dividend  ;  then  ciphers  may  be  annexed  to  the  divi- 
dend, and  the  quotient  carried  on  as  far  as  required. 


EXABAPLES. 


I  . 


178)  •486209d8(  00272589 


1292 
460 
1049 
1599 
1758 
166 


2639  )  27-00000  (  102-3114 


I 


6100 
8220 
3030 
3910 
1«710 
2154 


3.  Divide  123-70636  by  64-26.  Ans   2-2802. 

4.  Divide  12  by  7864.  Ans.  16-278. 

5.  Divide  4196-68  by  100.  Ads.  41*9668. 

6.  Divide  -8297692  by-163.  Ans.  6-4232. 


CONTRACTION  I. 


Wbbn  the  divisor  is  an  integer,  with  any  number  of  cip 
phers  annexed  :  cut  off  those  ciphers,  and  remove  the  deci- 
Hffli  pocnt  in  the  dividend  as  many  |daces  lUrther  to  the  leA  as 
there  are  ciphers  cut  off,  prefixing  ciphers  if  need  be  ;  then 
proceed  as  before.* 


•  TTiit  is  no  more  than  dividing  bo«h  divwor  and  dividend  by  the  tame  nunber. 
cklitr  10,  or  100*  or  1000,  Ik.  according  to  the  number  of  cipher!  oito^ 
leavhia  Aim  in  the  tame  proportbn,  &e»  not  aftct  the  quotient.  And,  intfte 
nine  way.  the  decimal  point  may  be  moved  the  nm  mmiber  of  plaoe»  u»  1Mb 
the  divisor  and  dividend,  either  to  the  tight  or  left,  whether  they  hav*  (a|]bars«r 
ooC 

EXAMPLES. 
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EXAMPLES. 

1 .  Divide  45-5  by  2100. 

2100  )  •466  (   0216,  kc. 
36 
140 

14 


2.  Divide  41020  by  32000. 

3.  Difide      963  by  21600. 

4.  Divide         61  by  79000. 

CONTRACTION  U. 

Hence,  if  the  divisor  be  1  with  ciphers,  as  10,  100,  or 
1000,  &c.  :  then  the  quotient  will  be  found  by  merelv  moving 
the  decimal  point  in  the  dividend,  so  many  places  farther  to 
the  leH,  as  the  divisor  has  ciphers  ;  prefixing  ciphers  if 
need  be. 

EXAMPLES. 

So,  217-3 -r- 100  =  2173  And  419*-       10  = 

:    And  6-16  4*  100=  And    21^1000  = 

CONTRACTION  IIL 

When  there  are  many  figures  in  the  divisor  ;  or  when 
only  a  certain  number  of  decimals  are  necessary  to  be  re- 
tained in  the  quotient ,  then  take  only  as  many  figures  of 
the  divisor  as  will  be  equal  to  the  number  of  figures,  both  in< 
tegers  and  decimals,  to  be  in  the  quotient,  and  find  how  many 
times  they  may  be  contained  in  the  first  figure  of  the  divi- 
dend, as  usual. 

Let  each  remainder  be  a  new  dividend ;  and  for  every  such 
dividenn,  leave  out  one  figure  more  on  the  right  hand  side  of 
the  divisor ;  remembering  to  carry  for  the  increase  of  the 
figures  cut  off,  as  in  the  2d  contraction  in  Multiplication. 

Note.  When  there  are  not  so  many  figures  in  the  divisor, 
as  are  required  to  be  in  the  quotient,  begin  the  operation  with 
all  the  figures,  and  continue  it  as  usual  till  the  number  of 
figures  in  the  divisor  be  equal  to  those  remaining  to  be  found 
in  the  quotient :  afler  which  begin  the  contraction. 

EXAMPLES. 

I 

1.  Divide  2608-92806  by  92*41036,  so  as  to  have  only  four 
decimals  in  the  quotient,  in  which  case  the  quotient  will  con- 
tain six  figures. 

Contrattcd 
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37 


t 


Contracted. 

Oofiiinon* 

92-4103^)3508-928,06(27fl498 

92*4103,5)2508-928,06(2r'1498 

660r21 

66072106 

13849 

13848610 

4608 

46075750 

912 

91116100 

80 

79467850 

6 

5539570 

2.  Divide  41092351  by  230-409,  so  that  th6  quotient  may 
coDtain  oaly  four  decimate.  Ana.  17*8345 

3.  Divide  37*  10438  by  5713-96,  that  the  quotient  may  con- 
taiD  only  five  decimals.  Ans.  00649. 

4.  Divide  913-08  by  2137-2,  that  (he  quotient  may  contain 
odIj  three  decimals. . 


REDUCTION  OF  DECIMALS. 


CASE  I. 


I 


2\>  reduce  a  Vulgar  Fracti<fn  to  ite  equivalent  DecimaL 

Divide  the  numerator  by  the  denominator  as  in  Division 
of  Decimals,  annexing  ciphers  to  the  numerator  as  far  as  ne- 
ceMary ;  so  shall  the  quotient  be  the  decimal  required. 

E3CAMPLES. 

].  Reduce  ^  to  a  decimal. 
24=4X6.     Then  4)7. 

6  )  1-750000 

•291666  &c. 


2.  Reduce  ^,  and  ^,  and  },  to  decimals. 

Ans.  '25,  and  *5,  and  -75. 

3.  Reduce  |  to  a  decimal.  Ans.  -625. 

4.  Reduce  -^  to  a  decimal.  Ans.  -12. 
6.  Reduce  ylr  to  a  decimal.  Ans.  031350. 
6.  Reduce  /AV  ^^  *  decimal.                  Ans.  -143155,  kc. 


Vot.  l. 


11 


CASE 
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CASE  II. 

To  find  ik^  Fabjte  of  a  Decimal  in  terms  of  the  Inferior  Deno- 

mihations. 

Multiply  the  decimal  by  the  number  of  parU  io  the 
next  lower  denomination  ;  and  cut  off  as  many  places  for  a 
remainder  to  the  right  hand,  as  there  arc  places  in  the  given 
decimal, 

Maliiply  that  remainder  by  th«  parts  in  the  next  lower 
denomination  again,  cutting  off  for  another  remainder  as  be- 
fore. 

Proceed  in  the  same  manner  through  all  the  parts  of  the 
integer ;  then  the  several  denominations  separated  on  the  left 
hand,  will  make  up  the  answer. 

JVote.  This  operation  is  the  same  as  Redaction  Descending 
in  whole  numbers. 

EXAMPLES. 

I .  Required  to  find  the  value  of  *776  pounds  sterling. 

•776 
20 


9.  15.500 
12 


d.  6.000         Ana.  15s  Sd. 


8.  What  is  the  value  of  -625  shil.  ?  Ans.  7|<f . 

3.  What  is  the  value  of  WSbl  ?  Ans.  17s.  3.24<f. 

4.  What  it  the  value  of  0125  lb  troy  ?  Ans.  3  dwts. 

5.  What  i»  the  value  of  -4694  lb  troy  ? 

Ans.  5  oz  12  dwts  1 5*744  gr. 

6.  What  is  the  value  of  '625  cwt  ?  Ans.  2  qr  14  lb. 

7.  What  is  the  value  of  009943  miles  F 

Ans.  17  yd  1  ft  5-98848  inc. 

8.  What  it  the  value  of  -6875  yd  ?  Ans.  2  qr  3  nls. 

9.  What  is  the  value  of  -3375  acr  ?         Aos.  1  rd  14  poles. 
10.  What  is  the  value  of  '2083  bhd  of  wine  ? 

Ans.  13-1229  gal. 


CASE 
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CASE  III. 

To  reduce  Integers    or  Decimals  to  Equivalent  DttimaU  of 

Higher  Denominations, 

Divide  by^tha  number  of  parts  in  the  next  higher  denomi- 
nation  ;  continuing  the  operation  to  ad  many  higher  denomina- 
tions as  may  be  necessary,  the  same  ns  in  Redaction  Ascend- 
ing of  whole  numbers. 

E3CAMPLES. 

I.  Reduce  1  dwt  to  the  decimal  of  a  poond  trov. 
20  }  1  dwt 
13  }  0-06  oz 

0004166  &c.  lb.  Ans. 


2.  Reduce  9d  to  the  decimal  of  a  pound.  Anfl.  0376/. 

3.  Reduce  7  drams  to  the  decimal  of  a  pound  a?oird. 

Ans.  •027343761b. 

4.  Reduce  26d  to  the  decimal  of  a  /.     Ans.  -0010633  ^.  /< 
6.  Reduce  2*  1Mb  to  the  decimal  of  cwt 

Ads.  •019196+cnrt. 

6.  Reduce  24  yards  to  the  decimal  of  a  mile. 

Ans.  -013g36  &e.  mile. 

7.  Reduce  *066  pole  to  the  decimal  of  an  acre. 

Ans.  'OOOSd  ac. 

8.  Reduce  1*2  pint  of  wine  to  the  decimal  cf  a  hlid. 

Ans.  -00238+hhd. 

9.  Reduce  1 4  minutes  to  the  decimal  of  a  day. 

Ans.  H)097«3  &c.  da. 

10.  Reduce  *S1  pint  to  the  decimal  of  a  peck. 

Ans.  -013125  pec. 

11.  Reduce  28"  Vi^''  to  the  decimal  of  a  minute. 

Note  When  there  are  several  numbers^  to  he  reduced  all  to 
the  decitnal  of  the  highest  • 

Set  the  given  numbers  directly  under  each  other,  for  diyi- 
dends,  proceeding  orderly  from  the  lowest  deoomination  to 
the  highest. 

Opposite  to  each  dividend,  on  the  left  hand,  set  such  a 
namber  for  a  divisor  as  will  bring  it  to  the  next  higher  name  ; 
drawing  a  perpendicular  Hoe  between  all  the  divisors  and  di- 
vidends. 

6efi;in  at  the  uppermost,  and  perform  all  the  divisions : 
only  observing  to  set  the  quotient  of  each  division,  as  decimal 

pattf, 
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parts,  oo  the  ri^ht  hand  of  the  dividend  next  below  it ;  su 
shall  the  last  qnotieDt  be  the  decimal  required. 

EXAMPLES. 

1.  Reduce  17 s  9id  to  the  decimal  of  a  pound. 


4 
13 
20 


3 

9-76 
17-8126 
£0*890625  Ans. 


2.  Reduce  19/  17$  ^d  to  I.  Ans.  19*86354166  &c.  I. 

3.  Reduce  15s  6d  to  the  decimal  of  a  /.  Ans.  '77 Bl, 

4.  Reduce  7|c2  to  the  decimal  of  a  shilling.         Ans.  '625s. 

5.  Reduce  5  oz  12  dwts  16  gr  to  lb.       Ans.  -46944  &c.  lb. 


RULE  OF  THREE  IN  DECIMALS. 

Prbpake  the  terms  by  reducing  the  vulgar  fractions  to  de- 
cimals, and  any  compound  numbers  either  to  decimals  of  the 
higher  denominations,  or  to  integers  of  the  lower,  also  the 
first  and  third  terms  to  the  same  name  :  Then  multiply  and 
divide  as  in  whole  numbers. 

jVbte.  Any  of  the  convenient  Examples  in  the  Rule  of 
Three  or  Rule  of  Five  in  integers,  or  Vulgar  Fractions,  may 
be  taken  as  proper  examples  to  the  same  rules  in  Decimab. 
— The  following  Example,  which  is  the  first  in  Vulgar  Frac- 
tions, is  wrought  out  here,  to  show  the  method. 

If  I  of  a  yard  of  velvet  cost  f  ^  what  will  ^  yd  cost  ? 

yd      /  yd        I  8  d 

I  8s  -375  -375  :  -4  ::  -3125  :  -333  &c.  or6  8 

•4 


1=4 

•375) -12500     (-333333  &c. 

1260                 20 

• 

125 

8  6-66666  kc. 

V^=:*3126 

12 

Ads.  65  Sd.             d  7*99999  &c.  s:  Bd, 
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DUODECIMALS. 

Duodecimals  or  Cbosi  Multiplication,  is  a  role  used  by 
workmen  and  artificers,  io  computing  the  contents  of  their 
works. 

Dimensions  are  usoally  taken  in  feet,  inches,  and  quulers  ; 
anj  parts  smaller  than  these  being  negliected  as  of  no  conse- 
quence. And  the  same  in  multiplying  them  together,  or  cast- 
ing  up  the  contents.     The  method  is  as  follows. 

Set  down  the  two  dimensions  to  be  multiplied  together,  one 
under  the  other,  so  that  feet  may  stand  under  feet,  inches  un- 
der inches,  &c. 

Multiply  each  term  in  the  multiplicand,  beginning  at  the 
lowest,  by  the  feet  in  the  multiplier,  and  set  the  result  of 
each  straight  under  its  corresponding  term,  observing  to  car- 
ry I  for  every  12,  from  the  inches  to  the  feet. 

In  like  manner,  multiply  all  the  multiplicand  by  the  inches 
and  parts  of  the  multiplier,  and  set  the  result  of  each  term 
one  place  removed  to  the  right  hand  of  those  in  the  multipli- 
cand ;  omiit'iBg,  however,  what  ta  below  parts  of  inches,  only 
carrying  to  these  the  proper  number  of  units  from  the  lowest 
denommafion. 

Or.  insiead  of  multij;iljfiiur  hy^  the  inches*,  take  such  parts  of 
the  multiplicand  as  there  are  of  a  foot. 

Then  add  the  two  lines  together  after  the  manner  of  Com- 
pound Addition,  carrying  1  to  the  feet  for  12  inches,  when 
these  come  to  so  many. 


EXAMPLES. 

1 .  Multiply  4  f  7  inc.  .  2.  Multiply  14  f  9  inc. 

by  6     4  by    4     6 

27     6  59     0 

1     6i  ,      ^     H 

Ans.  29     0^  *  Ans.66     4J 

3.  Multiply  4  feet  7  inches  by  9  f  6  inc.  Ans.     43  f  6^  inc 

4.  Multiply  12f6iocby  6  f8inc.  Ans.  82  9^ 
6.  Multiply  36  f  4^  inc  by  12  f  3  inc.  Ans.  433  4^ 
G.  Multiply  64  f  6  inc  by  8  f  9*  inc.  Ans.  666    8f 

INVOLUTION. 
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INVOLUTION. 


Involution  is  the  railing  of  Powers  from  any  given  num- 
ber, as  a  root. 

A  Power  it  a  qaantity  prodoeed  by  BQltiplying  any  given 
number,  called  the  Root,  a  certain  nnmber  of  tines  continually 
by  itself.    Thus, 


2  = 

2  X  ««= 

2  X2  X  2s- 

2X  2X2X2  = 


2  is  the  root,  or  1st  power  of  2. 
4  is  the  2d  power,  or  square  of  2. 
8  is  the  dd  power,  or  cube  of  2. 
16  is  the  4th  power  of  2,  kc. 


And  in  this  manner  may  be  calculated  the  following  Table  of 
the  first  nine  powers  of  the  first  9  numbers. 

TABLE  OF  THE  FIRST  NINE  POWERS  OF  NOBIBERS. 


Tsi 

2d 

3d 

|4th 

6tb  1  6th 

7th 

8th 

9th 

1 

1 

1 

'  . 

1 

1 

1 

1 

1 

2 

4 

8 

27 
647 

to 
81 
a56 

3< 

64 

128 

%56 

512 

3 

9 

243 

729 

2-1,7 

6561 

19683 

4 
6 

G 

7 

16 

t 
3b 

49 

1024 
3125 

4096 

16384 

65536 

262144 

126 

625 

16625 

78125 

390625 

1953125 

:\k 

129b 

7776 

46656 

2799:^6 

1679616 

10077696 

34M 

tAiyx 

16807 
J276b 

117649 

• 

823643 

6764801 

40353607 

8 

Ml 

.>IU 

409 

2B:f1  k4 

2097152 

16777216 

134217728 

? 

\ 

•  -.6 » 

59049 

>ill4l 

I7b2969 

4304672 1 

387420489 

The 
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The  iodex  or  Exponent  of  a  Power,  is  the  number  denot- 
ing the  height  or  degree  of  that  power  ;  and  it  is  1  more  than 
the  number  of  multiplications  used  in  producing  the  same. 
So  1 18  the  index  or  exponenc'of  the  first  power  or  root,  two 
of  the  Sd  power  or  square,  3  of  the  third  power  or  cube,  4 
of  the  4th  power «  and  so  on. 

Powers,  that  are  to  be  raised,  are  usually  denoted  by  plac- 
ing the  index  abore  the  root  or  first  power. 

So  3>  =4  is  the  2d  power  of  2. 

23c=d  is  the  3d  power  of  t. 

2«  =  ]6  is  the  4th  power  of  2. 
540«         is  the  4th  power  of  540,  &c. 

When  two  or  more  powers  are  multiplied  together,  their 
product  is  that  power  whose  index  is  the  sum  of  the  expo- 
nents of  the  factors  or  powers  multiplied.  Or  the  multiplica- 
tioB  of  the  powers,  answers  to  the  addition  of  the  indices. 
Thus,  in  the  following  powers  of  2. 

Jat  2d  ad  4tfa  5th  6th  7th  8th  9th  lOtb 
9  4  8  16  32  64  128  256  512  1024 
£1     £9     ja     2«      2«       2»      2»      2*      2»      2'» 

Here,  4X4=*  16,  and  «-<-«=:  4  its  index  ; 
and  8X16=  \^i^^  and  3-f  4=  7  its  index  ; 
al8oi6Xb4ss     1024,  and  4+6sslOiteindex  ; 

0 

OTHER  EXAMPLES. 

1,  What  is  the  2d. power  of  45  ?  Ans.  2020. 

2.  Whatitthesqoareof  4  16?  Ans.  17-3066. 
8.  What  is  the  3d  power  of  3-6  Ans.  42^876- 

4.  What  is  the  5thpowerof0i9?  Ans.   000000020611 149. 

5.  What  is  the  square  of  |  ?  Ans.  f. 

6.  What  is  the  3d  power  of  i  ?  Ans.  4||. 

7.  What  is  the  4th  power  of  |  ?  Ans  yf|. 
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EVOLUTION. 

Evolution,  or  the  reverse  of  Involution,  is  the  eztractiog 
or  finding  the  roots  of  an^  given  powers. 

The  root  of  aoj  numher,  or  power,  is  such  a  number,  as 
being  multiplied  into  itself  a  certainjiumber  of  times,  will 
produce  that  power.  Thus,  2  is  the  square  ro&t  or  2d  root 
of  4,  because  2' ^2  X2^4  ;  and  3  is  the  cube  root  or  3d  root 
of  27,  becaose  3»  =3X3X3=27. 

Any  power  of  a  given  number  or  root  may  be  found  ex- 
actly, namely,  by  multiplying  the  number  continually  ii^o  it- 
self But  there  are  many  numbers  of  which  a  proposed  root 
can  never  be  exactly  found.  Yet  by  means  of  decimals,  we 
may  approximate  or  approach  towards,  the  root,  to  any  degree 
of  exactness.    ' 

Those  roots  which  only  approximate,  are  called  Surd  roots  ; 
but  those  which  can  be  found  quite  exact,  are  called  Rational 
Hoots.  Thus,  the  square  root  of  3  is  a  surd  root  ;  but  the 
square  root  of  4  is  a  rational  root,  being  equal  to  2  :  also  the 
cube  root  of  8  is  rational,  being  equal  to  2  ;  but  the  cube  root 
of  9  is  surd  or  irrational. 

Roots  are  sometimes  denoted  by  writing  the  character  y/ 
before  the  power,  with  the  index  of  the  root  against  it.  Thus, 
the  third  root  of  20  is  expressed  \/  20  ;  and  the  square  root 
or  2d  root  of  it  is  ^  20,  the  index  2  being  always  omitted, 
when  only  the  square  root  is  designed. 

When  the  'power  is  expressed  by  several  numbers,  with 
the  sign  +  or  ^  between  them,  a  line  is  drawn  from  the  top 
of  the  sign  over  all  the  parts  of  it  :   thus  the  third  root  of  46 

— 12  is y  45— 12",  or  thus  \^  (46—  12),  inclosing  the  num- 
bers in  parenthesis. 

But  all  roots  are  now  often  designed  like  powers,  with*frac- 
tional  indices  :  thus,  the  square  root  of  8  is  si,  the  cube  root 

of  26  is  26*,  and  the  fourth  root  of  45-  18  is  45-.  1 8)^,  or 
(46-  18)'^ 

TO 
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1X3  EXTRACT  THE  SQUARE  ROOT. 

'  *  Divide  tne  gi?eD  number  ioto  periods  of  two  figures 

each,  by  ftetting  a  point  over*  the  place  of  units,  another  over 
the  place  of  hundreds,  and  so  on,  over  every  second  figure, 
both  to  the  left-hand  in  integers,  and  to  the  right  in  deci- 
mals. 
I  Find  the  greatest  square  in  the  first  period  on  the  left-hand, 

\  and  set  its  root  on  the  right-hand  of  the  given  number,  after 

the  manner  of  a  quotient  figure  in  Division. 


*  Tbe  rM9oo  iw  aepamtiog  (he  fisoim  of  the  dWidend  into  periods  or  portions 
of  two  places  eecb,  is,  that  the  scpare  of  any  single  figure  never  consists  of 
more  than  two  places;  the  square  of  a  nnmber  of  two  figures,  of  not  more  than 
Ibar  plAes,  and  so  on.  So  th^t  (here  will  be  as  many  figures  in  the  root  as  the 
given  number  contains  periods  so  divided  or  parted  ooC 

And  the  reason  of  the  several  steps  in  tbe  operation  appears  from  (he  algebrsic 
form  of  the  sqoare'of  any  number  of  terms,  whether  two  or  three,  or  nx>re. 
Thus. 

(o-f  6)*«*a*  ^-3a6-V'^'  =<*'  **-  (2<>  +  ^)^t  the  square  of  two  terms;  where 
it  appears  that  •  is  the  first  term  of  the  root,  and  6  the  second  term  ;  also  a  the 
fint  divisar,  and  tbe  new  divisor  is  ia^d,  or  double  the  first  term  increased  by 
die  seoood.    And  hence  the  manner  of  extraction  is  thus: 

1  St  divisor  0)0^  ^2ab  4.  b'  (a+6  the  root. 

a 

%d  divisor  8a+6  |  2a6  -4-6^ 

AgalDf  fore  root  of  three  pait^  a,  6,  c,  thus : 

(a-f.64.cf         af  -fSa6-f6*4.8aM;-fS5c-t-c'  « 

a'-{-'<£>+*)^+CSa-f-8^-4  c)  c,  the  squore  of 
thne  tarins,  where  a  is  the  first  term  of  tiie  root,  b  the  second,  and  c  the  third 
terai ;  also  a  the  first  divisor,  9a  46  the  second,  and  8a-|-S64c  the  third,  each 
^^muAmtin^  of  the  doable  of  the  root  increased  by  the  next  term  of  the  same. 
And  tiis  mode  of  extraction  is  d^us : 

lstdiTi9or<i)a^  +fti64.6'*f>Sac4-86c-(-o^<a-f-6-fcthe  root'' 
o 

Sd  divisor  fl»f  5  1 8a64-6* 
3ddlvi»r2a+S6+c  1*^+!?^+^ 

Vol.  I.  ^«  Snbtract 
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Subtract  the  tqaare  thus  found  from  the  said  period,  and  to 
the  remainder  annex  the  two  figures  of  the  next  following 
period,  for  a  dividend. 

Doable  the  root  above  mentioned  for  a  divjsor  ;  and  find 
h9W  pAen  it  is  contained  in  the  said  dividend,  exclusive  of 
its  right-hand  figure  ;  and  set  that  quotient  figure  both  in  the 
quotient  and  divisor. 

Multiply  the  whole  augmented  divisor  by  this  last  quotient 
figure,  and  subtract  the  product  from  the  said  dividend,  bring- 
ing down  to  it  the  next  period  of  the  given  niisiber,  for  a 

new  dividend. 

Repeat  ihc  same  process  over  agnin,  vi».  find  another  new 
divisor,  by  doubling  all  the  figures  now  found  in  the  root ; 
from  which,  and  the  last  dividend,  find  the  next  figure  of 
the  root  as  before  ;  and  so  on  through  all  the  periods,  to  the 

last. 

JVWe.  The  best  way  of  doubling  the  root,  tr  iorm  the  new 
divisors,  is  by  adding  the  M  figure  always  to  th*  Iqst  divisor, 
as  appears  in  the  following  examples. ^^ Also,  aftev  the  figures 
•belonging to  the  given  number  are  all  exhausted,  the  opera- 
tion may  be  continued  into  decimals  at  pleasure,  by  adding 
any  number  of  periods  of  ciphers,  two  in  each  period. 

iXAMPtES. 

1.  To  find  the  sqqare  rq^t  of  29^6624. 

S9506624(54S2  the  root. 
•26 


104  J  460 
4  1419 

1083  I  3460 
4  I  3249 

10869  I  21724 
2     21724 


NotK,  Whtniht  T09i  18  to  be^xtrae^ed  to  tnany places  offigura, 
the  work  tnay  be  eoniiderahhf  skorteuedy  thus : 

Having  proceedf^d  in  the  extraction  after  the  common  me- 
thod, till  there  be  found  half  the  required  number  of  figures 

in 


Ik. 
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in  the  root,  or  one  fignre  more  ;  then,  for  the  rest,  divide  thfe 
last  remaioder  by  its  correspooding  divisor,  after  the  inaoDer 
of  the  third  cootraction  in  Diyision  of  Decimals  ;  thus, 
2.  To  find  the  root  of  2  Cb  nine  places  of  figares. 

2  (  14 142 1366  the  root 
] 


'II 


34  I  100 
96 


281  I    400 
1  I    281 

2824  1  11900 
4   11296 


28282  I  60400 
2  1  66564 


28284  )  3836  (  136$ 
...-.    1008 
160 
19 

2 


3.  What  is  the  square  root  of  2025  ?  AiHj  46i 

4.  What  is  the  sqoare  root  of  17*3056  f  Abs.  4-16; 
6.  What  is  the  square  root  of  *000729  ?  Aos.  '027. 

6.  V\  hat  istbe  square  root  of  3  ?  Aiis.  1  •732050. 

7.  What  is  the  square  root  of  6  ?             -*  Ansl  2-236068. 

8.  What  is  the  square  root  of  6  ?  Ans.  2*449489. 

9.  What  is  the  square  root  of  7  ?  Ans.  2-645751. 

10.  What  is  the  square  root  of  10  ?  Ans.  3-162277. 

11.  What  is  the  square  root  of  11  ?  Ans.  3-316624. 

12.  What  is  the  square  root  of  i2  ?  Ans.  3-464101. 

RULES  FOR  THE  SQUARE  ROOTS  OF  VULX^AR  FRACTIQNS^  AND 

MIXED  NUMBERS.  ^^  .^ 

First  prepare  all  vulgar  fractions;  hy  rednetng  them  ta 
their  least  terms,  both  for  this  and  all  other  roots.  Then 

1.  Take  the  root  of  the  numerator  shd  of  the  denominator 
for  the  respective  terms  of  the  root  required.  And  this  is 
the  best  way  if  the  denominator  be  a  complete  power  ;  but  if 
it  be  not,  then 

2.  Multiply  the  numerator  and  denominator  together ; 
take  the  root  of  tie  product ;  this  root  being  made  the  name- 

rattrt" 
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rator  to  the  denominator  of  the  given  fraction,  or  made  the 
denominator  to  the  numerator  of  it,  will  form  the  fractional 
root  required. 

And  this  root  will  serve,  whether  the  root  be  finite  or  infinite. 

3  Or  reduce  the  vulgar  fraction  to  a  decimal,  and  extract 
]^t  root. 

4.  Mixed  numbers  may  be  either  reduced  to  improper 
fractions,  and  extracted  by  the  first  or  second  rule,  or  the 
vulgar  fraction  may  be  reduced  to  a  decimal,  then  jomed  to 
the  integer,  and  the  root  of  the  whole  extracted. 

EXAMPLES. 


1 .  What  is  the  root  of  { j^  ?  Ans.  f . 

2.  What  is  the  root  of  X"V  •  ^»-  ^f- 
9.  What  is  the  root  of  ^  ?                   ^         Ans.  0-866026. 

4.  What  is  the  root  of  ^  ?  Ans  0'646497. 

5.  What  is  the  root  of  f  7|  ?  Ans.  4*168333. 
By  means  of  the  square  root  also  may  readily  be  found  the 

4th  root,  or  the  gth  root,  or  the  16th  root,  &c.  that  is,  the 
root  of  any  power  whose  index  is  some  power  of  the  num- 
ber 2  ;  namely,  by  extracting  so  oflen  the  square  root  as  is 
denoted  by  that  power  of  2  ;  that  is,  two  extractions  for  the 
4th  root,  three  for  the  8th  root,  and  so  on. 

So,  to  find  the  4th  root  of  the  number  21035*8,  extract  the 
square  root  two  times  as  follows : 


21035*8000 
1 


(145037237  (12*0431407  the  4th  root. 
1 


"1' 


10 

96 


22  I  45 
2  44 


i*i 


285 
6 


II 


435 
1425 


2404  I  10372 
4       9616 


29003 
3 


108000  24083  I     75637 
87009  3       72249 


20991  (7237         3388  (1407 
687  980 

107  17 

Ex.  2.  What  is  the  4th  root  of  97-41  ? 


TO 
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TO  EXTRACT  THE  CUBE  ROOT. 
1.  By  the  Common  Rule.* 

1.  Having  divided  the  giveo  ^timber  into  periods  of  three 
figures  each,  (b^  setting  a  point  over  the  place  of  units,  and 
also  over  every  third  6gare,  from  thence,  to  the  leA  hand  in 
whole  numbers,  and  to  die  right  in  decimals),  find  the  nearest 
less  cube  to  the  first  period  ;  set  its  root  in  the  qnotient,  and 
SDhtract  the  said  cube  from  the  first  period  ;  to  the  remainder 
bring  doivn  the  second  period,  and  call  this  the  resolvend. 

2.  To  three  times  the  square  of  the  root,  just  found,  add 
three  times  the  root  itself,  setting  this  one  place  tnore  to  the 
right  than  the  former,  and  call  this  sum  the  divisor.  Then 
divide  the  resolvend,  waiting  the  last  figure,  by  the  divisor, 
for  the. next  figure  of  the  root,  which  annex  to  the  former  ; 
calling  this  last  figure  e,  and  the  part  cf  the  root  before  found 
let  be  called  a. 

Add  all  together  these  three  products,  nwely,  thrice  a 
square  multiplied  by  e,  thrice  o  multipVied  by  e  square,  and 
e  cube,  setting  each  of  them  one  place  more  to  the  right  than 
the  former,  and  call  the  sum  the  subtrahend  ;  which  must 
not  exceed  the  resolvend  ;  hot  if  it  does,  then  make  the  last 
6gure  e  less,  and  repeat  the  operation  for  finding  the  subtra- 
hend, till  it  be  less  than  the  resolvend. 

4.  From  the  resolvend  take  the  subtrahend,  and  to  the  re- 
mainder join  the  next  period  of  the  given  number  for  a  new 
resolvend  :  to  which  form  a  new  divisor  from  the  whole  root 
DOW  found  ;  and  from  thence  another  figure  of  the  root,  as 
directed  in  Article  2,  and  so  on. 


«  The  reaaon  fyr  pointinf  the  g^iven  namber  ioto  periods  of  three  fignxei  each, 
is  because  (he  cube  of  one  figure  never  amounts  to  more  than  three  places.  And, 
for  a  similar  reason,  a  given  number  is  pointed  into  periods  of  four  figures  for 
the  4tb  root,  of  five  figures  for  the  5th  root,  and  so  on. 

And  the  reason  for  the  other  parts  of  the  rule  depends  on  the  algebraic  fonaa. 
tioD  of  a  cube :  for  if  the  root  consists  of  the  two  parts  a^-^,  then  its  cube  is  as 
^lows:  {a'^b)^  saa^'t3a'h+^^^  4-^'  i  where  a  is  the  root  of  the  first  part 
a^  ;  the  resoWend  is  3a  &-)-  Sa6a«|.63,  which  is  also  the  same  as  the  three  parts 
of  d»s  subtrahend  i  also  the  divisor  is  Sa»  +3^,  by  which  dividing  the  first  two 
teni»  of  the  resolvend  9a%bxaha ,  gives  b  for  the  second  part  of  the  root ;  and 

^  «»•  EXAMPLE. 
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EXAMPLE. 


To  extract  the  cube  root  of  48228-644. 


5X3««27 
3XS  =  09 

Difitor  S79 


48288*544  (36-4  root. 
87 


81888  resolvend. 


3X3«X6  =«  168      ) 
3X3  X6«=:    384   )  add 
6»=g      816) 
8XS6s«8888 


8X36  s=     108 


38988 


19666  sabtr^end. 


1678644  retolvend. 


3X36SX4  «=I6568 
3X36    X4«a:       1788  >  add 
4»=  64 


I 


1572644  subtrahend. 


0000000  remaioder. 


Ex.  8.  Extract  the  cube  root  of  671488-19. 
Ex.  3.  Extract  the  cube  root  of  1688*1688. 
Ex.  4.  Extract  the  cube  root  of  1382. 


II.  To  extract  the  Cube  Root  by  a  $kort  Way,* 

1.  By  trials,  or  by  the  table  of  roots  at  p.  90,  k,c.  take  the 
nearest  rational  cube  to  the  given  number,  whether  it  be 
greater  or  less  ;   and  call  it  the  assumed  cube. 

8.   Then 


*  The  method  ummllT  given  for  extractiiig  the  cube  root,  w  ao  exceedingly  (e- 
dinis.  and  difficoh  to  be  remembered,  that  verioos  other  approximBttng  rules 
hare  been  iarented ;  viz,  by  Newton,  Repbaon,  Hellef ,  De  Xagny,  SimpMO, 
EmcraoD,  and  several  other  mathematicians ;  but  no  one  that  I  bAve  yet  seen,  is 
Bo^simple  in  its  fonn,  or  seems  so  well  adapted  for  general  use,  as  that  above  giv« 

given. 


CUBE  ROOT.  ;  87 

2.  Then  say,  by  the  Role  of  Three,  Aa  thesam  of  the  gi?eii 
number  aod  double  the  assamed  cube,  is  to  the  anm  of  the 
assamed  cube  and  double  the  giveo  number,  so  is  the  root  of 
the  assumed  cube,  to  the  root  required,  nearly.  Or,  As  the 
first  sum  is  to  the  difference  of  the  given  and  Mssomed  cube> 
80  is  the  assumed  root  to  the  difference  of  the  roots  nearly. 

3.  Again,  by  using  in  like  manner,  the  cube  of  the  root 
last  found  as  a  new  assumed  cube«  another  root  will  be  obtain- 
ed still  nearer.  And  so  on  as  far  as  we  please  ;  using  always 
the  cube  of  the  last  found  root,  for  the  assumed  cube. 

EXAMPLE. 
To  find  the  cube  root  of  21035*8. 

Here  we  soon  find  that  the  root  lies  between  SO  aod  30,  and 
then  between  27  and  28.  Taking  therefore  27,  its  cube  is 
1 9683,  which  is  the  assumed  cube.     Then 

19683  21035*8 

2  2 


39366     42071*6 
21035-8     19683 


As  60401-8  :  61754-6 : :  27:27*6047. 

27 


4322822 
1235092 


60401-8)  1667374-2  (27-6047  the  root  nearly. 

459338 

36525 

284 

42 


en.  This  rale  U  the  sune  in  effect  aa  Dr.  Ilalley^s  rational  fonnttla,  bat  more 
oomraodknisij  axprsMed  ;  and  the  first  invettigmtion  of  ii  was  giv^n  in  my  Tracts, 
p.  49.    The  algebraic  form  of  It  b  this : 

Asr-(*3A:  A<f  2r  !:r:  «         Or, 

As  r  4-  3a.  :  r  CO    a  ;:•*;■  {^^  r  i 
where  r  is  tlM  ghren  number,  a  the  assumed  nearest  cobe,  r  the  cube  root  of  a, 
and  a  the  root  of  v  tovgbt. 

Again, 


G8  ARITHMETIC/ 

AgaiD,  for  a  second  operation,  the  cube  of  this  root  is 
2 10.S6*d  18645 155823,  and  the  process  by  the  latter  method 
will  be  thus  : 

2I035-S18645,&c. 


42070*637290      21035  8 

21035-8  21035-318645,  &c. 


As    63106*43729     :     di£f.   481365 ::  27*6047  : 

thediff.  -000210560 


conseq.  the  root  req.  is  27*604910560. 
Ex.  2.  To  extract  the  cabe  root  of  -67. 
Ex.  3.  To  extract  the  cube  root  of  -01. 


TO  EXTRACT  ANV  ROOT  WHATEVER.* 


Let  r  be  the  gi^en  power  or  namber,  n  the  index  of  the 
power,  A  the  assumed  power,  r  its  root,  a  the  required  root 
of  p.     Then  say, 

As  the  sum  of  n  +  1  times  a,  and  n  —  1  times  r,  is  to 
the  sum  of  n.+  1  times  r  and  n  —  1  times  a  ^  so  is  the  as- 
sumed root  r,  to  the  required  root  a. 

Or,  as  balfth^  said  sum  of  n  +  1  times  a,  andn —  1  times 
r,  is  to  the  difference  between  the  given  and  ai>sumed  powers, 
so  is  the  assumed  root  r,  to  the  difference  between  the  true 
and  assumed  roots  ;  which  difference,  added  or  subtracted,  as 
the  case  requires,  gives  the  true  root  nearly: 

That  is,  n+1.  A+n — I.  p  :  n+l.  p.+n — 1.  a  :  :  r  :  a. 


Or,n+l.jA+fi — I.|p:pco  a:  :r:  rcq  r. 
And  the  operation  may  be  repeated  as  often  as  we  please, 
by  using  always  the  last  found   root  for  the  assumed  root,  and 
its  nth  power  for  the  assumed  power  a. 


•  This  B  WTj  general  approximatiDg  rale,  of  which  that  for  tlie  cube  root  is 
a  particttlar  case,  and  is  the  best  adapted  for  prectice,  and  for  memojy,  (^  any 
that  I  have  jet  seen.  It  was  first  discovered  m  this  fonn  by  myself,  and  the  in- 
vestigation and  use  of  it  wpre  given  at  large  in  nn'  Tracts,  p.  45,  Ac. 

EXAMPI.E 


GENERAL  ROOTS, 


ao 


EXAMPLE  . 

To  extract  the  6th  root  of  21035-8. 

Here  it  nppears  that  the  5th  root  is  between  7*3  and  7-4. 
Taking  7-3,  its  5tb  power  is  20730*7 1693.  Heuce  we  haye 
p  ==  21036-8,  n  =  5  r  =  7-3  and  A  =  20730-71693  ;  then 

»  4-  1  .  i  A  +  «—  1  .  -}  P  :  p  CO  A  :  :  r  :  R  oo  r,  that  is 
3x20730-7 1693+2X2 1036- 8  :  306-084  :  z  7-3  : 

3  2  7.3 


62192-14779             42071-6      916262 

42071-6                                     2136688 

(•0213( 

104263-74779                          £227- 1 132 

306=11,  03  r 

7-3=1 

r,  add. 

7-32 1360s=R,  true 

• 

to  the  laat  figure. 

OTHER  EXAMn.RS. 

1.   What  is  the  3d  root  of  2  ? 

Ans. 

1-269921. 

2.  What  is  the  3d  root  of  3214  ? 

Ans. 

14-76768. 

3.  What  is  the  4th  root  of  2  ? 

Ans. 

1-189207. 

4.  What  is  the  4th  root  of  97-41  ? 

Ans. 

3*1416999. 

6.  What  is  the  6th  root  of  2  ? 

Ans. 

M  48699. 

6.  What  is  the  dth  root  of  21036*8  ? 

Ans. 

6-264037. 

7.  What  is  the  6th  root  of  2  ? 

Ans. 

1-122462. 

8.  What  is  the  7th  root  of  21036-8  ? 

Ans. 

M  46392. 

9.  What  is  the  7th  root  of  2  ? 

Ans. 

M04089. 

10.  What  is  the  8th  root  of  21036-8  ? 

Ans. 

3-470323. 

n.  What  is  the  8th  root  of  2  ? 

Ans. 

1-090608. 

12.  What  IS  the  9tb  root  of  2 1035' 8  ? 

Ans. 

3-022239. 

13.  What  18  tl|^  9th  root  of  2  ? 

Ans. 

1-080069. 

The  following  is  a  Table  of  squares  and  cubes,  as  also  the 
square  roots  and  cube  roots,  of  all  numbers  from  1  to  1000 
which  will  be  found  very  useful  on  many  occasions,  in  nu- 
meral calculations,  whEn  roots  or  powers  are  concerned. 
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A  TABI.B 


90    A  TABLE  OF  S(iaAKC6,  CUBES,  AND  ROOTS. 


Number.  | 

Square.  | 

Cube.   1  Squnre  Koot.  | 

Cube  Root. 

I 

1 

1 

1  0000000 

1.000000 

2 

4 

8 

1.4142136 

1.259921 

3 

9 

27 

1.7320508 

1.442250 

4 

16 

64 

2.(^000000 

1.587401 

5 

25 

125 

2.2360680 

1.709976 

6 

36 

216 

2.4494897 

1.817121 

r 

49 

343 

2.6457513 

1.912933 

8 

64 

512 

2.8284271 

2.000000 

9 

81 

729 

3.0000000 

2.080084 

10 

100 

lOOO 

3.1622777 

2.154435 

11 

121 

1331 

3.3166248 

2  223980 

12 

144 

1728 

3.4641016 

2]289428 

13 

169 

2197 

3.60.-)55l3 

2^35 1335 

14 

196 

2744 

3.7416574 

2.410142 

15 

225 

3375 

3.8729833 

2.466212 

16 

256 

4096 

4,0000000 

2.519842 

17 

289 

4913 

4.1231056 

2  571282 

18 

324 

5832 

4.2426407 

2.620741  . 

19 

361 

6859 

4.3588989 

2.668402 

20 

400 

8000 

4  4721360 

2.714418 

21 

441 

9261 

4.5825757 

2.758923 

22 

484 

10648 

4.6904158 

2.802039 

23 

529 

12167 

4.7958315 

2.843867 

24 

576 

13824 

4.8989795 

2.884499 

25 

625 

15625 

5.0000000 

2.924018 

26 

676 

17576 

5.0990195 

2.962496 

27 

729 

19683 

5  1961524 

3.000000 

28 

784 

21952 

5.2915026 

3.036589 

29 

841 

24389 

5.3851648 

3.072317 

30 

900 

27000 

5.4772256 

3. 107232 

31 

961 

29791 

5-5677644 

3.141381 

32 

1024 

32768 

5*6568542 

3.174802 

33 

1089 

35937 

5  7445626 

3.207534 

34 

1156 

39304 

5. 8309519 

3,239612 

36 

1225 

42875 

5.9160798 

3*271066 

36 

1296 

46656 

6.0000000 

3*301927 

37 

1369 

50653 

6.0827625 

3*332222 

38 

1444 

54872 

6.1644140 

3  361975 

39 

1521 

59319 

6.2449980 

3*391211 

40 

1600 

64000 

6.3245553 

3.419952 

41 

1681 

68921 

6.4031242 

3.448217 

42 

1764 

74088 

6.4807407 

3.476027 

43 

1849 

79507 

6.5574385 

3.503398 

44 

1939 

86184 

6  6332496 

«3'.530348 

.46 

2025 

91125 

6.7082039 

3.556893 

46- 

2116 

97336 

6.7823300 

3.583048 

47 

2209 

103823 

6.8556546 

3.608826 

48 

2304 

1 10592 

6.9282032 

3.634241 

49 

2401 

117649 

7.0000000 

3.659306 

50 

2500 

125000 

7.0710678 

3  684031 

i 
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Namber. 


Square. 


51 

2601 

52 

2704 

63 

2809 

54 

2916 

S5 

3025 

56 

3136 

57 

3249 

58 

3364 

59 

3481 

60 

3600 

61 

3731 

62 

3844 

63 

3969 

64 

4096 

65 

4235 

66 

4356 

67 

4489 

68 

4634 

69 

4761 

70 

•  4900 

7\ 

6041 

73 

6184 

73 

5329 

74 

5476 

76 

5625 

76 

5776 

77 

6929 

78 

6084 

79 

6241 

80 

6400 

81 

6561 

82 

6724 

63 

6889 

84 

7056 

85 

7225 

86 

7396 

87 

7569 

88 

7744 

89 

7921 

90 

8100 

91 

8281 

92 

8464 

93 

8649 

94 

8836 

9S 

9026 

96 

9216 

97 

9409 

98 

9604 

99 

9801 

lOO 

10000 

Cube. 


13265i 
140608 
148877 
167464 
166375 
175616 
185193 
195112 
205379 
2 1 6000 
226981 
238328 
250047 
262144 
274625 
287496 
300763 
314432 
328509 
343000 
357911 
373248 
389017 
405234 
431875 
438976 
456533 
474553 
493039 
513000 
531441 
551368 
571787 
693704 
614135 
636056 
658603 
681472 
704969 
720000 
753671 
778688 
804357 
830584 
857375 
884736 
912673 
941192 
970299 
1000000 


Square  Root. 


. 


7.1414384 
7.2111026 
7.2801099 
7.3484692 
7.4161986 
7.4833148 
7.5498344 
7.6157731 
7.6811457 
7.7459667 
7.8102497 
7.8740079 
7.9372539 
8.OOQOOOO 
8. 0622577 
8.1240384 
8.1853528 
8.2462113 
8-3066239 
8-3666003 
8-4261498 

8  4852814 
8.5440037 
8.6023253 
8.6602540 
8.7177979 
8.7749644 
8.8317609 
8.8881944 
8.9442719 
9.0000000 

9.0553851 
9.1104336 
9.1651514 
9.3196445 
92736185 
9^3273791 
9*3808315 
9.4339811 

9  4868330 
9*6393920 
9.5916630 
9.6430608 
9.6963697 
9.7467943 
9.7979590 
9.8488578 
9.899)949 

9.9498744 
10.0000000 


Cube  Root. 
3.708430 
3.732511 
3.756286 
3.779763 
3.802963 
3.825862 
3.848501 
3.870877 
3.892996 
3.914867 
3.936497 
3.957892 
3.979057 
4.000000 
4.020726 
4.041240 
4.061548 
4.081656 
4101566 
4.121285 
4.140818 
4.160168 
4.179339 
4.198336 
4:217183 
4.235824 
4.254321 
4.272659 
4.290841 
4.308870 
4.326749 
4.344481 
4.363071 
4.379519 
4.395830 
4.414005 
4.431047 
4.447960 
4.464745 
4.481405 
4.497942 
4.514357 
4.530656 
4.546836 
4.563903 
4578837 
4.594701 
4.610436 
4.636066 
4.641689 


AKITUMKTIC. 


famb. 

Square. 

Cube. 

Square  Root. 

.Cube  Root. 

101 

10201 

1030301 

10.0498756 

4.657010 

103 

10404 

1061208 

10.0996049 

4.672330 

103 

10609 

1092727 

10.14889  16 

4.687548 

104 

10816 

1124864  ' 

10.1980390 

4.702669 

106 

J  1025 

11576CJ5 

10.2469508 

4.717694 

106 

11236 

1191016 

10.2466301 

4.732624 

107 

11449 

1225043 

10.3940804 

4.747459 

108 

11664 

1259712 

10  3923048 

4.762203 

109 

11881 

1295u29 

10.4403065 

4.776856 

no 

12100 

1331000 

10.4880^85 

4.791420 

Jll 

12321 

1367631 

10,5356538 

4.80i896 

112 

V2b44 

1404928 

.  10.5830052 

4.820i84 

113 

12769 

1442897 

10,6301458 

4«34588 

114 

12996 

1481.544 

10.6770783 

4,8488<'8 

115 

13225 

1620875 

10.7238053 

4,862944 

116 

13466 

1560H96 

10.7703296 

4*876999 

117 

13689 

1601613 

10.8166538 

4,890973 

118 

13924 

1643032 

10.8627805 

4.904868 

119 

14161 

1685i59 

10.9087121 

4,918686 

120 

14400 

1728000 

10.9544512 

4'932|24 

131 

14641 

1771561 

11.0000000 

4'946088 

123 

14884 

1815848 

11.0463610 

4*969676 

123 

16129 

1860867 

11.0905365 

4*973190 

124 

I6'^w6 

1906624- 

11.1355287 

4' 986631 

126 

15625 

1953126 

11.1803399 

6*000000 

126 

15876 

2000376 

11.2:^49722 

S;013298 

127 

16129 

2048383 

11.2694277 

6.026526 

128 

16384 

2097 1 52 

U. 3137085 

6.039684 

139 

16641 

3146689 

11.3678167 

6'062774 

130 

16900 

3197000 

11.4017543 

6.065797 

131 

17161 

334809 1 

11.4455231 

5*078753 

132 

17424 

2299968 

11.4891253 

5'.091643 

133 

16689 

2362637 

11.5325626 

5.104469 

134 

17956 

3406104 

11.5758369 

5.117230 

136 

18225 

2460375 

11.6189500 

6.129928 

136 

18496 

6516466 

11  66191)38 

6.142663 

137 

18769 

2671353 

11.7046999 

6.156137 

138 

19044 

2628073 

11.7473444 

5.157649 

139 

19321 

2686619 

11.7898261 

6.J80101 

140 

19600 

2744000 

11,8321596 

.  5.192494 

141 

19881 

2803221 

11.8743421 

6.204828 

143 

30164 

2863288 

11.9163753 

5.217103 

143 

20449 

2924207 

11,9582607 

6.229321 

144 

20736 

-  2985904 

I2,'oooo(;oo 

6.241482 

I4i5 

31025 

3048625 

12'0415946 

5.-:53588 

U6 

21316 

3112136 

1 2*0830460 

6  165637 

U7 

21609 

3176523 

12.'l243657 

5.277632 

148 

21904 

3241792 

12.1655251 

6.289673 

149 

32201 

3307949 

12  2065556 

5*301469 

150 

22500 

337JP00 

112.5:474487 

5'.3 13393 
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Numb. 

Square. 

Cube. 

Square  Root. 

i^ube  Root. 

151 

22801 

34^2951 

12.2882)57 

5  325074 

153 

23104 

3511808 

12.3288280 

5.336803 

153 

23409 

3^81377 

12.3693169 

5.348481 

154 

23716 

36>2264 

I2.40n6736 

6.360108 

155 

24025 

372387  5 

12.44i  .996 

5.371685 

156 

24336 

3796416 

»  2.4899960 

5.383213 

157 

21649 

• 

38698v3 

12.5299fi4l 

5.394690 

158 

24964 

3944312 

12.  ,698051 

5.406120 

159 

25281 

40 1 9679 

13..3  )95  202 

5.4I7501 

160 

256)0 

4096000 

•3.6191106 

5.428835 

16. 

259-21 

4173281 

»2.H885775 

5.440122 

163 

26244 

4251528 

13.727922/ 

5.451362 

163 

26o69 

4330747 

13.7671453 

5.462556 

164 

26896 

4410944 

12.8)62485 

5-473703 

165 

27225 

4492125 

»3. 8452326 

5.48^806 

166 

275j6 

4>74296 

13.884)987 

5.495865 

167 

27889 

4657463 

13.9228480 

5.506879 

168 

28224 

4741632 

1^.9614814 

5. 517848 

169 

28561 

4826809 

13.0)00000 

5.538775 

170 

28900 

4913000 

13.0384048 

5*539658 

171 

29241 

50)0211 

13.  1766968 

5-550499 

172 

29584 

5088448 

13.1148770 

5-561298 

i73 

29929 

5\777i7 

13.. 529464 

5-572054 

174 

30276 

5268024 

13.1909060 

5-583770 

175 

30625 

5359375 

13.2287566 

5-593445 

176 

30976 

5451776 

13  2664992 

5  604079 

177 

31329 

5545233 

13.3041.347 

5-614673 

178 

31684 

5639752 

13.3416641 

5  626226 

179 

32041 

5735339 

13.3790882 

5. 635741 

180 

32400 

5832000 

1^.4164079 

5. 646216 

181 

32761 

5929741 

13  453S2  40 

5. 656652 

162 

33U4 

6028568 

13.49J7J76 

5.667051 

183 

33480 

6128487 

•3.5277493 

5  677411 

184 

33856 

6229504 

13.5646^iOO 

S'6S77M 

185 

34225 

63  J 162 5 

1 3.601  470 'j 

5-698019 

186 

34596 

6434856 

I3  6'^i8l817 

5.708267 

187 

34969 

6539203 

13  6747943 

5.718479 

188 

35344 

6644672 

13.711  ^092 

5.728654 

189 

357-1 

67.^1269 

13.7477271 

5  738794 

190 

36100 

6.^59000 

13.7840488 

5.748897 

191 

36^81 

6967871 

13.8202750 

5.758965 

192 

36864 

7077888 

13.8564065 

5.768998 

193 

37249 

7189J57 

13,8924440 

5.778996 

194 

37636 

7301384 

13.9283883 

5.788960 

195 

38025 

7414875 

13.9642400 

5.79^890 

106 

38416 

7529536 

14.0000000 

5,808786 

197 

38809 

7645373 

14.0356688 

5.8186)8 

198 

39204 

7762392 

14.07 1247  J 

5.828476 

199 

39601 

7880599 

14.1067360 

5.838272 

200 

40000 

80OO0OO 

14.1421356 

6.848035 

l.»4 


ARITHMETIC. 


Numb. 

Square. 

Cube. 
8120601 

Square  Root. 

Cube  Root. 
6.857766 

'201 

40401 

14. '774469 

\ 

202 

40804 

8i4*4utt 

142126704 

5.867464 

203 

4ii09 

83654i7 

14.2478068 

5.877  130 

204 

41616 

8489664 

14.2828^69 

5.8867tJ5 

205 

42025 

8615125 

14.3178211 

5.896368 

206 

42436 

8741816 

14.3527001  • 

6.905941 

207 

42849 

886^743 

14.3874946 

6.915481 

208 

43264 

8998912 

14.4222051 

5.924991 

209 

43681 

9123329 

14.4568323 

5^934473 

210 

44100 

9461000 

14.4913767 

5943911 

211 

44521 

9393931 

14.525tf390 

5*953341 

212 

44944 

9528128 

14.5602198 

5^6273 1 

213 

45369 

96635y7 

14.5945195 

6*972091 

• 

214 

45796 

9 8003 44 

14.6287388 

5.981426 

215 

46i25 

9938375 

14.6628783 

5'.909727 

216 

46656 

10077696 

14  6969385 

6.000000 

217 

47089 

10218313 

14.7309199 

6.009  i  44 

218 

47524 

10360232 

14.7648231 

6.018i63 

219 

47961 

10503459 

14.7986486 

6.027650 

220 

48400 

10648000 

14.8323970 

6.036811 

221 

48841 

10793861 

14.8660687 

6*045943 

222 

49284 

10941048 

14.8996644 

6^055048 

223 

49729 

11089567 

14.9331845 

6*064126 

• 

224 

50176 

1 1239424 

14.9666295 

6  073177 

• 

' 

225 

50625 

113906-25 

15.0000000 

6  082201 

226 

51076 

11543176 

15.0332964 

6  091199 

227 

51529 

11697083 

150665192 

6*100170 

228 

51984 

11852352 

15-0996689 

6  109115 

229 

52441 

12008989 

I  i. 1327460 

6*118032 

230 

52900 

1 2  I fi7000 

15-1657509 

1*126925 

231 

53361 

12326391 

15.1986842 

6*135792 

232 

63824 

1 2487 i 68 

15.2315462 

6  144634 

233 

54289 

12649337 

15.2643375 

6"  153449 

234 

54756 

12812904 

15  2970585 

6*162239 

235 

55225 

12977875 

15.3297097 

6*171005 

236 

55696 

I3l44i56 

15.3622915 

6*  179747 

• 

237 

56169 

13312053 

15.2948043 

6.188463 

238 

56644 

13481272 

15.4272486 

6.197154 

239 

57121 

13651919 

15.4596248 

G.205821 

240 

57600 

13824000 

15.4919334 

6.2  4464 

241 

58081 

13997521 

15.5241747 

6.223083 

242 

58564 

14172488 

15.5563492 

6  231678 

243 

59049 

14348907 

15.5184573 

6.240251 

244 

59536 

14526784 

15.6204994 

.6. 248800 

245 

60025 

14706125 

15.65247)8 

6.257324 

246 

60516 

t 4886936 

15.6843871 

6.265826 

247 

61009 

15069  223 

15.7162336 

6.274304 

248 

61504 

15252992 

1.^.7480157 

6  2»2760 

249 

62001 

15438249 

15.7797338 

6.291194 

250 

62500 

15625000 

15.8113983 

6.299604 

■^ 

SQ.UARES,  CUBES,  AND  ROOTS: 


Nnmb. 

Square. 

1    Cube. 

1  {square  Koot. 

tube  Koot 

351 

63001 

15813251 

15.8429795 

6.307992 

252 

63504 

16003008 

16.8715079 

6  316359 

253 

64009 

16194277 

15.90597.7 

6]324704 

254 

64616 

16387064 

15.9373775 

6*333026 

255 

65025 

16581375 

.15.9687194 

6'341325 

256 

65536 

16777216 

16.0000000 

6*349602 

257 

66049 

16974593 

16.0312195 

6  357859 

258 

66564 

17173312 

16.0623784 

6*366095 

259 

67081 

17373979 

16.0934769 

6'374310 

260 

67600 

17576000 

16.1245155 

6*382504 

261 

68121 

17779581 

16.1554944 

6*390676 

262 

68644 

17984728 

16.1864141 

6'398827 

263 

69169 

18191447 

16.2172747 

6'406958 

264 

69696 

18399744 

16.2480768 

6*415068 

265 

70225 

18609625 

16.2788206 

6*423157 

266 

70756 

18821096 

16.3095064 

6-431226 

267 

71289 

19034163 

16.3401346 

6-439275 

268 

71824 

19248832 

16.3707055 

6-447305 

269 

72361 

19465109 

16.4012195 

6-455314 

270 

72900 

1968300O 

16.4316767 

6*463304 

271 

73441 

19902511 

16.4620776 

6.471274. 

272 

73984 

20123648 

16.4924225 

6.479224 

273 

74529 

20346417 

16.5227116 

6.487153 

1^74 

75076 

20570824 

16.5529454 

6.495064 

275 

75625 

20796875 

16.5831240 

6.502956 

276 

76176 

21024576 

16.6132477 

6.510829 

277 

76729 

21253933 

16.6433170 

6.518684 

378 

77284 

21484952 

16.6733320 

6.526519 

279 

77841 

21717639 

16.7032931 

6.534335 

380 

78400 

21962000 

16.7332005 

6.542132 

281 

78961 

22188041 

16.7630546 

6.549911 

282 

79524 

22425768 

16.7928556 

6.557672 

283 

80089 

22666187 

16.8226038 

6.565415 

284 

80656 

23906304 

16.8522995 

6.573139 

285 

81225 

33148125 

16.8819430 

6.580844 

286 

81796 

23393656 

16.9115345 

6.588531 

287 

82369 

33639903 

16.9410743 

6.596202 

288 

82944 

33887872 

16.9705627 

6.603854 

289 

83521 

24137569 

17.0000000 

6.611488 

290 

84100 

24389000 

17.0293864 

6.619106 

291 

84681 

24642171 

,17,0587221 

6.626705 

292 

85264 

24897088 

17.0880675 

6.634287 

293 

85849 

25153757 

17.1172428 

6.641851 

294 

86436 

35413184 

17.1464282 

6.649399 

295 

87026 

25672375 

17.1755640 

6.656930 

296 

87616 

259.U336 

17.2046505 

6.664443 

297 

88209 

26198073 

17.2336879 

6.671940 

298 

88804 

26463593 

17.2626765 

6. 6794 1 9 

299 

89401 

36730899 

17.2916165 

6.686882 

300 

90000 

27000000 

17.3205081 

6.694328 

96 


AKITHMETIC. 


Namb. 

Square. 
90601 

Cube. 

'*'2727090T~ 

Sq»iarc  Hoot. 
l7.3tiM516 

Cub«*  Root. 

6.7ol758 

301 

3o2 

91204 

27543608 

17.3781472 

6.709172 

303 

918)9 

27818127 

17.4)68952 

6.716569 

304 

92416 

2809  4464 

17.435  >958 

6.723950 

305 

93  )25 

28i72625 

17.4642492 

6.731316 

306 

93n36 

28652616 

17.4928557 

6.738665 

3or 

94249 

28934443 

17.5214155 

6.745J97 

308 

94864 

292U112 

17.^499288 

6.7533li 

309 

95481 

29503629 

17  5783958 

6.760614 

310 

96100 

29791000 

17.6068169 

6.767899 

311 

96721 

30)80231 

17.6351  ^21 

6.775168 

312 

97344 

3037 1J28 

I7.'S635217 

6*7tt2422 

313 

97969 

3i>664297 

17.6918060 

6.789661 

314 

98596 

30959 1 44 

17.7200451 

6-796884 

315 

99225 

31281875 

17.74823*^3 

6-8U4091 

316 

99856 

31554496 

17.7763888 

6*811284 

3ir 

100489 

3185)013 

17.8044938 

6-818461 

318 

101124 

32 1 574 i2 

17.832)545 

6.82^624 

3i9 

101761 

32461759 

17.8  05711 

6.832771 

320 

102400 

32768000 

17.8885438 

6.839903 

•  321 

I0i04l 

33076161 

17.9104729 

6.847021 

322 

103684 

36386248 

17.9443584 

6854124 

323 

104329 

33698267 

17.9722008 

6  86121 

324 

104976 

34012224 

18  DOOOOOO 

6.868284 

325 

105625 

34328125 

18.0^77564 

6.875343 

326 

106276 

34645976 

18  0554701 

6.882  i88 

327 

106929 

34965783 

18.08il413 

6.889419 

328 

107584 

35287552 

18.1107703 

6.896435 

329 

108241 

35611289 

18.1383571 

6  903436 

330 

108900 

35937000 

18.165902] 

6.910423 

331 

109561 

36264691 

18.1934054 

6.917396 

332 

110224 

S6594368 

18.2208672 

6.924355 

333 

,   110889 

36926037 

18.2482876 

6.931300 

334 

111556 

37259704 

18.2756669 

6-938232 

335 

112225 

37595375 

18,3030062 

6-945149 

336 

112896 

37933056 

18.3303028 

6.9^2053 

337 

U3569 

38272753 

18  3575598 

6.958943 

338 

114244 

38614472 

18*4847763 

6.965819 

339 

114921 

38958219 

18*41 i9526 

6.972682 

340 

115600 

39304000 

18*4390889 

6.979532 

341 

116281 

39651821 

18*4661853 

6.986369 

342 

116964 

40001688 

18*4932420 

6.993l<ri 

343 

117649 

40353607 

18;5202592 

7-000000 

344 

118336 

40707584 

18.5472370 

7.006796 

345 

119025 

41063625 

18.5741756 

7.013579 

346 

119716 

51421736 

J8.601O752T 

7.O20349 

347 

120409 

41781923 

18.6279360 

7.027106 

348 

121104 

42144192 

18-6547581 

7033850 

349 

121801 

42508549 

18.6815417 

7.040581  • 

350 

122500 

42875000 

18.7082869 

7.047208 

SQ,UARES,  CUBES, 

AND  ROOTS. 

01 

Mumb. 

Square. 

Cube. 

Square  Root. 
18.7349940 

Cube  Root. 

351 

123ii)l 

43243551 

7.054003 

352 

123904 

43614208 

18.7616630 

7.060696 

353 

124609 

43986977 

18.7882942 

7.067376 

354 

« 1253 16 

44361U6I> 

18.8148877 

7.074043 

355 

136025 

44738075 

18.8414437 

7.080698 

3.36 

126736 

45TI8OI6 

18.8679623 

7.087341 

357 

127449 

45499^93 

18.8944436 

7.093970 

358 

128164 

45882712 

18.9208879 

7.100588 

359 

128881 

46268279 

18.9472953 

7.107193 

360 

129600 

46656000 

18.9736660 

V.  113786 

361 

130321 

4704588  I 

19.0000000 

7.120367 

36a 

1)1044 

4743r92« 

19.0262976 

7.126935 

363 

131769 

4783^147 

19.0525589 

7:133493 

364 

132496 

48228544 

19.0787840 

7.140037 

.  365 

133225 

48627125 

19.1049732 

7.146569 

366 

133956 

49027396 

19.1311265 

7.153090 

367 

134689 

494308t>3 

19.1572441 

7.159599 

^68 

135424 

49836032 

19.1833261 

7. 1 66096 

369 

136161 

502434J9 

19.2093727 

7.172580 

370 

1 36900 

506^3000 

19.2153841 

7.179054 

371 

137641 

5106481  1 

19.2613603 

7.185516 

372 

138.84 

51478848 

19.2873015 

7.191966 

373 

I39i2.') 

51893117 

19.3 132079 

7.198405 

374 

139876 

52  3 < 36^4 

19.3390796 

7.204832 

373 

140625 

5v'73437:. 

19.3649167 

7.211247 

376 

141376 

53157376 

19.3907194 

7.217652 

377 

I42ia^ 

53^8  633 

19.4164878 

7.224045 

378 

142884 

54tilOl52 

19.4422221 

7.2  ^0427 

379 

143641 

54439i^39 

19.4679223 

7.236797 

380 

14440J 

54872000 

19*4935887 

7.343156 

381 

145i6I 

•  55  306341 

19'5192213 

7.249504 

382 

.  145924 

55742968 

19.5448203 

7.255841 

383 

146689 

56.81887 

19*5703858 

7.262167 

384 

147456 

56623104 

19*5959179 

7.268482 

385 

148225 

57066625 

19*6214169 

7.274786 

386 

148996 

57512456 

19*6468827 

7.281079 

387 

149769 

57960603 

19^6723 1 46 

7.287362 

388 

160544 

58411072 

19'.69771d6 

7.293633 

389 

151321 

5886386'J 

19.7230829 

7.299893 

390 

152100 

59319000 

19*7484177 

7.306143 

391 

153aBl 

59776471 

19.7737199 

7.312383 

393 

153664 

60236288 

19.7989899 

7.318611 

393 

154449 

60698457 

19.8242276 

7.324829 

394 

155236 

'  61162984 

19.8494332 

7.331037 

395 

nr6025 

6 162 J 875 

19.8746069 

7.337234 

396 

156816 

62099136 

19.8967487 

7.343420 

3^r 

1 57609 

62 170773 

19.9248588 

7.349596 

398 

158404 

63044792 

19.9499373 

7.355762 

1  399 

159:201 

63521199 

19  9749844 

7.361917.  I 

1  4<>0 

160000 

640(i0000 

20.0000000 

7.3&8063  1 

OL.  1. 


U 


Jh 


AKITHMETIC. 


Nninb. 

Square. 

Cube. 
64»8I201 

Square  Kool. 

Cube  Hoot. 

1 

401 

160801 

20.0249844 

7.374198 

403 

161604 

64964808 

20.0499377 

7.380322 

403 

1624p9 

65450827 

38.0748599 

7.386437 

404 

163216 

65939264 

30.0997512 

7.392542 

405   . 

164035 

66430125 

•  20.1246118 

7.%98636 

406 

164836 

66923416 

20»1494417 

7. 404720 

407 

165649 

67419143 

20.1742410 

7.410794 

408 

166464 

67911312 

20.1990099 

7.416859 

409 

167281 

68417929 

20.2237484 

7.422914 

410 

168100 

68921000 

20.2484567 

7.428958 

411 

168921 

694'265.3J 

20-2731349 

7.434993 

412 

169744 

69934S28 

20.2977831 

7!44l01d 

413 

170569 

70444997 

20.3224014 

7.447033 

414 

171396 

70957944 

20.3469899 

7.453039 

415 

172225 

71475375 

20.3715488 

7.459036 

416 

173056 

71991296 

20.3960781 

7.465022 

417 

173889 

72511713 

20.4205779 

7.470999 

418 

174724 

73034632 

20.4450483 

7.476966 

419 

175561 

1 

73560059 

30.4694895 

7.482924 

420 

176400 

74088000 

20.4939016 

7.488872 

421 

177241 

74618461 

20.5182845 

7.4948 lO 

422 

178084 

75151448 

20.5436386 

7.500740 

.  423 

178929 

75686967 

20.5669638 

7.506660 

424 

179776 

762250^4 

90.5912603 

7.512571 

425 

180625 

767656^5 

30.6 155281 

7.518473 

426 

181476 

77308776 

20.6397674 

4.524365 

427 

182329 

77854483 

20.6639783 

7530248 

428 

183184 

78402752 

20.6881609 

7.536121 

429 

184041 

78953589 

20.7123152 

7-541986 

430 

1 84900 

79507006 

20.7  364114 

7-547841 

431 

185761 

80062991 

20.7605395 

7-553688 

433 

1866^4 

80621568 

20-7846097 

7-559525 

433 

187489 

81182737 

20-8086520 

7'S65SS3 

434 

188356 

81746504 

20-8326667 

7*571173 

436 

189225 

82312875 

20-856Q536 

7.576984 

1 

436 

190096 

82881856 

20.3806130 

7.582786 

437 

190969 

83453453 

2O-9O45450 

7.588579  . 

438 

191844 

84027672 

20-9284495 

7.594363 

439 

192721 

84604519 

20-9623268 

7,600138 

440 

193600 

^S 1 84000 

20-9761771 

7.605905 

441 

194481 

85766121 

210000000 

7.611662 

442 

195364 

86350888 

21-0237960 

7.617411 

443 

196249 

86938307 

21-0475652 

7.613151 

444 

197136 

87528384 

21-0713075 

7.628883 

445 

198025 

8812il25 

21.0950231 

«  7.634606 

« 

446 

198916 

88716536 

21.1187121 

7.64033 1 

447 

199809 

89314623 

21.1423745 

7.646027 

448 

200704 

89915392 

21.1660105 

7.651725 

449 

201601 

90518849 

2MR96201 

7.657414 

'450 

202500 

9  1 1 22000 

21.2/32034 

7.663094 

• 

SQLAIUS,  CUBES,  AND  ROSTS. 


99 


Xumb. 

Square. 

Cube.   ^ 

SquHPt!  Root. 

Cube.  Hoot. 

451 

20340 1 

9173:^851 

21.2367606 

7.6687616 

452 

204304 

92345408 

21.2602916 

7.674430 

453 

205209 

92959677 

21.2837967 

7.680085 

454 

2061 1 6 

93576664 

21.3072758 

7.685732 

455 

*  207025 

94196S75 

31.3307290 

7.691371 

4'56 

207936 

94818|816 

21.S541565 

7.697002 

457 

208849 

95443993 

2  J. 3775583 

7.702624 

458 

209764 

96071912 

21.4009346 

7.708238 

459 

210681 

9^702579 

61.4242853 

7.713844 

460 

211600 

97336000 

31.4476106 

7.719442 

461 

212521 

97972181 

31.4709106 

7.725032 

462 

213444 

98611128 

31.4941853 

7.730614 

463 

S 14369 

9925i847 

31.5174348 

7.736187 

464 

215296 

99897344 

21.5406592 

7.741753 

465 

216225 

100544625 

21.5638587 

7.747310 

466 

217156 

101194696 

21.5870331 

7.752860 

467 

218089 

101847663 

21  6101828 

7.758402 

468 

219024 

102503232 

31.6333077 

7.-763936 

469 

219961 

103161709 

31.6564078 

7.769462 

470 

.  220900 

103823000 

21,6794834 

7.774980 

471 

221841 

104487111 

21.7025344 

7.780490 

472 

222784 

105164048 

21.7255610 

7.785992 

473 

223729 

105823817 

31.74$5632 

7.791487 

474 

224676 

106496424 

31.7715411 

7.796974 

475 

235625 

107171875 

31.7944947 

7.802453 

476 

226576 

107850176 

31.8174343 

7.807925  ' 

477 

227529 

108531333 

31.8403397 

7.813389 

478 

238484 

109215353 

31.8633111 

7.818845 

479 

229441 

109903239 

31.8860686 

7.824394 

480 

3^0400 

1 10592000 

31.9089033 

7.829735 

481 

231361 

111384641 

21.9317132 

7:835168 

482 

232324 

111980168 

21.9544984 

7.840594 

4^3 

233289 

112678507 

21.9772610 

7.846013 

484 

334256 

113379904 

32.0000000 

7.851434 

485 

235225 

114084135 

S2.0237155 

*r.856838 

486 

236196 

114791255 

22.0454077 

7,862234 

487 

237169 

115501303 

32.0680765 

7.867613 

488 

338144 

116214272 

32.0907220 

7.872994 

489 

339121 

116930169 

22.1133444 

7.878368 

490 

140100 

117649000 

32.1359436 

7.883734 

491 

241081 

118370771 

32.1585198 

7.889094 

492 

243064 

119095488 

32.1810730 

7.894446 

493 

2f3049 

119823157 

32.2036033 

7.899791 

494 

244036 

120553784 

22.2261408 

7.905139 

495 

345025 

121287375 

22.24^5955 

7.9 10460 

496 

3460 1 6 

122023936 

22.2710575 

7.9 15784 

497 

347009 

122763473 

33.3934968 

7.921 100 

498 

248004 

123505992 

22.3159136 

7.936408 

499 

2490.01 

124251499 

23.3383079 

7.931710 

500 

250000 

125000000 

22.3606798 

'  7.937005 

loo 


AKfTUMETlC. 


Numb. 

Square. 

rube.-" 

Square  Root. 

Cube  KootT 

7.9^2293 

601 

251001 

126751601 . 

22.3830393 

502 

253004 

126506008 

22.4053565 

7.947573 

603 

253009 

127263527 

22.4276615 

7.952847 

604 

254i>16 

128024064 

22.4499443 

7.9581  4 

606 

255025 

128787625 

22.4722W51 

7.963374 

606 

256036 

1295.04216 

23.494443b 

7.968627 

607 

357049 

130323843 

22.5166605 

7.973873 

508 

258064 

13l0^6or2 

22...J8K553 

7.979112 

509 

259081 

13187222V 

22.561*  283 

7  984344 

510 

360100 

132661000 

22.5831796 

7.989669 

511 

261121 

I3343«b31 

22.6053O91 

-7.994788 

612 

362144 

134217738 

22.6274170 

8.000000 

513 

263169 

135005697 

22,6495033 

8.0i)5205 

514 

364196 

135796744 

22.6715681 

8.010403 

515 

266336 

136590875 

32.6936114 

8.015595 

616 

260256 

137388096 

22.7166334 

8.020779 

617 

267289 

138188413 

22.7376340 

8.025957 

518 

368324 

138991832 

23J596134 

8.031139 

619 

369361 

139798359 

22.7815715 

8.US6393 

520 

270400 

1 4060800i) 

23.8035085 

8.041451 

531 

371441 

14142U761 

32.8254344 

8.016603 

522 

272484 

143336648 

22.84731:^3 

8.051748 

533 

573529 

143055667 

22.8691933 

8.056886 

524 

274576 

143877834 

3«.&910463 

8.063019 

( 

Sib 

275625 

1 44703 t 25 

22.9128785 

8  067143 

636 

276676 

146531576 

22.9346899 

8.073263 

527 

277729 

146363183 

22.9564806 

8.077374 

638 

278784 

147197952 

22.9782506 

8.082480 

529 

279841 

148036889 

23.0000000 

8.087579 

530 

280900 

148877000 

23.0217289 

8.092673 

* 

531 

281961 

149721291 

33.0434372 

8.097758 

532 

283024 

150568768 

23.0651252 

8.102838 

533 

284089 

161419437 

23.0867928 

8.107913 

534 

285156 

152.733<J4 

23-1084400 

8.112980 

1 

1 

536 

286235 

1531:^0375 

23.1300670 

8,118401 

. 

636 

387296 

153990656 

23,1516738 

8.133096 

637 

388369 

154854153 

23.1732605 

8.128144 

538 

389441 

165720872 

23.1948270 

8.(33186 

639 

290521 

156590819 

23.3163736 

8.138223 

640 

291600 

1 57464000 

2S33790(a 

8.143263 

• 

541 

292681 

15834042) 

23.2594067 

8.148376 

542 

293764 

169320088 

23  2808935 

8.1,3293 

543 

294849 

160103007 

23,30-j3604 

'^.  158304 

544 

295936 

160989184 

23.3238076 

^  8.i6.i3()9 

545 

297026 

16187  8625 

23.345235. 

8.168308 

546 

298116 

162771336 

23.36664-;9 

'  «. 173302 

547 

299209 

163-67523 

23.3880311 

8  irs.89 

i 

548 

300304 

164566092 

23,4093w<JH 

>  18  269 

1 

649 

301401 

1654r>9l4*f 

2:<.j  7'..  - 

8.1  ^:r^     \             1 

560 

,   302500 

\  r  •  •  - 

,  J      1 

- 

SQUARES,  CUBES,  AND  ROOTS. 
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Namb. 

Square. 

Cube. 

Square  Root. 

Cube  Root.  1 
8.198175 

551 

303601 

167284151 

23.4733892 

552 

304704 

168196608 

33.4946802 

8.203131 

553 

305809 

169112377 

33.5159520 

8.208082 

554 

3069 1 6 

170^)31464 

2  .537J046 

8.213027 

555 

308025 

170953ti75 

23.5584380 

8.217963 

556 

309 1 36 

171879616 

23.5796522 

8.222898 

557 

310249 

172808693 

23.6008474 

8.227825 

558 

311364 

173741112 

23.6220236 

8.232746 

559 

312481 

174676879 

33  6431808 

8.237661 

560 

3 1 3600 

175616000 

23.6643  91 

8.242570 

561 

314731 

176558481 

23.6854386 

8  247474 

563 

315844 

177504328 

23.7065392 

8.252371 

563 

3.6969 

178453547 

23.7276210 

8.257263 

564 

318096 

179406144 

23.7486842 

8.262149 

565 

319225 

180362125 

23.7697286 

8.267029 

566 

320356 

181321496 

23.7907545  '' 

8.271903 

567 

321489 

1822K42d3 

23.8117618 

8.276772 

568 

322624 

183250433 

23.8327506 

8  281635 

569  . 

323761 

184220009 

23.85)7209 

8.2864^3 
8.291244 

570 

324900 

I85t93'>00 

23.8746728 

671 

.326041 

186169411  . 

23-8956063 

8.296190 

572 

327184 

187149248 

33.9165215 

8  301030 

573 

328329 

188132517 

23  9374184 

8.305865 

574 

329476 

189119224 

23.9582971 

8.310694 

575 

330625 

190109375 

24.9791576 

8.3:5517 

576 

331776 

191102976 

24.0000000 

8-3203  i6 

577 

332939 

192100033 

24.0208243 

8-325147 

578 

334084 

19310O552 

24.0416306 

8  329954 

579 

335241 

194104539 

24.0624188 

8334755 

580 

336400 

1<15 112000 

24.0831892 

8. 339551 

581 

337561 

196122941 

24.1039416 

8.344341 

582 

338734 

197137368 

24.1246762 

8  349125 

583 

339889 

19815^287 

24.1453929 

8.353904 

584 

341056 

199176704 

24.16609  9 

8.358678 

585 

342225 

200201625 

24  1867732 

8.363446 

586 

343396 

201230056 

24.2074369 

8.3682Q9 

587 

344569 

202262003 

34.2280829 

8.372966 

588 

345744 

203297472 

24.2487-113 

8.  <77718 

589 

34692 1 

2043  6469 

24.2693222 

8.382465 

590 

348100 

2053*9000 

24.2899156 

8.387306 

591 

349281 

206125071 

24.3104916 

8.391942 

59*2 

350464 

207474688 

24.3310501 

8.396673 

;)93 

3^,1649 

2085':^857 

24.3515913 

8.401398 

594 

352836 

209584584 

24.372115^ 

8.406118 

595 

3540/5 

2li'644875 

24..'i926218 

8.4:0832 

596 

355216 

2117087  »6 

24:4i31il2 

8  415541 

597 

356409 

212776173 

24.4335834 

8  42024^ 

5^8 

357604 

^2138'i7l9'i 

2;.  4541  3^5 

8  ".'^X    -I- 

&9"> 

2H*^217w 

!    * 

4.47  4:'.' 

H   i2    -  ' 

^. 
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ARITHMETIC. 


Numb. 

Square. 

^uU. 

Square  Hoot. 

Cube  Hoot. 

1 

601 

36120! 

217U81801 

24.5153013 

8.439009 

602 

362404 

2181672)8 

24.53^6883 

8.443687 

60S 

36J609 

219256227 

24.5560583 

8.446360 

604 

364816 

320348864 

24.5764115 

8.463027 

605 

366025 

321445125 

24.5967478 

8.457689 

606 

367236 

222545016 

24  6170673 

8. 462347 

6or 

368449 

323648643 

24.637S700 

8.466999 

608 

36ii664 

22475=^712 

1^4.6576560 

8.471647 

609 

37(>881 

325866529 

24.6779254 

8.476289 

610 

372100 

326981000 

24.6981781 

8.480926 

611 

S73321 

228099131 

24.7184143 

8.485557 

612. 

374544 

329220928 

24.7386338 

8.490184 

613 

375769 

230346307 

24.7588368 

8.494806 

614 

676996 

231475544 

24.7790234 

8  499433 

615 

378225 

232608375 

24.7991935 

8.504034 

016 

379456 

233744896 

24.8193473 

8.508641 

6ir 

380689 

334885118 

24.8394847 

8.51)243 

618 

38 1924 

236029032 

24.8596058 

8.517840 

619 

383161 

237176659 

24.8797106 

8.5^2432 

630 

384400 

238328000 

24.8997992 

8.527018 

621 

385641 

239483061 

24.9198716 

8.531600 

622 

386884 

240641848 

24.9399278 

8.536177 

623 

388129 

241804367 

24.9599679 

8.540749 

624 

389376 

242970624 

24.9799920 

8.545317 

625 

390625 

244140625 

25.0000000 

8.549879 

626 

39|876 

245314376 

25.0199920 

8.554437 

627 

393129 

246491883 

25.0399681 

8.558990 

628 

394384 

247673152 

25.0599282 

8.563537 

629 

395641 

248858189 

25.0798724 

8.568080 

, 

630 

396900 

250047000 

25.0998008 

8.572618 

631 

398161 

251239591 

25.1197134 

8.577152 

632 

399424 

252435968 

25.1396102 

8.581680 

633 

400689 

253636137 

25.1594913 

8.586204 

634 

491956 

254840104 

35.1793566 

8.590723 

635 

403226 

256047875 

25.1992063 

8.595238 

636 

404496 

^57269456 

25.2190404 

8.599747 

637 

405769 

258474853 

25.2388589 

8.604252 

638 

407044 

259694072 

25.2586619 

8.608752 

639 

508321 

260917119 

25.2784493 

8  613248 

640 

409600 

262144000 

25.2982213 

8;617738 

641 

410881 

263374721 

25.3179778 

8*622224 

642 

412164 

264609288 

25.3377189 

8.' 626706 

643 

4 1 3449 

265847707 

25.3574447 

8.631183 

644 

414736 

267^*89984 

25  3771651 

8.635655 

645 

416025 

268336125 

26.3968502 

8.640123 

1 

646 

417316 

269586136 

25.416=>301 

8.644585 

647 

418609 

270840023 

25.4361947 

8.649043 

648 

.  419904 

272097792 

25.4658441 

8.653497 

649 

421201 

273359449 

26.4754784 

8.657946 

650 

422500 

274625000 

25.4950076 

8.662301 

■- 

SQUAKKS,  CI  KES,  AND  ROOTS. 


ior> 


jNamb.  |    Square. 


'tH'm 


Co  be.       I     Square  Root. 


651 

423U0I 

275894451 

25.5147016 

652 

425104 

277I678U8 

25.5342907 

653 

426409 

278445077 

25.5538647 

654 

427716 

279726264 

25.5734237 

655 

429025  ' 

28101 i375 

25.5929678 

656 

430S36 

282300416 

25.6124969 

657 

431649 

283393393 

25.6320112 

658 

432964 

284890312 

25.6515107 

659 

434281 

286191179 

25.6709953 

66'J   , 

435600 

287496000 

25.6904652 

661 

436921 

288804781 

25.7099203 

662 

438244 

290117628 

25.720J607 

663 

439569 

291434247 

25.7487864 

664 

440896 

292754944 

25.7681975 

665 

44^225 

294079625 

25  7875939 

666 

443556 

295408296 

25  8069758 

667 

444889 

296740963 

25.84^63431 

668 

446224 

298077632 

25.8456960 

669 

447561 

299418309 

25.8650343 

670 

448900 

300763000 

25  8843583 

671 

450341 

303111711 

36.9036677 

672 

451584 

303464448 

25.9229628 

673 

452929 

304831217 

25.9422435 

674 

454276 

306183024 

25.9615100 

675 

455625 

307546875 

25.9807621 

676 

456976 

308915776 

26.0000000 

677 

458329 

310288733 

26  0192237 

678 

459684 

311665752 

2^6  0384331 

679 

461040 

313046839 

26.0576284 

680 

462400 

314432000 

26.0768096 

681 

46376 1 

315891241 

26.0959767 

682 

465124 

317214568 

26.1151297 

683 

466489 

318611987 

26.134^687 

684 

467856 

320013604 

26.153.5937 

6B5 

469225 

321419125 

26.1725047 

686 

470596 

322828856 

26.1916017 

687 

471969 

324243703 

26.2406848 

688 

473344 

325660672 

26.2297541 

689 

47472 1 

3'i708i769 

26.2488095 

690 

476100 

328509000 

26  2678511 

691 

477481 

889939371 

26.2868789 

692 

478864 

S3I373888 

26.3058929 

693 

480249 

332812557 

26.3248933 

694 

481636 

334255384 

36.3438797 

695 

483025 

336702375 

26.3628527 

696 

484416 

337153536 

26.3818119 

697 

485809 

3S8608873 

26.4007576 

6d8 

487204 

34()068392 

26.4196896 

609 

488601 

341532099 

264386081 

roo 

490000 

343000C0Q 

26.4575131 

Cube  Koot. 


8.666831 

8.671266 

8.675697' 

8.680123 

8.684545 

8.688963 

8.693376 

8.697784 

8  702188 

8.706587 

8.710982 

8.715373 

8.719759 

8.724141 

8.728518 

8.732891 

8.737260 

8.741624 

8.745984 

8.760340 

8.754691 

8.759038 

6.763380 

8.767719 

8.772053 

8.776382 

8.780708 

8.785029 

8.789346 

8.793659 

8.797967 

8.802272 

8.806573 

8.810868 

8.815159 

8.819447 

8.823730 

8.828009 

8.832285 

8.836556 

8.840822 

8.845085 

8-849344 

8*853598 

8*857849 

8-86^095 

8. 866337, 

8.870575 

8.874809 

8. 879040 


rtte* 


104 


ARITHMETIC. 


Numb.  I   Square^  |        Cube.         |  Square  Hoot.    |   Cube  Root. 


roi 

702 
703 
704 
705 
706 
707 
70S 
709 
7iO 
711 
712 
713 
714 
715 
716 
717 
718 
719 
720 
721 
722 
723 
724 
725 
726 
727 
728 
729 
730 
731 
732 
733 
7^4. 
735 
736 
737 
738 
739 
740 
741 
74^ 
743 
744 
745 
746 
747 
748 
749 
750 


491401 

344472101 

26.4764046 

492804 

345948008 

26.4952826 

494^0i 

347428927 

26.5141472 

495616 

34891J664 

26  5329983 

497025 

350402625 

26.5518361 

4984i6 

351895816 

26.5706605 

499849 

353393243 

26.5894716 

501264 

3548949  2 

26  6082694 

^02681 

356400829  ' 

26.6270539 

OU41J0 

3579  1000  ■ 

2'  .6458252 

60552 1 

3594  5431   ' 

26  6645833 

506944 

1  360944128 

26.6833281 

508369 

I  362467097 

26  7020598 

609796 

363994344 

26.7207784 

51122^ 

365525875 

26-7394839 

512656 

'  367061696 

26-7581763 

614089 

368601813 

26.7768557 

515524 

370U6232 

26.7955220 

516>61 

371694959 

26.8141754 

5 18400 

3732480(JO 

26  8328157 

519841 

374805361 

26.8014432 

5^1284 

376367048 

26.8700577 

522729 

377933067 

26.8886593 

624176 

379503424 

26.9072481 

.>25625 

681078125 

26.925C240 

5^7()76 

382657176 

26.944  872 

628529 

384240583 

26.962937S 

5'^9984 

385828353 

26.98l47ul 

53l4il 

387420489 

27.0000000 

532900 

3890  7000 

27.0185122 

534 J61 

39061789  1 

27.0370117 

53:j824 

392223168 

27.0554985 

537289 

393832837 

27,07^y9727 

538756 

395446904 

27.0924344 

540225 

397065375 

27.1108834 

541696 

398688256 

27.1293199 

543169 

400315553 

27.1477439 

544644 

4nI917272 

27.1661554 

546121 

403583419 

27.1845544 

547i>(iO 

405224000 

27',2u294lO 

54^081 

406869021 

27.2213152 

550564 

408518488 

27*2396769 

552049 

410172407 

27  2580263 

553536 

411830784 

27  2763634 

555025 

41349362ri 

27  ^946881 

656516 

415160936 

27  3130006 

558009 

416832723 

2 f  3313007 

559504 

418508992 

.  27  3495887 

561001 

420189749 

27' 3678644 

562riOO 

421875000 

^7*3861279 

8.883266 

8.887488 

8.891706 

8.895920 

8.900130 

8.904336 

8.908538 

8.91;.'736 

8.916931 

8.^21121 

8.925307 

8.929490 

8.933668 

8.937843 

8',942ul4 

8[946180 

8^950343 

8'954502 

8]958658 

8'.96'2809 

8.966957 

8.971100 

8.975240 

8.979376 

8.983508 

8.987637 

8*991762 

8.995o83 

g'ooooOo 

9*004113 
9  008222 
9*0123^8 
9*016430 
9*020529 
9*024623 
9*028714 
9*032802 
9*036885 
9*040965 
9*045041 
9'049114 
9'053183 
9*057248 
9.061309 
9.064367 
9.069422 
9.073472 
9.077619 
9  081563 
9.085603 
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Vol.  I 


liunib. 

Square. 

Cabe. 

Square  Koot. 

Cabe  Koot. 

751 

564001 

423564751 

27.4043793 

9.089639 

753 

565504 

425259008 

27.4226184 

9.093672 

753 

567009 

426957777 

27.4408455 

9.097701 

754 

568516 

428661064 

27.4590604 

9.101726 

755 

570026 

430368875 

27.4773633 

9.105748 

756 

571536 

432081216 

27. 4954542 

9.109766 

757 

573049 

433798093 

27.5136330 

9.113781 

758 

574564 

435519512 

27.5317998 

9.117793 

759 

57608 1 

437245479 

27.5499546 

9.121801 

760 

577600 

438976000 

27  5680975 

9.125805 

661 

57*9121 

440711 OH 1 

27'5862284 

9.129806 

763 

580644 

44245072^ 

37. 6043475 

9.133803 

763 

582169 

444194947 

27.6324546 

9.137797 

764 

583696 

445943744 

27.6405499 

9.141788 

765 

585335 

447697125 

27.6586334 

9.145774 

766 

586756 

449455096 

27.6767650 

9.149757 

767 

588289 

451217663 

27.6947648 

9.153737 

768 

589824 

452984832 

27.7128129 

9.157713 

769 

591361 

454756609 

27.7308492 

9.161686 

770 

592900 

45^533000 

27.7488739 

9  165656 

771 

594441 

458314011 

27.7668868 

9.169622 

773 

595984 

460099648 

27.7848880 

9.173685 

77Z 

597589 

461889917 

27-8038775 

9.177644 

774 

599076 

463684824- 

27.8208555 

9.181500 

775 

600635 

465484  i75 

27.8388218 

9.185452 

776 

602176 

467288576 

27-8567766 

.  9J89401 

777 

603739 

469097433 

27.8747197 

9J93347 

778 

605284 

*  470910952 

27.8926514 

9.197289 

779 

6i)6841 

472729139 

27.9105716 

9*201228 

780 

608400 

474552000 

27.9284801 

9*205164 

• 

781 

60996 1 

476379541 

27.9463772 

9  209096 

• 

782 

611524 

478211768 

27.9643629 

9  213025 

a 

783 

613089 

480048687 

27.9821372  . 

9  216950 

• 

784 

614656 

481890304 

28.0000000 

9  220872 

785 

616225 

483736035 

28.0178^15 

9  224791 

• 

786 

617796 

493587656 

28.0356915 

9  228706 

• 

787 

619369 

487443403 

28  0535203 

9  332618 

788 

620944 

489303872 

23.0713377 

9  "337527 

789 

622521 

49 1 1 69069 

28.0891438 

9*340433 

790 

634100 

493039000 

28.1069386 

9*244335 

791 

625681 

494913671 

28.1247322 

9*248334 

792 

627264 

496793088 

28.1434946 

9*352130 

793 

628849 

498677357 

.  38.1602557 

9  256023 

• 

794 

630436 

500566184 

38.1780056 

9  259911 

795 

632025 

502459875 

28.1957444 

9  263797 

796 

633616 

504358336 

28.2134720 

9  267679 

• 

797 

635209 

506261573  * 

28.2311884 

9  371659 

798 

636804 

508169592 

28.2488938 

9  276435 

■  I 

799 

638401 

510082399 

28.2665881 

^279308  1 

800 

640000 

512000000 

28.2842712 

9;2831 77  ^1 

15 
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ARITHMETIC. 


um 


r 


801 
803 
803 
804 
805 
806 
807 
808 
809 
810 
811 
812 
813 
814 
815 
816 
817 
818 
819 
890 
821 
822 
823 
884 
825 
826 
827 
828 
829 
830 
831 
832 
833 
834 
635 
836 
837 
838 
839 
840 
841 
842 
843 
844 
845 
846 
847 
848 
849 
850 


square; 


'obe. 


641601 
643204 
644809 
646416 
648025 
649636 
651249 
652864 
654481 
656100 
657721 
659344 
660969 
662596 
664225 
665856 
667489 
669124 
67076 1 
672400 
674041 
675684 
677329 
678976 
680625 
682276 
683929 
685584 
687241 
688900 
690561 
692224 
693889 
695556 
697225 
698896 
7U0569 
703244 
703921 
705600 
707281 
708964 
710649 
712336 
7U025 
715716 
717409 
719104 
720801 
722500 


513922401 
515849608 
517781627 
519718464 
5il660|25 
523606616 
525557943 
527514112 
529475129 
531441000 
533411731 

535387328 

537366797 

539363144 

541343375 

543338496 

545338513 

547343432 

549353259 

551368000 

5533B7661 

555412248 

55744 1 767 

559476224 

561515625 

563559976 

565609283 

567663552 

569722789 

571787000 

573856191 

675930368 

678009537 

680093704 

582182875 

584277056 

586376253 

588480472 

590589719 

592704000 

594823 S21 

596947688 

599077107* 

601211584 

603351125 

605495736 

607645423 

609800192 

611960049 

614125000 


Square  Koot. 


28.3019434 

28.3196045 

28.3372546 

28.3548938 

28.3ri5219 

28.3901391 

28.4077454 

28.4253408 

28.4429253 

28.4604989 

28.4780617 

28.4956137 

28.5131549 

28.5306852 

28.5482048 

28.5667137 

28.5832119 

28.6006993 

28.6181760 

28.6356421 

28.6350976 

28.6705424 

28.6879766 

28.7054002 

28.7228132 

23.7402157 

28.7576077 

28.7749891 

28.'7923601 

28.^097206 

28.8270706 

28.8444102 

28.8617394 

28.8790583 

38. 8963666 

28.9156646 

28.9309523 

28.9482397 

28.9654967 

289827535 

29-0000000 

29-0172363 

29-0344623 

29  0516781 

29.0688837 

29.0860791 

29.1032644 

29.1204396 

39.1376046 

29.1547505 


^abe 


9.287044 

9.2909Ur 

9.294767 

9.298623 

9.302477 

9.306327 

9.310175 

9.314019 

9.317869 

9.331697 

9.;535d32 

9.339363 

9.333191 

9.337016 

9.340838 

9.344657 

9.348473 

9. .352285 

9.356095 

9.359901 

9.363704 
9.367505 
9.371303 
9.375096 
9.378887 
9.382675 
9.386460 
9  390241 
9.394020 
9.397796 
9.401569 
9.405338 
9.409105 
9.413869 
9.416630 

9.420387 
9.424141 

9.427893 
9.431642 
9.435388 
9.439130 
9.442870 
9.446607 
9.450341 
9.454071 
9.467799 
9.461534 

9.465247 
9.468966 
9.472682 
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Numb. 

Square. 

cube. 

Square  Root. 

Oube  Moot. 

851 

724201 

.  616295051 

29.1719043 

9.476395 

852 

7259Q4 

618470208 

29.189O390 

9.480106 

853 

787609 

620660477 

29.2061637 

9.483813 

854 

729316 

622835864 

29.2232784 

9.487518 

855 

731025 

625062375 

;i9.2403830 

9.491219 

856 

752736 

627222016 

29.2574777 

9.494918 

857 

734449 

629422793 

29.2745623 

9.498614 

858 

7;36164 

631628712. 

29.2916370 

9.502307 

859 

737881 

633839-79 

29.3087018 

9.505998 

860 

739600 

636066000 

29.3267566 

9.509685 

86t 

741321 

638277381 

29,3428015 

9.513369 

862 

743044 

640503928 

29.3598365 

9.517051 

863 

744769 

642736647 

29.3768616 

9.520730 

864 

746496 

644972544 

29.3938769 

9.524406 

866  ^ 

748225 

647214625 

29.4108823 

9.528079 

866 

749956 

649461896 

29.4278779 

9.531749 

867 

751689 

651714363 

29.4448637 

9.535417 

868 

753424 

653972032 

29.4618397 

9.539081 

869 

755161 

656234909 

29.4788059 

9.542748 

870 

.  756900 

658503000 

29.4957624 

9.546402- 

871 

758641 

660776311 

29.5127091 

9.551.058 

672 

760384 

663054848 

29.5296461 

9.553712 

873 

763129 

665338617 

29.54  65734 

9.557363 

874 

763876 

6676:^7624 

29.5634910 

9.561010 

876 

765625 

66992 i 875 

29.5803989 

9.564655 

876 

767376 

672221376 

29.5972972 

9.568297 

877 

769129 

674526133 

29.6t41858 

9.571937 

878 

770884 

6768J6152 

29.6310648 

9.575574 

879 

772641 

679151439 

29.6479325 

9.579208 

880 

774400 

681472000 

2y.6647y39 

9.582839 

881 

776161 

683797841 

29.6816442 

9-586468 

882 

777924 

686128968 

29.6984848 

9.590093 

883 

779689 

688465387 

29.7153159 

9.593716 

884 

781456 

690807104 

29.7321375 

9.597337 

885 

783225 

693154125 

29.7489496 

9.600954 

886  ' 

784996 

695506456 

99.7657521 

9.60456y 

887 

786769 

698764103 

29.7825452 

9.608181 

888 

788544 

700227072 

29.7993289 

9.611791 

889 

790321 

702595369 

29.8161030 

9.615397 

390 

792100 

704969000 

29.8328678 

9.619001 

891 

793881 

707347971 

29.8496231 

9.622603 

892 

795664 

709732288 

29.8663690 

9.626201 

893 

797449 

712121957 

39.8831056 

9.629797 

894 

799236 

714516984 

29.8998328 

9.633390 

895 

801025 

7 1 69 1 7375 

29.9165506  . 

9.636981 

896 

8028 1 6 

719323136 

29.9332591 

9.640569 

897 

804609 

721734273 

2  .9499583 

9.644154 

898 

806404 

724150792 

2Q. 9666481 

9.647736 

899 

808801 

726572699 

29.9833287 
1  30.0000000 

9.651316 

900 

810000 

729000000 

9  654893 

10t3 


ARITHMETIC, 


Numb. 

1  Square. 

Cube.    1 

Square  Root. 

Cube  Root. 

90i 

811801 

7314S2701 

30.0166620 

9.658468 

902 

'  ai3604 

733870808 

30.0333148 

9.663040 

903 

81540^ 

736314327 

30.0499684 

9.666609 

904 

817216 

738763264 

30.066J928 

9.669176 

905 

819025 

741217625 

30.0832179 

9.672740 

906 

820836 

743677416 

30.0y983:>9 

9. 67630* 

907 

822649 

746142643 

30.1164407 

9.ti7y860 

908 

82M64 

74861:3312 

30.1330383 

9.683416 

909 

826261 

75 iU89429 

30.1496269 

9.686970 

910 

828100 

75357 1 oOo 

30.1632063 

9.090521 

911 

829921 

756058031 

30*l82776.'j 

9.6«4*)69 

912 

831744 

7585505.»8 

30.1993377 

9.6^7615 

913 

833569 

76U'4b497 

30.2168899 

9.701158 

914 

836396 

7633-1944 

30  2324329 

9.704698 

915 

837^2j 

7*>6()60875 

50.2489669 

9.708236 

916 

839056 

7H8575296 

30.2654919 

9.711772 

917 

840889 

771095213 

30.2820079 

9.715305 

918 

842724 

773620632 

30.2985148 

9.718835 

919 

844561 

776161559 

30.3150128 

9-732363 

930 

846400 

778688000 

30.3315018 

9.725888 

921 

848241 

781229961 

30.3479818 

9.729410 

922 

850084 

783777448 

30.3644529 

9.732930 

923 

851929 

786330467 

30.38O9151 

9.736448 

924 

853776 

788889024 

30.3973683 

9.739963 

925 

855625 

791453125 

30.4138127 

9.743475 

926 

857476 

7M022J776 

30*4302481 

9.746986 

927 

859329 

796597983 

30.4466747 

9.750493 

928 

861184 

799178752 

30.4630924 

9.753998 

929 

863041 

801765089 

30.4795013 

9.757500 

930 

854900 

804357000 

30.4959014 

9.761000 

931 

866761 

80695449 1 

30.5122920 

9-764497 

933 

868624 

809557568 

30  5286750 

9.767992 

933 

870489 

812166237 

30.6450487 

9.771484 

934 

872356 

8 1 4780504 

30.5614136 

9.774974 

935 

874225 

817400375 

30.5777697 

9.778461 

936 

876096 

820025856 

30.5941171 

9.782946 

937 

877969 

822656953 

o0.6 104557 

9.785428 

938 

879844 

825293672 

306^67857 

9.788908 

939 

881721 

827936019 

SO. 6431069 

9.7923^6 

940 

883600 

830584000 

30.65^4194 

9.795861 

941 

885481 

833237621 

30-6767233 

9.799333 

942 

887364 

835896888 

30.6930185 

9.802803 

943 

889249 

838561807 

30.7083051 

9.806271 

944 

891136 

841232884 

30.7245830 

9.809736 

945 

893025 

843908625 

30.7408523 

9.813198 

946. 

894916 

846590536 

30.7571130 

9.816659 

947 

896809 

849378123 

30-7733651 

9.830117 

948 

898704 

851971392 

30.7896086 

9.823572 

949 

900601 

854670349 

30.8058436 

1  9  827025 

950 

90^500 

867375000 

30.8230700 

1  9.830475 
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Namb. 

Square. 

Cube. 

860085351 

Square  Root. 
30.8382879 

Uube  Koot. 

951 

904401 

9.833923 

952 

906304 

862801408 

30.8544972 

9.837369 

95.5 

908209 

866523177 

3O.8706981 

9.840812 

954 

910116 

868250664 

30.8868904 

9.8t4253 

955 

912025 

870983675 

30.9030743 

9.847692 

956 

913^36 

87S722tfl6 

30  919.^497 

9.85U28 

95. 

915849 

87e46749:5 

30.9354166 

9.854561 

958 

917764 

87H2»79i2 

30.9515751 

9.857992 

959 

919681 

88lu74079 

30.9677251 

9.861421 

960 

921600 

884736UO0 

30.9838668 

9.861848 

961 

923521 

887503681 

31.0000000 

9.868272 

962 

925444 

890277128 

«31  0161348 

9.871694 

963 

927369 

893056347 

31.0322413 

9.875113 

964 

929296 

895841344 

31.0483494 

9.878530 

965 

931225 

893632U5 

31.0644491 

9*881945 

966 

933156 

9o 1428696 

31.0805405 

9.886357 

967 

935Ub9 

904231063 

3 1.0966236 

9.888767 

908 

937024- 

907039232 

31  1126984 

9  892174 

9o$ 

938961 

9098j32o9 

31.1287648 

9.895580 

970 

94ti900 

912673U00 

41.1448^30 

9.898983 

•  971 

942841 

915498611 

3.. 1 608729 

9.902383 

972 

944784 

9 18330048 

31.1769145 

9.90o78i 

973 

946729 

9in67317 

31.1929479 

9*909177 

974 

948676 

924010424 

31.2081^731 

9.912571 

975 

950625 

936859375 

31.2349900 

^.915962 

976 

952576 

929714176 

31.240^987 

8.919351 

977 

954529 

932574833 

31.2569992 

9.922738 

978 

956484 

935441352 

3 1,27299 15 

9.926122 

979 

958441 

9383137^9 

31,2889757 

9.929504 

980 

960400 

9411V3001 

31.3049ol7 

6.932883 

981 

962361 

944076141 

31.3209195 

9.936261 

982 

964324 

946966168 

31-3368792 

9.939636 

983 

966289 

949l<63u87 

31.3528308 

9.943009 

984 

968256 

952763904 

31.3687743 

9.946379 

985 

970225 

955671625 

31.3847097 

9.949747 

986 

972196 

958585256 

31.4006369 

9.953113 

987 

974lt59 

961504803 

3i.4I65j61 

9.956477 

988 

976144 

964430272 

3  i. 4324673 

9.959839 

989 

978121 

967 >6 1669 

31.4483704 

9.963198 

990 

980100 

970299000 

31.4642654 

9.966554 

99 1 

982081 

973242^71 

31.4801525 

9.969909 

992 

984064 

976(91488 

31.4960315 

9.973262 

993 

986049 

979146657 

31.5119025 

9.976642 

994 

988036 

983107784 

31.5277655 

9.979959 

995 

990025 

985074875 

31.5436206 

9.983304 

996 

993016 

988047936 

31.5594677 

9-986648 

997 

994009 

991026973 

31.5753068 

9*989990 

998 

996004 

994011993 

31.5911380 

9.993328 

999 

998001 

997003999 

31  6069613 

9.996665 

UK)  ARITHMETIC. 

OF  RATIOS,    PROPORTIONS,  AND  PP.0GRESS10N8. 

KoMBERS  are  compared  to  each  other  in  two  different  ways  ; 
the  one  coaparisoo  considers  the  difference  of  the  two  nuin- 
bers,  and  is  named  Arithmetical  Relation  ;  and  the  difference 
sometimes  the  Arithmetical  Ratio  ;  the  other  considers  their 
quotient,  which  is  called  Geometrical  Relation  ;  and  the  qoo- 
tient  is  the  Geometrical  Ratio.  So,  of  these  two  numbers  6 
and  3,  the  diffurence,  or  arithmetical  ratio,  is  6— 3  or  3,  but 
the  geometrical  ratio  is  f  or  2. 

There  roust  be  two  numbers  to  form  a  comparison  :  the 
number  which  is  compared,  being  placed  first,  is  called  the 
Antecedent  ;  and  that  to  which  it  is  compared,  the  Conse- 
quent. So,  in  the  two  numbers  above,  6  is  the  antecedent, 
and  S  the  consequent. 

\f  two  or  more  couplets  of  numbers  have  equal  ratios,  or 
equal  differences^  the  equality  is  named  Proportion,  and  the 
terms  of  the  ratios  Proportionals.  So,  the  two  couplets.  4^  2 
and  8,  6,  are  arithmetical  proportionals,  because  4  —  S  =  8 
—  6^2;  and  the  two  couplets  4,  2  and  6,  3,  are  geometri- 
cal proportionals,  because  |  =  |  ss  s,  the  same  ratio. 

.  To  denote  numbers  as  being  geometrically  proportional,  a 
colon  is  set  between  the  terms  of  each  couplet,  to  denote  their 
ratio ;  and  a  double  colon,  or  cine  a  OMirk  of  equality  between 
the  couplets  or  ratios,  ^o,  the  four  proportionals,  4,  2,  6,  3, 
arc  j>et  tbu^,  4  :  2  :  :  6  :  3,  which  means,  that  4  is  to  8  as  6 
is  to  3  ;  or  thus,  4  :  2  =s  6  :  3,  or  thus,  J  =  f ,  both  which 
mean,  that  tiie  ratio  of  4  to  2,  is  equal  to  the  ratio  of  6  to  3. 

Proportion  is  distinguished  into  Continued  and  Disconti- 
Aued.  When  the  difference  or  ratio  of  the  consequent  of  one 
couplet,  and  the  antecedent  of  the  next  couplet,  is  not  the 
same  as  the  common  difference  or  ratio  of  the  couplets,  the 
proportion  is  discontinued.  So,  4,  2,  8,  6  are  in  discontinued' 
arithmetical  proportion,  because  4  —  23s8  —  6  =  2,  where- 
as 8  —  2  =  ti  :  and  4,  2,  6,  3  are  in  discontinued  geometrical 
proportion,  because  |  =  |  =  2,  but  }  =:  3,  which  is  not  the 
same. 

But  when  tjie  difference  or  ratio  of  every  two  succeeding 
terms  is  the  same  quantity,  the  proportion  is  siiid  to  be  Conti- 
nued, and  the  numbers  themselves  make  a  series  of  Continued 

Proportionals, 
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Proportionals*  or  a  pr^^gressioo.  So  2,  4,  0,  8  Ibrm  an  arilh- 
melical  prpgrestion,  becaaie  4 — 2  sz  6—4  =s  8 — 6  ss  2,  all 
the  same  commoD  difference  ;  and  2,  4,  8,  IBs  geometrical 
progression^  because  |  =  |  s^  y  =  2,  all  the  same  ratio. 

When  the  following  terms  of  a  progression  increase,  or  ex- 
ceed each  other,  it  is  called  an  Ascending  Progression,  or  Se- 
ries ;  bat  when  the, terms  decrease,  it  is  a  descending  one. 
So,  0,  1,2,  3,  4,  4rc.  is  an  ascending  arithmetical  progression, 
but  9,  7,  6,  3,  l,4^c.  is  a  descending  arithmetical  progression. 
Also  1, 2, 4, 8,  16,  j'c.  is  an  ascendinggeometrical  progression, 
and  16, 8,  4, 2,  1,  {"c.  is  a  descending  geometrical  progression. 


ARITHMETICAL  PROPORTION  and  PROGRESSION. 

Is  Aritboietical  Progression,  the  nambers  or  terms  have  all 
ih^  same  common  difference.  AUo,  the  first  and  last  terms 
of  a  Progression,  are  called  the  Extremes ;  and  the  other 
terms,  lying  between  them,  the  Means.  The  mo9t  useful  part 
of  arithmetical  proportions,  is  contained  in  the  following  the- 
orems : 

Theorem  f .  When  four  quantities  are  in  arithmetical  pro- 
portion, the  sum  of  the  two  extremes  is  equal  to  the  sum  of 
the  two  means.  Thus,  of  the  four  2,  4,  6,  8,  here  24-83= 
4+6=10. 

Theorem  2.  In  any  continued  arit}imetical  progreflkiou, 
the  som  of  the  two  extremes  is  equal  to  the  sum  of  any  two 
means  thRt  are  equally  distant  from  them,  or  equal  to  double 
the  middle  term  when  there  is  an  uneven  number  of  tei  a». 

Thus,  in  the  terms  1,  3,  6,  it  is  1  +  5  =  3  +  3  =6. 

And  in  the  series  2.  4,  6,  8,  10,  12,  14,  it  is  2+14  =  4  + 
12  =s  6  +  10  =»  8  +  8  =  16. 

Theobbm  3.  The  difference  between  the  extreme  terms  of 
an  arithmetical  progression  is  equal  to  the  common  difference 
of  the  series  multiplied  by  one  less  than  the  number  of  the 
terms.  So,  of  the  ten  terms,  2,  4,  6,  8, 10, 12,  14,  16,  18,20, 
the  common  difference  is  2.  and  one  less  than  the  number  of 
terras  9  ;  then  the  difference  of  the  extremes  is  20  —  2  = 
18,  and  2  X9  "="  18  also. 

Consequently, 
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«  Conseqnentlj,  the  greatest  term  is  equal  to  tbe  least  term 
added  to  tbe  product  of  the  eommon  difference  multiplied  by 
]  lesf  tbiia  the  number  of  terms. 

Theorem  4.  The  sum  of  all  the  terms,  of  any  arithmetical 
progression,  is  equal  to  tbe  sum  of  the  two  citremes  multipli- 
ed by  tbe  number  of  terms,  and  divided  by  2  ;  or  tbe  sum  of 
tbe  two  extremes  multiplied  by  tbe  number  of  the  terms,  gives 
double  the  sum  of  all  tbe  terms  in  tbe  series. 

This  is  made  evident  by  setting  tbe  terms  of  the  series  in  an 
inverted  order,  under  the  same  series  in  a  direct  order,  and 
adding  the  corresponding  terms  together  in  that  order.  Thus, 
in  the  J  series  1,  3,  5,  7,  9,  11,  13,  16; 
ditto  inverted  15,     13,     H,       9,       7,         5,         3>         I  ; 

the  same  are  16  +  16  +  16  +  16  +  16  +  16  +  16  ^  16, 
which  most  be  double  the  biud  of  tbe  single  series,  and  is 
equal  to  the  sum  of  the  extremes  repeated  as  often  as  are  the 
number  of  the  termt. 

From  these  theorems  may  readily  be  found  any  one  of  these 
five  parts  ;  the  two  extremes,  the  number  of  terms,  the  com- 
mon difference,  and  tbe  sum  of  all  tbe  terms,  when  any  three 
of  them  are  giren  ;  as  in  the  following  problems  : 

PROBLEM   I. 

Given  the  txtrwnet^  and  tfte  Nwnb€r  of  Terms  ;  to  find  the  Sum 

of  all  the  Terme* 

Add  the  extremes  together,  multiply  the  sum  by  tbe  Dum- 
ber of  the  terms,  and  diyide  by  2. 

EXAMPLES. 

1.     The  extremes  being  3  and  19,  and  the  number  of  terms 
9  ;  required  the  sum  of  the  terms  ? 
19 
3 


22 
9  19+3  .   22 

Or, X  9  =!  —  X  9=:11  X  9  «=  99. 

2)  198  2  2 

tbe  same  answer. 

Ans  99 


2.  It  is  required  to  find  tbe  number  of  all  the  strokes  a  com* 
mon  clock  strikes  in  one  whole  revolution  of  tbe  index  or  in 
12  hours  ?  Ans.  48. 

Ex- 


t 
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Ex.  3.  How  many  strokes  do  the  clocks  of  Venice  strike  ID 
the  compass  of  a  day,  which  go  coatiDQally  aa  from  t  to  34 
o'clock  ?  Ans.  SoOt 

4.  What  debt  can  be  discharged  in  a  year,  by  weekly  pay- 
ments in  arithmetical  progression,  the  first  payment  being  it, 
and  the  last  or  52d  payment  6l  J»  ?  Ans.  136/  4$. 

PROBLEM  U. 

Given  the  Extremes^  and  the  Numher  of  Terms  ;  iofyd  the 

Common  Difference. 

Subtract  the  less  extreme  from  the  greater,  and  divide 
the  remainder  by  1  less  than  the  number  of  terms,  for  the 
x:ommoD  difference. 

EKAMPLCS. 

1.  The  extremes  being  3  and  1 9,  and  the  number  of  terms 
•9  ;  required  the  common  difference  ? 

19 
3  19—3         16 

■  Or»  ■       ss— ssr  2. 

8)  16  9-^1  8 

Ans.  2 

2.  If  the  extremes  be  10  and  70,  and  tbe  number  of  terms 
%l ;  what  is  the  common  difference,  and  the  sum  of  the 
series  ?  Ans.  the  com.  diff.  ^s  3^  and  the  sum  is  840. 

3.  A  certain  debt  can  be  discharged  in  one  year,  by  weekly 
payments  in  anthmetical  progression,  the  firstpayment  be.ing 
If,  and  the  laet  bL  3t ;  what  is  the  comraoo  dtfi(eninc«  of  the 
terms  ?  Ans.  2* 

PROBLEM  III. 

« 

Qiven  on«  of  ^t  Extr4m/e$^  the  Com$non  D^erence^  and  ihe 
If  umber  of  TkrmB ;  iofi/nd  theoiher  EUreme^  and  the  sum 
of  the  Series. 

■  ■  ■ 

Multiply  the  common  difference  by  1  less  than  the  num- 
ber of  terms,  and  the  product  will  be  the  difference  of  the 
extremes  :  Therefore  add  the  product  to  the  less  extreme,  to 
gire  the  greater  ;  or  substract  it  from  the  greater,  to  give  the 
less  extreme. 

Vol.  I.  ir» 

EXAMPLE^. 
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EXAMPLES. 

1 .  Given  the  least  term  3,  the  commoD  difference  2,  of  am 
arithmetical  series  of  9  terms  ;  to  find  the  greatest  term,  and 
the  sum  of  the  series. 

2 
8 


16 
3 

19  the  greatest  term 
3  the  least 

S2sam 
9  nnmber  of  terms. 


2)   198 

99  the  sam  of  the  series. 

8.  If  the  greatest  term  be  70,  the  common  difference  3» 
and  the  namber  of  terms  21,  what  is  the  least  term,  and  the 
snm  of  the  series  ? 

Ans.  The  least  term  is  10,  and  the  snm  is  840. 

3.  A  debt  can  be  discharged  in  a  year,  by  paying  1  shilling 
the  first  week,  3  shillings  the  second,  and  so  on,  always-  2 
shillings  more  every  week  ;  what  is  the  debt,  and  what  will 
the  last  payment  be  ? 

Ans.  The  last  payment  will  be  5/  3^,  and  the  debt  is  135/  45. 

PROBLEM  lY. 

Tojind  an  Arithmetical  Mean  between  two  given  Termi. 

m 

Add  the  two  given  extremes  or  terms  together,  and  take 
half  their  sum  for  the  arithmetical  mean  reqnired. 

EXAMPLE. 

To  find  an  arithmetical  mean  between  the  two  numbers  4 
and  14. 

Here 

14 

4 

2)  18 

Ans.  9  the  mean  required. 

PROBLEM 


r 


V 
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PROBLEM  V. 

To  find  two  Ariihmeiieal  Jdeam  bttmeen  7\»o  Gfti>efi  Extrtmes. 

Subtract  the  less  extreme  from  the  greater,  and  divide 
the  difference  by  3,  so  will  the  quotient  be  the  common  dif-. 
ference  ;  vrhich  being  contioaally  added  to  the  less  extreme, 
or  taken  from  the  greater,  gives  the  means. 

EXAMPLE. 

To  find  two  arithmetical  means  between  2  and  8. 
Here  8 
2 


com.  dif. 


3)6        Then  S+2  =-  4  the  one  mean 
and  4+2  ss  6  the  other  mean. 


PROBLEM  VL 


Tofindany/iumber  of  Arithmetical  M^-ans  between  Thvo  Given 

Terms  or  Extremes. 

• 

Subtract  the  less  extreme  from  the  i^reater,  and  divide 
the  difference  bj  1  more  than  the  nnmber  of  means  required 
to  be  fonnd*  which  will  give  the  common  difference  ;  then 
this  being  added  continaallj  to  the  least  term,  or  subtracted 
from  the  greatest,  will  give  the  terms  required. 

EXAMPLE. 

To  find  five  arithmetical  means  between  2  and  14. 
Here  14 


6)  12    Then  by  adding  this  com.  dif.  continnally, 
— —        the  means  are  found  4, 6,  8,  10,  12. 
com.  dif.  2 


See  more  of  Arithmetical  progression  in  the  Algebra. 

GEOMETRICAL 
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PROPORTION  AND  GEOMETRICAL  PROGRESSION  ; 

Or  Progreision  by  equal  Ratios, 

In  Geometrical  Progression  the  nuinbers  or  terms  have  all 
the  Bame  multiplier  or  divisor.     The  most  useful   part  of 
Proportion,  is  contained  in  the  following  theorems. 

Theoaem  I.  When  four  quantities  are  in  proportion,  the 
product  of  the  two  extremes  is  equal  to  the  product  of  the 
two  means. 

Thus,  in  the  four  2,  4,  3.  6,  it  is  2  X  6  «  3  X  4  =s  12. 

And  hence,  if  the  product  of  the  two  means  be  divided  by' 
one  of  the  extremes,  the  quotient  will  give  the  other  extreme. 
So,  of  the  above  numbers,  the  product  of  the  means  12-^  2 
=s  6  the  one  extreme,  and  19^6  =  2  the  other  extreme  ; 
and  this  is  the  foundation  and  reason  of  the  practice  in  the 
Rule  of  Three. 

Thborrm  2.  In  any  continued  geometrical  progression, 
the  product  of  the  two  extremes  is  equal  to  the  product  of 
any  two  means  that  are  equally  distant  from  them,  or  equal 
to  the  square  of  the  middle  term  when  there  is  an  uneven 
Bumber  of  terms. 

Thus,  in  the  terms  2, 4,  €,  it  is  2  x  8  a  4  X  4  al6. 

And  in  the  series  t,  4,  8,  16,  32,  G4,  198, 

it  is  2  X  128  =  4  X  64  =  8  X  32  =  16  X  16  =  266. 

Theorem  3.  The  quotient  of  the  extreme  terms  of  a  geo- 
metrical progression,  is  ^qual  to  the  common  ratio  of  the  se- 
ries raised  to  the  power  denoted  by  I  less  than  the  number 
of  the  terms.  Consequently  the  greatest  term  is  equal  to  the 
least  term  multiplied  by  the  said  quotient. 

So,  of  the  ten  terms,  2,  4,  8,  16,  52,  64,  128,  266,  612, 
1024,  the  common  ratio  is  2,  and  one  less  than  the  number  of 
term  is  9 ;  then  the  quotient  of  the  extremes  is  1024  -^  2  ss 
612,  and  2<»  :=  612  also. 

Theoreic 
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Theohem  4.  The  sum  of  all  the  terms,  of  aoy  geome- 
trical progression,  is  found  by  adding  the  greatest  term  to  the 
difference  of  the  extremes  divided  by  1  less  than  the  ratio. 

So,  the  sum  of  2,  4,  8,  16,  32,  64,  128,  256,  612,   1024, 

1024—3 

(whose  ratio  is  2),  is  1024H ==  1024  +  1022  ^  2046. 

2—1 
The  foregoing,  and  several  other  properties  of  propor- 
tion, are  demonstrated  more  at  large  in  the  Algebraic  part 
of  this  work.  A  few  exaMles  may  here  be  added  of  the 
theorems,  just  delivered,  with  some  problems  concerning 
mean  proportionals. 

£XAMPI£d. 

1.  The  least  of  ten  terma,  in  geometrical  progression,  be- 
ing 1,  and  the  ratio  2  ;  what  is  the  greatest  term,  and  the  sum 
of  all  the  terms  ? 

Ans.  The  greatest  term  is  512,  and  the  sum  1023. 

2.  What  debt  may  be  discharged  in  a  year,  or  12  months, 
by  paying  \l  the  first  month,  21  the  second,  41  the  third,  and 
so  on,  each  succeeding  payment  being  double  the  last ;  ^and 
what  will  the  last  payment  be  ? 

Ans.  The  debt  4095/,  and  the  last  payment  2048/. 

PROBLEM  I. 

To  Jind  Oftt  Ocomeineal  Mean  Proportional  between  any  two 

Numbers. 

Multiply  the  twa  numbers  together,  and  extract  the  square 
root  of  the  product,  which  will  give  the  mean  proportional 
sought. 

EXAfifPLE. 

•  Tolbd  a  geometrical  mean  between  the  two  numbers  3 
and  12. 

12 

3 

36  (6  the  mean . 

36 

PROBIJIM 
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PROBLEM  II. 


To  find  Two  Oeometrical  Mean  Proportionals  between  any  Two 

Numbers. 

Divide  the  greatCF  number  by  the  less,  and  extract  the 
.^cube  root  of  the  quotient,  which  will  give  the  common  ratio 
'of  the  terms.  Then  multiply  the  last  given  term  by  the 
ratio  for  the  first  mean  ;  and  this  mean  again  by  the  ratio  for 
the  second  mean  :  or,  divide  the  greater  of  the  two  given 
terms  by  the  ratio  for  the  greater  mean,  and  divide  this  qgain 
bv  the  ratio  for  the  less  mean. 

I 

EXAMPLE. 

To  find  two  geometrical  means  between  3  and  24. 

Here  3)  24  (8  ;  its  cube  root  2  is  the  ratio. 

Then  3  x  2  s-  6,  and  6X2==  12,  the  two  means. 

Or  24  -^  2  »  12,  and  12  -7-  2  =  6,  the  same. 

That  is,  the  two  means  between  3  and  24,  are  6  and  12. 

PKOJSLEM  III. 

To  find  any  ^uw/ber  of  Geometrical  Means  between  Two  Num- 
bers, 

Divide  the  greater  number  by  the  less,  and  extract  such 
root  of  the  quotient  whose  index  is  1  more  than  the  number 
of  means  required,  that  is,  the  2d  root  for  one  mean,  the  3d 
root  for  two  means,  the  4th  root  for  three  means,  and  so  on  ; 
and  that  root  will  be  the  common  ratio  of  all  the  terms. 
Then,  ivith  the  ratio,  multiply  continually  from  the  first  term, 
or  divide  continually  from  the  last  or  greatest  term. 

EXAMPLE. 

To  find  four  geometrical  means  between  3  and  96. 

Here  3)  96  (32  ;  the  5th  root  of  which  is  2,  the  ratio. 
Then  3x2  =:  6,  &  6X2=  12,&  12X2  =  24,  &  24X2  =  48. 
Or  96  -i-  2  =  48,  &  48^2  =  24,  &  24^2=12,  &  12-i.2=6. 

That  is,  6, 12, 24,  48,  are  the  four  means  between  3  and  96. 

OF 
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OF  MUSICAL  PROPORTION. 

There  is  also  a  third  kiod  of  proportioo,  called  Musical, 
which  being  but  of  little  or  do  commoo  use,  a  very  short  ac- 
count of  it  msiy  here  suffice. 

Musical  Proportion  is  when,  of  three  numbers,  the  first 
has  the  same  proportion  to  the  third  as  the  difference  be- 
tvreeo  the  first  and  second,  has  to  the  difference  between  the 
second  and  third. 

As  in  these  three,  6,  8,  12  ; 
where  6  :  It  :  :  8—6  :  12—8, 
that  is  6 :  /e  :  :  S  :  4. 

When  four  numbers  are  in  musical  proportion  ;  then  the 
first  has  the  same  ratio  to  the  fourth,  »i  the  difference  be- 
tween the  first  and  second  has  to  the  difference  between  the 
third  and  fourth. 

As  in  these,  6,  8,  12,  18  ; 
where  6  :   18  :  :  8—6  :  18-*  12. 
that  is  6  :    18  :  :  2:  6. 

When  numbers  are  in  musical  progression,  their  recipro- 
cals are  in  arithmetical  progression  ;  and  the  converse,  that 
is.  when  numbers  are  in  arithmetical  progression,  their  recip- 
rocals are  in  musical  progression. 

So  in  these  musicals  6,  8,  12,  their  re<iiprocals  f ,  |,  -^j, 
are  in  arithmetical  progression  ;  for  ^  -f  ^^  ==  i^  ^  i  » 
and  I  -|-  ^  =:  I  =  I  ;  that  is,  the  sum  of  the  extremes  is 
equal  to  double  the  mean,  which  is  the  property  of  arithme- 
ticals. 

The  method  of  finding  .out  numbers  in  musical  proportion 
is  best  expressed  by  letters  in  Algebra. 


FELLOWSHIP,  OR  PARTNERSHIP. 

Fellowship  is  a  rule,  by  which  any  sum  or  quantitj^  may 
be  divided  into  any  number  of  parts,  frhich  shall  be  in  any 
given  proportion  to  one  another.  ^ 

Bv  this  rule  are  adjusted  the  gains  or  loss  or  charges  of 

partners 
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partners  in  company  ;  or  the  effects  of  bankrupts,  or  lega- 
cies in  cases  of  a  deficiency  of  assets  or  effectr ;  or  the 
shares  of  prizes  :  or  the  nambers  of  men  to  form  certain  de* 
tachments  ;  or  the  division  of  waste  lands  among  a  number 
of  proprietors. 

Fellowship  is  either  Sin^e  or  Doable.  It  is  Single,  when 
the  shares  or  portions  are  to  be  proportional  each  to  oaesin* 
gle  given  number  only  ;  as  when  the  stocks  of  partner*  are 
all  employed  for  the  same  time  :  And  Double,  when  each 
portion  is  to  be  proportional  to  two  or  more  numbers  ;  as 
when  the  stocks  of  partners  are  employed  for  different  times. 


SINGLE  FELLOWSHIP. 

GENERAL  RULE. 

*"  Add  together  the  nambers  that  denote  the  proportion  of 
the  shares.    Then  say, 

As  the  sum  of  the  said  proportional  nambers. 
Is  to  the  whole  sum  to  be  parted  or  divided, 
So  is  each  several  proportional  onmber. 
To  the  corresponding  share  or  part 

Or,  as  the  whole  stocky  is  to  the  whole  gain  or  loM, 
So  is  each  several  proportional  number, 
To  his  particular  share  of  the  gain  or  loss. 

To  r&OTE  TRB  Work.  Add  all  the  shares  or  parts  toge- 
ther, and  the  sum  will  be  equal  to  the  whole  number  to  be 
shared  when  the  work  is  right. 

EXAMPLES. 

1.  To  divide  the  number  240  into  three  such  parts,  as 
shall  be  in  proportion  to'  each  other  as  the  three  numbers  1, 
2  and  3. 
Here  1+2+3=6,  the  sum  of  the  numbers. 
Then,  as  6  :  240  :  :  I  :  40  the  1st  part, 
and  as  t$ :  240  :  :  2  :  80  the  2d  part, 
also  as  6  :  240 :  :  3  :  120  the  3d  part, 


Sum  of  all  240,  the  proof. 


Ex.2. 
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Ex.  2.  Three  persoDS,  a,  b,  c,  freighted  a  ship  with  340 
tans  of  wine  ;  of  which,  a  loaded   1 10  tuns,  b  97,  and  c  the 
rest :  in  a  storm  the  seamen  were  obliged  to  throw  orerboard 
95  tans  ;  how  much  must  each  person  sustaio  of  the  loss  ? 
Here     1 10+  97=207  tans,  loaded  by  a  and  b  ; 
theref.  340-207=133  tuns,  loaded  by  c. 

110 

110  :  27^  tans  =  A*8  loss  ; 

97  :  24^  tuns  =  b's  loss  ; 

133  :  33|  tuns  =  c's  loss; 


Hence,  as  340 

:85 

or  as     4 

:    1 

and  as     4    . 

:    1 

also  as     4    : 

1 

•  « 

•  « 


■ 

Sum  85  tuns,  the  proof. 


3.  Two  merchants,  c  and  d,  made  a  stock  of  120/.  of  which 
c  contributed  75/,  and  d  the  rest :  by  trading  they  gained  30/; 
what  must  each  have  of  it  ? 

Ans.  c  18/  ]5t,  and  d  1 1/  bs, 

4.  Three  merchants,  e,  r,  o,  made  a  stock  of  700/,  of 
which  K  contributed  123/,  f  358/,  and  g  the  rest :  by  trading 
they  gain  125/  10s  ;  what  must  each  have  of  it  ? 

Ans.  E  must  have  22/  Is  Od  2^^q, 

F  -  -  -  G4  3  8  Off. 
o  -  -  -  39  6  3  IJL. 
5.; A  General  imposing  a  contribution"*^  of  700/  on  four 
villages,  to  be  paid  in  proportion  to  the  number  of  inhabitants 
contained  in  each ;  the  Ist  containing  250,  the  2d  350,  the 
3d  400,  and  the  4th  500  persons  ;  what  part  much  each  vil- 
lage pay  ?  Ans.  the  1st  to  pay  116/  13s  4c/. 

the  2d  -  .  163  6  8 
the  3d  -  -  186  13  4 
the  4th  -     -     233     6  8 

6.  A  piece  of  ground,  consisting  of  37  ac  3  ro  14  ps.  is 
to  be  divided  among  three  persons,  l,  m,  and  n,  in  proportion 
to  their  estates  :  now  if  l's  estate  be  worth  500/  a  year,  m's 
320/,  and  n's  75/ ;  what  quantity  of  laud  must  each  one  have  ? 

Ans.  L  must  have  20  ac  3  ro  39ff f  ps. 
M     -     -     .    13       I      30tVV'. 
N     .     -     -      3       0      2S|||. 

7.  A  person  is  indebted  to  o  57/  15«.  to  p  108/  3s  8^,  to  ^ 
22/  10c/,  and  to  r  73/ ;  but  at  his  decease,  his  effects  are  found 


*  Coatribation  is  a  tax  paid  by  prov^A'.es,  towns,  yillBges,  Ac.  (o  excuse  them 
from  being  plundered,  it  is  paid  io  provisbns  or  in  money,  and  sometimes  in 
both. 

Vol.  I.  17  to 
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to  be  worth  do  more  than  1 70/  1 45  ;  how  mast  it  be  divided 
amoDg  his  crediton»  ? 

Ads.  o  must  have  37/  lbs  5d  ^iWVr9* 
P     ...    70    13    2    «tW?V 
<i     ...     14     8    4    OtVAV 
R     .     .     .    47   14  1 1    ViiViV- 
Ex.  8.  A  ship  worth  900/,  being  entirely  lost,  of  which  j- 
beloDged  to  s,  |  to  t,  and  the  rest  to  v  ;  what  loss  will  each 
Bostain,  supposing  640/  uf  her  were  insured  ? 

Ans.  s  will  lose  46/,  t  90/,  and  v  225/. 

9.  Foar  pcrsoas,  w,  x,  t,  and  z,  spent  among  them  259. 
and  agree  that  their  shares  are  to  be  in  proportion  as  ^, 
^,  ^9  and  ^  :  what  are  their  shares  ? 

Ans.  w  must  pay  9s  Bd  34^^. 
X     -     -     6    6    34f 
Y     -     .     410    Iff. 
z     .     -     3  10   3^^. 

10.  A  detachment,  consisting  of  5  companies,  being  sent 
into  il  garrison,  in  which  the  duty  required  76  men  a  day  ; 
what  number  of  men  must  be  furnished  by  each  company,  in 
proportion  to  their  strength  ;  the  6r8t  consisting  of  54  men, 
the  2d  of  51  men,  and  the  3d  of  48  men,  the  4th  of  39,  and 
the  6th  of  36  men  ? 

Ads.  the  1st  most  furnish    18,  the  2d  17,  the  3d  16,  the 
4th  13,  and  the  5th  12  men.«» 


DOUBLE  FELLOWSHIP. 

bouatE  Fellowship,  as  has  been  said,  is  concerned  in 
cases  in  which  the  stocks  of  partners  are  employed  or  con- 
tinued for  di£fierent  times. 


tions  of  (bis  natare  frequentlT  occurriag'  in  militeiy  nrvice,  General  Hm- 
tihmd,  an  officer  of  great  merit,  contrived  an  ingenious  iostroment,  for  more  ex- 
peditiously resolving  them  i  which  is  distinguished  by  the  name  of  the  inventor, 
licing  called  a  Havimnd. 


Rule. 


DOUBLE  FELLOWSHIP.  123 

ft  ULE.*— Multiply  each  person's  stock  by  the  time  of  its 
coptinuaoce ;  then  divide  the  qDantity,  as  in  Siogle  Fellow-^ 
ship,  into  shares,  in  proportion  to  these  products,  by  saying,. 

As- the  total  sum  of  ail  the  said  products, 

Is  to  the  whole  gain  or  loss,  or  quantity  to  be  parted, 

So  is  each  pnrticular  product. 

To  the  correspondent  share  of  the  gain  or  loss. 


EXAMPLE«. 

'  1.  A  bad  in  company  501  for  4  months,  and  b  had  60Z  for  5 
months  ;  at  the  end  of  vrhich  time  they  find  241  gained  :  hoiv^ 
most  it  be  divided  between  them  ? 

Here  50        €0 
4  6 


900  +  300  =  500 


Then,  as  500  :  24  :  :  200  :  9|    =  9/  Ht  =^  a^s  share* 
and  as  500  :  24  :  :  300  :  14}  =  14     8   =  b's  share, 

2.  c  and  d  hold  a  piece  of  ground  in  common,  for  which 
they  are  to  pay  54/.  c  put  in  23  horses  for  27  days,  and  d 
21  horses  for  39  days  ;  how  mach  oaght  each  man  to  pay  of 
the  rent  ?  Ana.  c  must  pay  23/  5s  9d,' 

D  must  pay  30  14  3 

4.  Three  persons,  s,  f,  o,  hold  a  pasture  in  common,  for 
which  they  are  to  pay  39/  per  annum  ;  into  which*E  put  V 
oxen  for  3  months,  r  put  9  oxen  for  5  months,  and  q  put  in 
4  oxen  for  12  months  ;  how  much  must  each  person  pay  of 
the  rent  ?  Ans.  c  roust  pay  5/  10s  6d  Ifyq. 

F     -      *     11   16    lOOiV- 
G     -      -     12   12     7  2^. 

4.  A  ship's  company  take  a  prize  of  1000/,  which  they 
agree  to  divide  among  them  according  to  their  pay  and  the 
time  they  have  been  on  board  :  now  the  officers  ano  midship^ 
men  have  been  on  board  6  months,  and  the  sailors  3  months  ; 


•  The  pfoof  of  this  role  is  M  follows :  When  the  times  are  equal*  thesharas  of 
tbe  gain  or  loss  are  evidently  as  i  be  stocks,  as  in  Single  Fellowshm  t  and  when 
the  stocks  are  equal,  the  shares  a^  the  times)  tberefora,  when  neither  ai«  eqoal, 
the  shares  most  be  as  their  products. 
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the  officers  have  40j  a  month,  the  midshipmen  30^,  and  the 
Bailors  225  a  month;  moreover  there  are  4  officersi  12  mid- 
Bhipmen,  and  1 10  sailors  ;  what  will  each  man's  share  be  ? 

Ans.  each  officer  must  have  23/  3t  bd  O^jq. 
each  midshipman     -     17   6  9    3|^. 
eachseanian       *     -       6   7  2    Oylj-^, 

Ex.  5.  H,  with  a  capital  of  1000/.  began  trade  the  first  of 
January,  and  meeting  with  success  iu  business,  took  in  i  as  a 
partner,  with  a  capital  of  1600/,  on  the  first  6(  March  fol- 
lowing. Three  months  after  that  thej  adroit  k  as  a  third 
partner,  who  brought  into  stock  2800/.  After  trading  together 
till  the  end  of  the  year,  they  find  there  has  been  gained  1776/ 
lOs  ;  how  must  this  be  divided  among  the  partners  ? 

Ans.  H  must  have  467/  9f  4{d, 
I     ...     671  16  8^. 
K     -     -     -     747  3l4. 

6,  X,  T,  and  z  made  a  joint-stock  for  12  months  ;  z  at 
first  put  in  20/,  and  4  months  after  20/  more  ;  y  put  in  at  first 
30/,  at  the  end  of  3  months  he  put  in  90/  more,  and  2 
months  after  he  put  in  40/  more  ;  z  put  in  at  first  60/,  and  5 
months  after  he  put  in  10/  more,  1  month  after  which  he  took 
out  30/ ;  during  the  12  months  they  gained  60/  ;  how  much  of 
it  mast  each  have  ? 

Ans.  X  must  have  10/  18s  6d  ^\q. 
V     -     -     -    22     8     1    O^f. 
z     .     .     -     16  13    4  0. 


SIMPLE  INTEREST. 


Interest  is  the  premium  or  sum  allowed  for  the  loan,  or 
forbearance  of  money.  The  money  lent,  or  fbrborn,  is  catted' 
the  Principal.  And  the  sum  of  the  principal  and  its  interest, 
added  together,  is  called  the  Amount.  Interest  t«  allowed 
at  BO  much  per  cent,  per  annum  ;  which  premium  per  cent. 
per  annum,  or  interest  of  100/  for  a  year,  is  called  the  rate  of 
interest :— So, 

When 
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When  interest  is  at  3  per  cent,  the  rate  is  3  ; 

-  4  per  cent.         -         -   4  ; 

-  5  per  cent.         -         -  6  ; 

-  6  per  cent.  -         -  6  ; 

Bat,  by  law  in  England,  interest  ought  not  to  be  taken  high- 
er than  at  the  rate- of  5  per  cent. 

Interest  is  of  two  sorts  ;  Simple  and  Compound. 

Simple  Interest  is  that  which  is  allowed  for  the  principal 
lent  or  forborn  only,  for  the  whtrie  time  of  forbearance. 
As  the  interest  of  any  sum,  for  any  time,  is  directly  propor- 
tional to  the  principal  sum,  and  aho  to  the  time  of  continu- 
ance ;   hence  arises  the  following  general  rule  of  calculation. 

As  100/  is  to  the  rate  of  interlBst.  so  is  any  given  principal 
to  its  interest  for  one  year.    And  again, 

As  1  year  is  to  any  girsiik  timi^,  so  is  tfafe  iiit^erest  fyf  a  year, 
just  found,  to  the  interest  of  the  give))  sum  for  that  tinl^e. 

Otherwise.  Take  the  interest  of  1  pound  for  a  year, 
which  multiply  b^  the  given  principal,  and  this  product  again 
by  the  time  of  loan  or  forbearance,  iti  years  and  parts,  for  the 
interest  of  the  proposed  sum  for  that  time. 

JVote,  When  there  are  certain  parts  of  years  in  the  time, 
as  quarters  or  moiiths,  or  days  :  they  may  be  woilKed  for, 
either  by  taking  the  aliT^uot  or  like  parts  of  the  interest  of  a 
year,  or  by  the  Rule  of  Three,  in  the  usual  way.  Also  to 
divide  by  100,  is  done  by  only  pointing  off  two  figures  for 
decimals. 

EXAMPLf:S. 

1.  To  find  the  interest  of  230/  lOf,  fot  1  year,  at  the  rate 
of  4  per  cent  per  annum. 
Here,  As  100 :  4  :  :  230/  10s  :  9/  4«  4}<2. 

4 


100)    9,22  0 
20 


Ans.  9/  4f  4|(f. 


3-'£0 


Ex.2. 
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Ex.  2.  To  find  the  interest  of  647/  16      for  3  years,  at  5 
percent,  per  annum. 
As  100  :  6  :  :  647-76 : 

Or  20  :  1  :  :  647-76  :  27-3876  interest  for  1  year. 

3 


/  83-1626  ditto  for  3  years. 
20 


9  3-2600 
12 


d  3-00  Ans.  822  3^  3(2. 


3.  To  find  the  interest  of  200  guineas^for  4  years  7montha 
and  26  days,  at  4^  per  cent,  per  annum. 

da  2      ds 

210J  As  36&:  :  9-46  :  26  :  / 

41  or      78  ;  :  9-46  :     6  :  -6472 
5 

840  

106  73)  47-25  (-6472 
346 


9*46  interest  for  1  yr,  630 

4  19 

37-80      ditto  4  years. 
6  mo  s=  ^  4-726    ditto  6  months. 
3  mo  =  ^    -7876  ditto  1  month. 
-6472  ditto  26  days. 

I  43-9697 
20 


8  19-1940 
12 


d  2*3280 

4        Ans.  43/  19i  ^d, 


q  1-3120 


4.  To  find  the  interest  of  460Z,  for  a  year  at  6  per  cent, 
per  annum.  Ans.  23/  lOf. 

6.  To  find  the  interest  of  716/ 12*  6(1,  for  a  year,  at  4}  per 
cent,  per  annum.  Ans.  33/  4t  Od. 

6.  To 
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6.  To  find  the  interest  of  7^0/,  for  3  years,  at  5  per  cent, 
per  aDnum.  Ads.  108/. 

7.  To  find  the  interest  of  355/  I5«,  for  4  years,  at  4  per 
cent,  per  anDiim.  Ans.  56i  18s  4fd. 

8  To  find  the  interest  of  32/  5s  8(f,  for  7  years,  at  4^ 
per  cent,  per  annum.  Ans.  9/  12s  Id. 

d.  To  find  the  interest  of  170/,  for  1|  year,  at  5  per  cent, 
per  annum.  Ans.  12/  5s. 

10.  To  find  the  insurance  on  205/  15s,  for  ^  of  a  year,  at 
4  per  cent,  per  annum.  Ans.  2/  Is  Ifd, 

1 1 .  To  find  the  interest  of  31 9/  6d,  for  5}  jears.  at  3|  per 
cent  per  annum.  Ans.  68/  15s  9^d. 

12.  To  find  theinsarance  on  207/,  for  117  days,  at  4|  per 
cent,  per  annum.  Ans.  1/  1 2s  Id. 

13.  To  find  the  interest  of  17/  5s,  for  117  days,  at  4f  per 
cent,  per  annum.  Ans.  5s  3d. 

14.  To  find  the  insurance  on  712/  6s,  for  8  months,  at  7^ 
per  cent,  per  annum.  Ans.  35/  12s  3^. 

^ote.  The  Rules  for  Simple  Interest,  serve  also  to  calcu- 
late Insurances,  or  the  Purchase  of  Stocks,  or  any  thing  else 
that  is  rated  at  so  much  per  cent. 

See  also  more  on  the  subject  of  Interest,  with  the  alge- 
braical expression  and  investigation  of  the  rules  at  the  end  of 
the  Algrebra,  next  following. 


COMPOUND  INTEREST. 

CoMPOViro  Ihtbrest,  called  also  Interest  upon  Interest, 
is  that  which  arises  from  the  principal  and  interest,  taken 
together,  as  it  becomes  due,  at  the  end  of  each  stated  time 
of  payment.  Though  it  be  not  lawful  to  lend  money  at  Com- 
pound Interest,  yet  in  purchasing  annuities,  pensions,  or 
leases  in  reversion,  it  is  usual  to  allow  Compound  Interest  to 
the  purchaser  for  his  ready  money. 

RvLBS.  —  1 .  Find  the  amount  of  the  given  principal,  for  the 
time  of  the  first  payment,  by  Simple  Interest.  Then  con- 
sider this  amount  as  a  new  principail  for  the  second  payment, 
whose  amount  calculate  as  before.  And  so  on  though  all 
the  payments  to  the  last,  always  accounting  the  last  amount 
as  a  new  principal  for  the  next  payment.  The  reason  of  which 
is  evident  from  the  definition  of  Compound  Interest.   Or  else, 

2.  Find  the  amount  of  1  pound  for  the  time  of  the  first 
payment,  and  raise  or  'involve  it  to  the  power  whose  index 
is  denoted  by  the  number  of  payments.  Then  that  power 
multiplied  by  the  given  principal,  will  produce  the  whole 
amount.    From  which  the  said  principal  being  substracted, 

leaves 
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leaves   the  Compound  IntereBt  of  the  same.    As  is  evident 
fropp  the  first  Rule. 

EXAMPLES. 

1.  To  find  the  amount  of  720/,  for   1  years,  at  6  per  cent, 
per  annum 

Here  6  is  the  20th  part  of  100,  and  the  interest  of  U  ibr 
a  year  is  ^V  ^^  *^^»  ^^^  ^^  amount  1*05.     Therefore, 
1.  By  the  1st  Rule.  2.  By  the  td  Rule, 

I      8     d  1-05  amount  of  1/. 

20)720    O     0       Ist  yr's  princip.  1-06 

36    0    0       1st  yr's  interest. 


110252dpowerofit. 


20)756     0    0  2d  yr's  princip.          M026 

37  16     0       2d  yr's  interest. 

l*215506254aipow.ofit. 

20  )  793  16    0  3d  yr's  princip.                720 

39  13   «J     2d  yr's  interest. 

I  876-  J646 

20  )  633     9   9|  4th  yr's  princip.                 20 

41   13   5;     4th  yr's  interest.     

8  3.2900 

£876    3  3|  the  whole  amount,               12 

.._  or  ans.  required.          — — . 

<l  3-4800 


2.  To  find  the  amount  of  50/,  io  5  years,  at  5  per  cent,  per 
annum,  compound  interest.  Ans.  63/  ISs^d. 

3.  To  find  the  amount  of  50/  in  5  years,  or  10  half-years, 
at  5  per  cent,  per  aonum,*^  compound  interest,  the  interest 
payable  half  yearly.  Ans*  64/  Os  Id, 

4.  To  find  the  amount  of  50/,  in  5  years,  or  20  quarters, 
at  5  per  cent,  per  annum,  t  compound  interest,  the  interest 
payable  quarterly  Ans.  64/  2^0^, 

o.  To  find  the  compound  interest  of  370/  lorbom  for  6 
years,  at  4  per  cent,  per  annum.  Ans.  98/  3$  A^d. 

'  6.  To  find  the  compound  interest  of  410/ forborn  for  2^ 
years,  at  4^  per  cent,  per  aunum,  the  interest  payable  half- 
yearly.  Ans.  48/  4s  lHd» 

7.  To  find  the  amount,  at  compound  interest,  of  217/,  )for- 
born  for  2|  years,  at  5  per  cent,  per  annum,  the  interest  pay- 
able quarterly.  Ans.  242/  I3«  i^d, 

J\fote.  See  the  Rules  for  Compound  Interest  algebraically 
investigated,  at  the  end  of  the  Algebra. 


»  That  is,  at  2  ^  P«r  cent,  per  half-year. 

t  l^hat  is,  at  ^  per  cent.  \)er  quarter  of  a  jear. 
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ALLIGATION. 


Alligation  teaches  how  to  compound'  or  mix  together 
several  simples  of  different  qaalities,  so  that  the  composition 
may  He  of  some  intermediate  quality  or  rate.  It  is  commonly 
distingnished  into  two  cases.  Alligation  Medial,  and  Alligation 
Alternate. 


ALLIGATION  MEDIAL. 


ALLioATioN  MtDiAL  is  the  method  of  finding  the  rate  ofr 
quality  of  the  composition,  from  hjiving  the  quantities  and 
rates  or  qualities  of  the  several  simples  given.  And  it  is  thus 
performed : 

»  Multiply  the  qeantity  of  each  ingredient  by  its  rate  or 
quality  ;  then  add  all  the  products  together,  and  add  also  all 


•  JkmoiutnUion.    Tbe  rule  is  thus  proved  bj  Algebra. 

I^et  a,  6,  c,  be  the  quaDtides  of  the  ingredients, 

and  m,n^Pf  their  rates  or  qaalities,  or  prices ; 

tlieo  omy  611,  cp,  are  their  several  values, 

and  am,  f  6n'i-*cp  the  sum  of  their  values, 

also  a'^b"\'C  is  the  sum  of  the  quantities, 

and  if  r  denote  the  rate  of  the  whole  compositioo, 

tfcen  a^  fc-^cX**  will  be  the  value  of  the  whole, 

comeq  g-f-^H-  cX  r=.am  -f  6n  -f   cp, 

and   **=3am4-6n-|-<y?-o  -|-  A+c,  which  is  the  rule. 

Abfe,  If  an  ounce  or  any  other  quantity  of  pure  sold  be  reduced  into  34  equal 
parts,  these  parts  are  called  Caracts  i  but  s^ola  is  often  mixed  with  some  base 
metal,  which  is  called  the  Alloy,  and  the  mixture  is  said  to  be  of  so  many  caracts 
^,  according  to  die  proportion  of  pure  ;i^d  contained  in  it }  thus,  if  22  caracts 
of  pore  gold,  and  %  ot  alloy  be  mixed  together,  it  is  said  to  be  22  caracts  fine. 

M  any  one  of  the  simpteft  be  of  littl«K>r  no  value  with  respect  to  the  rest,  its 
rate  is  supposed  to  be  nothing ;  as  water  mixed  with  wine,  ond  alloy  with  gold 
atid  silver. 

Vol.  F.  18  th« 
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the  quanlities  together  into  another  sum  ;  then  divide  the 
former  sum  by  the  latter,  that  is,  the  Bum  of  the  products 
by  the  nam  of  the  quantities,  and  the  quotient  will  be  the  rate 
or  quality  of  the  composition  required. 

EXAMPLES. 

If  three  sorts  of  eunpowder  he  mixed  together,  tiz.  60lb 
at  I2d  a  pound,  441b  at  Ud,  and  W\b  at  8(i  a  pound  ;  how 
much  a  pound  is  the  composition  worth  ? 

Here  60,  i4,  26  are  the  quantities, 
and     \iy    9,    8  the  rates  or  qualities  ; 
then   60  X  12  =  tiOO 

44  X    9  =  396  ^ 

26  X     8  =  208 

120)  1204         (10^f^=t03V. 

Ans.  The  rate  or  price  is  10  ^^d  Uie  pound. 

2.  A  composition  being  made  of  6lb  of  tea  at  7s  per  lb, 
91b  at  H«  6d  per  lb,  and  I4^1b  at  6s  \0d  per  lb  ;  what  is  a  lb 
of  it  worth  ?  Ans.  bJ  lo^d. 

3.  Mixed  4  gallons  of  wine  at  4a  ^Od  per  gall,  with  7  gal- 
lons at  6s  3d  per  gall,  and  9|  gnltons  at  6s  ^d  per  gall ;  what 
is  a  gallon  of  this  composition  worth  ?  Ans.  6s  4^c/. 

4.  A  mealman  would  mix  3  bushels  of  flour  at  3s  Sd  per 
bushel,  4  bushels  at  6s  6d  per  bushel,  and  6  bushels  at  4s  Bd 
per  bushel  ;  what  is  the  worth  of  a  bushel  of  this  mixture  ? 

Ans.  4s  7^tf. 

5.  A  farmer  mixes  10  bushels  of  wheat  at  6s  the  bushel, 
with  18  bushels  of  rye  at  3s  the  bu><hel,  and  20  bushels  of 
barley  at  2s  per  bushel :  how  much  is  a  bushel  of  the  mix- 
ture worth  ?  Ans.  3s. 

6.  Having  melted  together  7  oz  of  gold  of  22  caracts  fine, 
12-J  oz  of  21  caracts  fine,  and  17  oz  of  i 9  caracts  fine;  I 
would  know  the  fineness  of  the  composition  ? 

Ans.  20||  caracts  fine. 

7.  Of  what  fineness  is  that  composition,  which  is  made  by 
mixing  3lb  of  silver  of  9  oz  fine,  with  6lb  8  oz  of  10  oz  fine, 
and  lib  10  oz  of  alloy  ?  Ans.  7||  oz  fine. 

ALLIGATION 
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ALLIGATION  ALTERNATE. 


AiiLioATioN  Alternate  is  the  method  of  fiadiog  what 
quantity  of  any  Dumber  of  simples,  whose  rates  are  given,  will 
compose  a  mixture  of  a  given  rate.  So  that  it  is  the  reverse 
of  AUigatioD  Medial,  and  may  be  proved  by  it. 

RULE  1.* 

1.  Set  the  rates  of  the  simples  in  a  column  under  each 
other. — t.  Connect,  or  link  with  a  continued  line,  the  rate 
of  each  simple,  which  is  less  than  that  of  the  compound,  with 
one,  or  any  number,  of  those  that  are  greater  than  the  com- 
pound ;  and  each  greater  rate  with  one  or  any  number  of  the 
less. — 3.  Write  the  difference  between  the  mixture  rate,  and 
that  of  each  of  the  simples,  opposite  the  rate  with  which  they 
sure  linked.— 4.  Then  if  only  one  difference  stand  against  ady 
Tate,  it  will  be  the  quantity  belonging  to  that  rate  ;  but  if 
there  be  several,  their  sum  will  be  the  quantity. 

The  examples  may  be  proved  by  the  rule  for  Alligation 
Medial.  »  • 


*  DemonH.  Bj  coanecting  the  less  rate  to  the  greater,  and  placing  the  differ- 
enoe  between  them  and  the  rate  alternately,  the  quantities  resulting  are  such 
that  there  is  precisely  as  moeh  gained  by  one  quantity  as  is  lost  bf  the  olber,  and 
therdbre  ttie  gain  and  loss  upon  tlie  whole  is  equal,  and  is  exactly  the  propoaed 
rata :  and  tha  same  will  be  true  of  any  other  two  simples  managed  according  to 
the  Rule. 

Id  like  oianoer,  whatever  the  number  of  simples  may  be,  and  with  how  many 
soever  every  one  is  linked,  since  it  is  always  a  less  with  a  greater  than  the  mean 
price,  there  will  be  an  equal  balance  of  loss  and  gain  between  every  two,  and 
consequently  an  equal  balance  on  the  whole,    q.  i.  n. 

It  is  obvious,  from  this  Rule,  that  qnestMns  of  this  sort  admit  of  a  great  variety 
of  answers  J  for,  having  found  one  answer,  we  may  find  aia  many  more  as  we 
please,  by  only  muttiplving  or  dividing  each  of  the  quantities  found,  by  2,  or  3, 
or  4,  &c  f  the  reason  of  which  is  evident ;  (or,  if  two  quantities,  of  two  simples, 
make  a  htl^n^^  of  loss  and  gain,  with  respect  to  the  mean  price,  so  must  also  the 
dooble  or  treble,  the  j^  or  ^  P^>^i  <"  ■'■y  other  ratb  of  these  quantities,  and  so 
oaadin/auiunL 

These  kinds  of  questions  are  called  by  algebraists  indeterminate  or  urUimite 
problems;  and  by  an  analytical  process,  theorems  may  be  raised  that  will  give  a]i 
t\Mpo$iibU  aoswerv. 
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EXAMPLES. 


1.  A  merchant  would  mil  wines  at  1ft.  at  I85,  and  at  22t 
per  gallon  so  as  that  the  miiture  may  be  worth  20«  the  gal- 
lon :  what  quantity  of  each  mast  be  taken  ? 

16* 

Here  20  ^  1 8- 


^22^/x    4-f2s=6  at  92*. 
Ans.  2  gallons  at  \^s,  2  gallons  at  18f,  and  6  at  22<. 

2.  How  much  wine  at  6«  per  gallon,  and  at  45  per  gallon 
must  be  miied  together,  that  the  composition  may  be  worth 
6f  peri^allon  ?  Ans.   I  qt  or  1  gall,  &c. 

3.  How  much  sugar  at  Ad,  at  6c/,  and  at  lie/  per  lb,  must 
be  miiLed  together,  so  that  the  composition  formed  by  them 
may  be  worth  Id  per  lb  ? 

Ans.  1  lb,  or  1  stone,  or  1  cwt,  or  any  other  equal  quan- 
tity of  each  sort. 

4.  How  much  corn  at  2t  6  J,  3^  8i,  4$,  and  4«  Bd  per  bash- 
el,  must  be  mixed  together,  that  the  compound  may  be  worth 
3t  lOd  per  bushel  ? 

Ans.  2  at  28  6(1,  2  at  3s  8J,  3  at  4ff,  and  3  at  4;  8<2. 

6.  A  goldsmith  has  gold  of  16.  of  18,  of  23.  and  of  24 
caracts  fine  :  how  much  must  he  take  of  each,  to  make  it  21 
caracta  fine  ?         Ans.  3  of  16,  2  of  itt,  3of  tt3,  and  6  of  24. 

6.  It  is  required  to  mix  brandy  at  12t,  wine  at  lOs,  carder 
at  It,  and  water  at  0  per  gallon  together,  so  that  the  mixture 
may  be  worth  >  s  per  gallon  ? 

Ans.  6  gals  of  brandy,  7  of  wine,  2  of  cyder,  and  4  of  water. 

RULE  II. 

Wren  the  whole  composition  is  limited  to  a  certain  quan- 
tity :  Find  an  answer  as  before  by  linking ;  then  say,  as  the 
sum  of  the  quantities,  or  differences  thus  determined,  is  to 
the  given  quantity  ;  so  is  each  ingredient,  found  bj  linking,-  to 
the  required  quantity  of  each. 

EXAMPLES. 

1.  How  much  gold  of  15,  17,  18,  and  22  caracts  fine,  must 
be  mixed  together,  to  form  a  composition  of  40  oz  of  20  ca- 
racts fine  ? 

Here 
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-  -     -     2 

-  -     -     2 


6  4-3+2=10 


16 
Then,  as  16  :  40  :  :  2  :  5 
and  16  :  40  :  :  10:25 
Ads.  5  oz  of  15,  of  17,  and  of  16  caractb  fine,  and  25  oz  of  82 
caracts  fine.* 

Ex.  2.  A  vinter  has  wine  at  45,  at  6s,  at  55  6d,  and  at  6s  a 
gallon  ;  and  be  wouldmHkea  mixture  of  iSi^allooa,  sotbjitit 
■Hfhl  be  afforded  at  bs  4d  per  gallon  ;  bow  macb  of  each  sort 
miift  be  take  ? 

Ans.  3  gal.  at  45,  3  at  55,  6  at  55  6d,  and  6  at  6^. 


*  A  great  number  of  questions  might  be  bereeiven  relating  to  the  specific  gre- 
▼ities  of  metals,  Ac.  but  oue  of  the  most  curious  may  here  suffice. 

Hiero,  kiog  of  Syracuse,  ga?e  ordera  for  a  crown  to  be  made  entirely  of  pure 
gold  i  bat  suspecting  the  workman  had  debased  it  by  mixing  it  with  silver  or 
copper,  be  recommended  the  discovery  of  the  I'raud  to  the  famous  Archimedes, 
and  desired  to  know  die  exact  quantity  of  alloy  in  the  crown. 

Aichimedet,  in  order  to  detect  the  imposition,  procured  two  other  masses,  the 
one  of  pure  gold,  the  other  of  silver  oi  copper,  and  each  of  the  sbnie  weight  with 
the  former ;  and  by  putting  each  separately  into  a  vessel  full  of  water  the  quan- 
tity of  vrater  eipeUed  by  them  determined  their  specific  graficies;  fram  which, 
and  dieir  given  weights,  the  exact  quantities  of  gold  and  alloy  in  the  crown  may 
be  deteimioed. 

Suppose  the  weight  of  each  crown  to  be  101b,  and  that  the  water  expelled  by 
the  copper  or  silver  was  981b,  by  the  gold  521b,  and  by  the  compoiuid  crown 
64lb  ;  what  will  be  the  quantities  of  gold  and  alloy  in  the  crtwn  f 

The  rates  of  the  sunples  are  9S  and  52,  and  of  the  compound  64 ;  therefore 

J9S— ^  tS  of  copper 
64j5i.w»Z8of  gold 

And  the  sum  of  these  ia  18  ^  S8  ca  40,  which  should  have  been  but  10  i  there- 
fore by  the  Rule, 

40!  10:  :  12:  3lbof  copper)  ,.     .„^ 
40:10:  t  28:   Tlbofgold     \^^^^r. 


m;i.K 
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RULE  in.* 


When  ooe  of  the  ingredientff  m  limited  to  a  certain  quan- 
tity ;  Take  the  difiereace  between  each  price,  and  the  mean 
rate  as  before  ;  then  saj.  As  the  difiference  of  that  Bimple, 
whose  quuntity  i^  given,  is  to  the  rest  of  the  differences  se- 
verHlly  ;  so  is  the  quantity  given,  to  the  several  quantities  re* 
quired. 


EXAMPLES. 


Here  64 


1.  How  much  wine  at  5t,  at  58  6d,  and  6«  the  gallon,  must 
be  mixed  with  3  gnllons  at  4^  per  gallon,  so  that  the  mixture 
may  be  worth  5f  4d  per  gallon  ? 

48-^;^^        8+2=10 

8+2^10 

16+4=20 

li^c^     16+4=20 
Then  10  :    10  :  :  3  :  3 
10  :  20  :  :  3  :  6 
10  :  20  :  :  3  :  6 
Aos.  3  gallons  at  68,  6  at  5t  6d,  and  6  at  65. 

2.  A  grocer  would  mix  teas  at  12s,  10s,  and  6s  per  lb,  with 
20lb  at  4s  per  lb  how  much  of  each  sort  must  he  take  to  make 
the  composition  worth  tJs  per  lb  ? 

Ans.  20ib  at  4s,  lOlb  at  6s,  lOlb  at  10s,  and  20lb  at  12s. 

3.  How  much  gold  of  15,  of  17,  and  of  22  caracts  fine, 
must  be  mixed  with  5  oz  of  18  caracts  fine,  so  that  the  compo* 
sition  may  be  20  caracts^  fine  ? 

Ans.  5  oz  of  15  caracts  fine,  5  02s  of  17,  and  25  of  22. 


*  In  the  very  same  manner  questions  may  be  wrouefat  when  several  of  the  in- 
mdients  are  HmiU>d  to  <  ertain  quantities,  by  finding  first  for  one  limit,  and  then 
for  another,  llie  two  labt  Rules  can  need  no  dciiumstratioo,  a«  they  evidentlj 
result  from  the  first,  the  reason  of  which  has  been  already  explained. 


POSITION. 


SINGLE  POSITION.  136 


POSITION. 


Position  is  a  method  of  performing  certain  questions,  which 
cannot  be  resolved  by  the  common  direct  rales.  It  is  some* 
times  called  FaUe  Position,  or  False  Stippogition  because  it 
^^  Slakes  a  SQppo^ition  of  false  numbers,  to  work  with  the  same 
as  if  they  were  the  true  ones,  and  by  their  means  dii^coyers 
the  true  numbers  sought.  It  is  sometimes  also  called  Trial- 
and  Error,  because  it  proceeds  bj  triah  of  false  numbers, 
and  thence  finds  out  the  true  ones  by  a  comparison  of  the 
errort. — Position  is  either  Single  or  Double. 


SINGLE  POSITION. 


SiiroLE  Position  is  that  by  which  a  question  is  resolved 
by  means  of  one  supposition  only.  Questions  which  have 
their  result  proportional  to  their  suppositions,  belong  to  Sio- 
gle  Position:  such  as  those  which  require  the  multiplication 
or  division  of  the  number  sought  by  any  proposed  number : 
or  when  it  is  to  be  increased  or  diminished  by  itself,  or  any 
parts  of  itself,  a  certain  proposed  number  of  times.  The 
rule  is  as  follows  : 

Take  or  assume  any  number  for  that  which  is  required, 
and  perform  the  same  operations  with  it,  as  are  described  or 
performed  in  the  question.  Th«>n  say.  As  the  result  of  the 
said  operation,  is  to  the  position,  or  number  assumed  ;  so  I8 
the  result  in  the  question,  to  a  fourth  term,  which  will  be  the 
number  sought.^ 


«  The  reason  of  this  Rule  is  endent,  because  it  is  supposed  that  the  resolts 
are  propoftional  to  the  suppositions. 
Thos,  na:a:  ifuxtj 

a  z 

or  — :o::— :ar, 
n  n 

a  a  z  a 

or—  ^   —  Ac.  :  o  :  :  —  Ht  —  *C. :  », 
n  m  n         m 

and  so  on.  EXAMPLES. 
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EXAMPLES. 

1.  A  parsoo 


.  A  parsoo  afler  spending  \  and  {  of  hin  money,  has  yet 
nuaiog  60/ ;  what  bud  he  at  first  ? 

Suppof«e  he  bad  at  first  120Z.  Proof. 

Now  i  of  UO  10  40  '       4  of  143  18    48       m 
I  of  it  is      30  iof  144  ifl    36 

their  sum  is      70  their  sam       84 

which  taken  from  ISO  taken  from     144 


leaves      60  leaves     60  as 

Then,  50  :  120  :  :  60  :  144,  the  Answer.  per   question. 

2.  What  number  is  that  which  being  multiplied  by  7,  and 
the  product  divided  by  6,  the  quotient  may  be  21  ?     Ans.  18. 

3.  What  number  is  that,  which  being  increased  by  |,  |, 

and  j-  of  itself,  the  sum  shall  be  75  ?  Ans.  36. 

• 

4.  A  general,  aAer  sending  out  a  fornging  \  and  \  of  his 

men,  had  yet  remaining  1000  ;  what  number  had  he  in  com- 
mand? Ans.  6000. 

5.  A  gentleman  distributed  52  pence  among  a  number  of 
poor  people,  consisting  of  men,  women,  and  children  ;  to 
each  man  he  g^ve  Qd,  to  each  wom^n  Ad,  and  to  each  child 
%d :  moreover  there  were  twice  as  many  women  as  men,  and 
thrice  as  many  children  as  women.  How  many  were  there 
of  each  ?  Ans.  2  men,  4  women,  and  12  cbildraa. 

6.  One  being  asked  hi^  f^e,  s»id,  if  |  of  the  ^ears  I  have 
lived,  be  ^iltiptipd  by  7,  aud  |  of  them  be  added  to  the  pro- 
dQCt»  the«ttm  will  be  219.     What  was  his  ^ge  ? 

Ans.  45  years. 


DOtJBLE 


C    lat   3 


DOUBLE  POSITIOJP. 


Double  PosfTioir  18  the  method  of  resoWiag  «eHfiin  qixetf* 
iions  by  me'^os  of  two  suppoeitioo^  of  false  Dumbers. 

To  tbe  Double  Rale  of  Position  belong  such  questioas  at 
have  their  results  not  proportional  to  their  positions  :  such  ar« 
those  in  which  the  numbers  soi^gbt*  or  their  parts,  or  theif 
iDultiples,  are  increased  or  diminished  by  some  given  absolulli^ 
number,  which  is  no  known  part  of  the  number  nought 


RULRL* 


Takb  or  assume  any  two  convenient  numbers,  and  proceed 
frith  each  of  them  separately,  according  to  the  conditions  of 
the  question,  as  in  Single  Position  ;  and  find  how  much  each 
result  is  different  from  the  result  mentioned  in  tbe  question, 
calling  these  differences  the  errors ^  noting  also  whether  the 
results  are  too  great  or  too  little. 


*  Dtmanatr.  The  Role  it  Ibunded  00  this  rappofltion,  namely,  that  the  first 
«rror  n  to  the  secoad,  ■•  (he  di&rance  between  the  tn»  and  iSnt  sapposed  nam- 
ber,  is  to  the  difference  between  the  true  and  second  rappoaed  munber ;  when  (hat 
ifl  not  the  case,  the  eiact  answer  to  die  question  cannot  be  ibund  hy  this  Rale.-*- 
That  the  Role  is  true,  according  to  that  supposition,  maj  be  thus  proved. 

-  Let  a  and  6  be  the  two  sappositioos,  and  a  and  b  their  resists,  produced  by  ai- 
naiar  operatioa  i  alap  r  and  a  their  errors,  or  tbo  di&ienoea  between  (he  results 
A  and  B  frani  the  true  result  if ;  and  let  x  denote  the  number  sought,  anffwarinff  to 
iha  true  result  n  of  the  questioOi 

Then  is  n  —  a  ss  r,  and  n  —  b  «  #.  And,  according  to  tho  sapposkipn  on 
which  (he  Role  it  founded,  r  :  9 : :  * — a : »— &  :  hence,  by  multiplying;  extremea 
and  means,  rx'—'rb^  ax  —  aaj  ihca,  b>  transposition,  rx^^sxsatrh  —  m^ 

rb—aa 
aad,  by  diritioD,  »  »  — «—  the  number  sought,  which  is  (he  rule  ifben  (he  re* 

r— '» 
nits  are  both  (00  little. 

If  the  results  be  both  too  great,  so  that  a  and  b  are  both  plater  than  r  ;  thaa 
H  —  Kmm  —  r,  and  u  —  b ss —  «, or  r  and  s  are  bolh  negative  ;  hence --r-.-^t 
: :  ce  —  ft :  ae  —  6,  but  —  r:  —  5::4-r:-|-  $  therefore  r  -.a::  x — a  :«-—(; 
aiidlhe  mat  wiU  be  exactly  as  in  tbe  former  rases. 

But  if  oae  result  a  only  be  too  little,  and  the  other  b  too  great,  or  one  ervorr 

«OiitirB»  aiid.tbe0(her.#  negatiFe,  then  the  theorem  beqoinss  9  «• 9  whijdi 

r+9 
\%Jh6  Rule  in  this  case,  or  when  the  orrort  are  unHkc. 

^^^OL.  I.  19  Than 
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Then  multiply  each  of  the  said  errors  hy  the  contrary  sup- 
positioo,  namely,  the  fint  position  by  the  second  error,  and 
ihe  sec<A)d  position  by  the  first  error.     Then, 

If  the  errors  are  alike,  divide  the  difference  of  the  products 
by  the  difference  of  the  errors,  and  the  quotient  will  be  the 
answer. 

But  if  the  errors  are  unlike,  divide  the  sum  of  the  products 
by.  the  sum  of  the  errors,  for  the  answers. 

Abte,  The  errors  are  said  to  be  alike,  when  they  are  either 
both  too  great  or  both  too  little  ;  and  unlike,  when  one  is  too 
great  and  the  other  too  little. 

EXAMPLES. 

1.  What  number  is  that,  which  being  multiplied  by  6,  the 
product  increased  by  18,  and  the  sum  divided  by  9,  the  quo- 
tient shall  be  20  ? 

Suppose  the  two  numbers  18  and  30.    Then, 
First  Position.  Second  Position.  Proof. 

18     Suppose  30  27 

6     mult.  6  6 


108 
18 

add 

108 
18 

162 
18 

9) 

126 

dir. 

»)' 

198 

9)   180 

14 
20 

results 
true  res. 

22 
20 

20 

2nd  pos. 

30 

errors  unlike 
mult. 

-2 
18 

Ist 

pos. 

£r-   (2 
rors^e 

180 
36 

- 

36 

sum  8} 

216 

snm  of  products. 

27     Answer  sought. 

RULE  II. 
Find,  by  trial,  two  numbers,  as  near  the  true  number  as 
conyenient,  and  work  with  them  as  in  the  question  ;  marking 
the  errors  which  arise  from  each  of  them. 

Multiply  the  difference  of  the  two  numbers  assumed,  or 
ibund  by  trial,  by  one  of  the  errors,  and  divide  the  product  by 
the  difference  of  the  errors,  when  they  are  alike,  bat  by  their 
sum  when  they  are  unlike. 

Add 
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Add  Che  quotient,  last  foand,  to  the  number  belonging  to 
the  said  error,  when  that  nnmber  is  too  little,-  but  sobtract  it 
it  when  too  great,  and  the  resnlt  will  gi?e  the  true  quantity 
sought*. 


EXiLMPLES. 

1 .  So,  the  foregoing  example,  worked  by  this  2d  rule  will 
be  as  follows  :    ' 

30  positions  18;  their  dif.     12 

—2  errors  +  6  ;  least  error    2 

sum  of  errors  8)  24  (3  subtr. 
from  the  position  30 

leaves  the  answer  27 

£x.  2.  A  son  asking  his  father  how  old  he  was,  received 
this  answer  :  Your  age  is  now  one-third  of  mine  ;  but  6  years 
ago,  your  age  was  only  one-fourth  of  mine.  What  then  are 
their  two  ages  ?  Ans.  Id  and  45. 

3.  A  workman  was  hired  for  20  days,  at  3*  per  day,  for 
every  day  he  worked  ;  but  with  this  condition,  that  for  every 
day  he  played,  he  should  forfeit  U.     Now  it  so  happened, 
that  upon  the  whole  he  had  2/  4$  to  receive.    How  many  of 
the  days  did  he  work  ?  Ans.  16. 

4.  A  and  b  began  to  play  together  with  equal  sums  of 
money  :  a  first  woo  20  guineas,  but  afterwards  lost  back  }- 
of  what  be  then  had ;  after  which,  a  had  4  times  as  much  as 
A.     What  sum  did  each  begin  with  ?  Ans.   100  guineas. 

^.  Two  persons,  a  and  b,  have  both  the  same  income,  a 
saves  I  of  his  ;  but  b,  by  spending  60^  per  annum  more  than 
A,  at  the  end  of  4  years  finds  himself  100/  in  debt. 
What  does  each  receive  and  spend  per  annum  ? 

Ans.  They  receive  1261  per  annum  »  also  a  spends  KM, 
and  B  spends  160/  per  annum. 


•  For  since,  bj  the  BapfMdcion^  r  :  9  : :  »—»:«— 6,  thertfere  bj  diriskio, 
«::  6~-<i :  c^6,  which  u  UmM  Rule. 
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PERMUTATION  AND  COMBINATIONS. 

Permdtatioh  18  the  altering,  changiog  or  varjing  the  pa« 
•itioD  or  order  of  things  ;  or  the  showing  how  manj  different 
ways  they  may  he  placed.-^This  is  otherwise  called  Alter- 
nation, Changes,  or  Variation  ;  and  the  only-  thing  to  he  re- 
.garded  here,  is  the  order  they  stand  in  ;  for  no  two  parcels 
are  to  have  all  their  quantities  placed  in  the  same  sttaatioa  ; 
as,  how  many  changes  may  he  rang  on  a  namber  of  bells,  or 
how  many  different  ways  any  namber  of  persons  may  be 
placed,  or  how  many  several  variations  may  be  made  of  any 
namber  of  letters,  or  any  other  things  proposed  to  be  yaried. 

CoMBiiTATioir  k  the  showing  how  often  a  less  namber  of 
things  can  be  taken  oat  of  a  greater,  and  combined  together, 
without  considering  their  places,  or  the  order  they  stand  in. 
This  is  sometimes  called  Election  or  Choice ;  and  here  every 
(larcel  must  be  different  from  all  the  rest,  and  no  two  are  to 
liaire  precisely  the  same  quantities  or  things. 

Comhinaiinns  of  the  tame  Form,  are  those  in  which  there 
are  the  some  number  of  quantities,  and  the  same  repetitions : 
thus,  aabe,  bbed,  cede^  are  of  the  same  form ;  aahe^  ahbb^  ooM, 
are  of  different  forms. 

CbMjponiton  ^  Qtianiirtet,  is  the  taking  a  given  nomber  of 
qnanttties  out  of  as  many  equal  rows  of  different  quantities, 
one  oat  of  every  row,  and  combining  them  together. 

Illustrations  of  these  definitions  are  in  the  following  Pro- 
blems : 

PROBLEM  I. 

fo  amgn  ike  J^umberof  Pemnuaiiani^  &r  Changes,  thai  can  he 
made  of  any  Given  if  umber  of  Thinge^  all  different  Jrom  each 
other* 

RULE* 

MvLTiPLT  all  the  terms  of  the  natural  aeries  of  numbers, 
froaa  I  up  to  the  given  number,  continually  together,  and  the 
last  product  will  be  the  answer  required. 

EXABfPLES. 


•ThoNuooof  theRukmaybedHmmibnii;  any  om  thiBg«iscapabl«Qaiy 
of  oiiBpoiitioD,ua.  ' 

Any  twothiogi*  and  6,  aro  odIj capable  of  two  Tariationsi  af«6,  6ii;  whosr 
ttmnbar  if  asprosad  by  1  X^ 
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E3CABOLBS. 

1 .  How  many  ctengei  mtj  be  rttng  on  t  beOf . 

1 

o 


2 
3 

6 

4 

M 

5 

120 
6 

720  the  Antwer. 

Or  1  X2X3X4X6X6«:720  tlie  Amwer. 

2.  How  mtDj  days  can  7  persons  be  placed  in  a  different 
position  at  dinner  f  Ans.  6040  days. 

3.  How  nany  changes  may.be  roi^  on  12  bells,  and  what 
t«e  would  it  require,  supposing  10  changes  to  be  rung  in  1 
floinute,  and  the  year  to  consist  of  366  days,  6  hours,  and  49 
jbinotes  ? 

Ans.  479001600  changes,  and  91  years,  26  days,  22  hours, 
41  minutes* 

4.  How  many  changes  may  be  made  of  the  wofds  in  the 
following  Terse  :  Tot  HH  »mU  doits^  virgo,  quoi  ridera  c^lo  ? 

Ans,  40320  changes. 


wiU  have  1  v  9  ▼urtattonf ;  ftM  conseqiMBlly  when  the  dd  is  taken  in,  there  will  he 
1X*K3  vmiMflM. 

1b  the  nine  mannerf  when  there  are  4  tbion,  every  three,  leaving  ont  the  4(b, 
will  have  IXtX^  variatioos }  conaegoentlv  bv  taking  in  saccessiveljr  the  4  left 
out,  (here  will  he  1  X^  X  9x4  variatkxiB.    Ana  so  on  at  far  as  we  pleaae. 


PROB. 
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PROBLEM  n. 


^ny  JSfumber  of  different  thing$  being  given  ;  iojind  how  many 
Changei  eon  be  made  out  of  ihem^  by  taking  a  Qiven  dumber 
of  Quantities  at  a  Time, 

RULE. 

Take  a  series  of  oumbers,  begiDDiDg  at  the  number  of 
thiDgs  giTen,  and  decreasing  bj  1  to  the  oamber  of  qoaotities 
to  be  taken  at  a  time»  and  the  prodact  of  all  the  terms  will  be 
the  answer  required. 

EXAMPLES. 

I .  How  many  changes  may  be  rang  with  3  bells  out  of  8  ? 

8 
7 

56 
6 


336  the  answer. 


Or,  8X7X6  (=3  (erroa)  =336  the  Answer. 

2.  How  many  words  can  be  made  with  5  letters  of  the  al- 
phabet, supposing  24  letters  in  all,  and  that  a  number  of  con- 
sonants alone  will  make  a  word.  Ans    5100480, 

3.  How  many  words  can  be  made  with  5  letters  of  the 
alphabet  in  each  word,  there  being  26  letters  in  all,  and  6 
vowels,  admitting  that  a  number  of  consonants  alone  will  not 
make  a  word?  Ans.   137858400. 

PROS. 


*  This  Rale,  expresnd  in  algebraic  teimg,  is  as  fbllows : 

m  X  ^ — 1  ^fn^2x**>'~-3'  ^-  to  n  terms :  where  m  ^  the  Duoiber  of  Uunga 
given,  and  n  =  the  quwilities  to  be  taken  at  a  time. 

In  order  to  demonstrate  the  Rule,  it  wiU  be  proper  to  premise  tfae  Mfmiag 
Lemma: 

Lbmma.  '^he  number  of  changes  of  m  things,  taken  n  at  a  time,  is  equal  to  m 
changes  of  m— 1  things,  taken  n— *1  at  a  time. 

Demonstr.  Let  any  fire  auantilies  a  b  cdehe  given. 

First,  leave  out  the  «,  and  let  9«s  the  number  of  all  the  variations  of  everv  two, 
be,  bd,  &c.  that  can  be  taken  out  of  (he  four  remaining  qoantities  b  cde. 

Now,  let  a  be  put  in  the  first  place  of  each  of  them,  a,  6,  c,  <t,  6,  ci,  ^.  and  the 
number  of  changes  wbicfa  still  remain  the  same  i  that  is,  v  «a  the  namber  of  vari- 
ations of  eveiy  S  out  of  the  5,  a,  6,  c,  d,  e,  when  a  is  first.  * 

In 


' 


PERMUTATION  AND  COMBINATIONS.        143 


PROBUSM  III. 


Any  Numberlof  Things  being  given ;  of  which  there  are  several 

fiven  Things  of  one  Sortj  and  several  of  anatiier^  Src. ;  to 
tnd  how  tnany  Changes  can  be  made  out  of  ihtm  all. 


RULE.* 


Take  the  series*!  X  2  X  3  X  4,  &c.  up  to  the  Dumber  oi 
tbiDgs 'given,  and  find  the  product  of  all  (he  termi. 

Take  tbe  series  1  X  2  X  3  X  4,  &c.  up  to  the  number  of 
giyen  things  of  che  first  sort,  and  the  series  1X2X3X4, 
&c.  up  to  the  number  of  given  things  of  tbe  second  sort,  &c* 

Divide 


la  like  manner,  if  fr,  e,  i,  e  be  successively  left  oat,  the  number  ofTarlations 
of  all  the  two*8  will  also  be  :^  «  ■,  and  poiting  &,  c,  <f,  e  respectively  in  the  first 
place,  to  make  3  quantities  out  of  5,  there  will  still  be  v  vaiiattons  as  before. 

But  thews  arv  all  tfa«  Tiiriatloaa  that  can  happen  of  3  thinrs  out  of  5,  when  a, 
b,  e,  d,  e,  are  sucoenivel  v  put  first ;  and  therefore  the  sum  of  all  these  is  the  sum 
of  bU  the  changes  of  3  tning:s  out  o(  5. 

Bat  the  sum  of  these  is  so  manv  times «  as  is  the  number  of  things;  (bat  ie  5v, 
or  vw,  cs  ail  the  chaofca  of  5  times  out  of  5. 

And  the  same  way  oTreasonins^  may  be  applied  to  any  numbers  wh«teyer. 

Demon,  qf  the  Ruts.  Let  any  7  things,  abed  efg^  be  given,  and  let  3  be  the 
nnmber  of  quantities  to  be  tniien. 

Then  m sa?,  and  n  ss 3. 

Now,  it  is  evident,  that  the  nnmber  of  changes  that  can  be  made  by^  taking  1 
by  I  out  of  5  thinzs,  will  be  5,  which  let  as  v. 

Then,  by  the  Lemma,  when  m  bs6,  and  n  so  S,  the  nnmber  of  ebanges  vill 
be  cs  JII9  as  6X  5 ;  which  let  be  «■  o  a  sopond  time 

Again,  by  the  Lenmia,  when  m  bs  7  and  n  aaS,  the  number  of  dianges  is  mv 
ea  7  X  6  X  5  i  that  is  mveam  X  (m— 1)  X  On  --  2)*  continued  to  3,  or  n 
tenns. 

And  the  same  Dmy  be  shown  for  any  other  numbers. 

*  This  Rule  is  expressed  in  terms  thus: 

I  XgX  3X  4X  5,  &c.  torn 

1X^X3,  &c.  to;>  X  I  X  g  X  3»  Ac  to  9,  &c. 
where  m  cs  the  number  of  things  given,  p  s  the  number  of  things  of  the  first 
sort,  q  sa  the  number  of  things  of  the  second  tort,  ftc. 

Tht  Demonstration  mav  be  shown  as  follows  { 

Any  two  quantities,  a,  0,  both  diflerent,  admit  of  2  changes;  but  if  the  qoan- 
tities  are  the  same,  or  a  6  becomes  a  a,  there  will  be  only  one  positioD ;  which 

1  X« 
may  be  expressed  by  — -^  bs  1. 

1X8  ^"y 


i- 
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Dif  ide  tha  product  of  all  the  teroM  of  the  first  series  by 
the  joint  product  of  all  the  terms  of  the  retnaiaing  ones,  and 
the  qQotieot  will  be  the  answer  requireJl. , 

EXAMPLES. 

1.  How  wmaj  iariatioBf  can  be  made  of  the  letters  in  tba 
word  BacchaDaiia  ? 

1X2  (as  nmnber  of  c*8)  »  2 
1x2X3X4  (ss  namber  of  a*s)  as  24 
1X2X3x4x5X6X7X8x9X10X11 
's  number  of  letters  in  the  word)  s  39916800 
fc  X  24  s  48)  39916800  (831600  the  Aaawer. 

151 
76 
286 

2.  How  many  different  nnmben  can  be  made  of  the  fbllow- 
ingfignres,  1220005555?  Ans.  12600. 

3.  How  many  yarieties  will  take  place  in  the  succession  of 
the  following  musical  notes,  &,  &,  fa,  &,  sol,  sol,  la,  mi  f 

Ans.  840« 


Any  3  qaantities  a,  b,  e*  all  diflefent  frani  •Bch  cHher,  •§otd  6  variatiobf ;  bat 
if  Hm  mitnfitwt  be  all  aUka*  ora  6  t  bacomei  a  a  a,  than  tha  6  variations  w31  ba 

1X2X3 

ladocadta  1 ;  whicb  may  ba  aspranad  bj «k1.    Asain,  if  tiro  of  the 

1  XSX3 
quantitiefl  onlj  are  alike,  or  a  6  e  baoomas  a  «  c,  than  tha  6  TanatioaB  will  be 

1X2X3 
radnoad  to  thaia  S,  a  a  e,  e  «  a,  and  a  c  a ;  whidi  maj  ba  esprataad  bj 


iXf 

SS3. 

Any  4  qoantitiai,  a  6  e  d,  all  diffinent  from  each  other ;  will  admit  of  94  varia* 
lions.    Bot  if  the  qaantities  be  the  sainat  or  «  6  cd,  beoxnes  sa  a  a,  the  nmn- 

iX.2Xdx4 

bcr  of  variations  will  ba  rsdoced  to  one ;  whkh  is  «■ ^1. 

1X8X3X4 
Again,  if  throe  of  the  qoantities  only  be  the  same,  or  a  6  c  d  becomes  a«  «  6, 
thenomberof  Tariations  will  be  reduced  to  these  4,««ai,  aa  6  a,  a 6«  a,  and 

1X3X3X4 

baaai  which  is  s: «■  4. 

1  V8X3 
And  thus  it  may  be  shown,  that  if  two  of  tha  qoantities  ba  al&a,  or  tba  4  quan- 
tities be  a  a  6  e,  the  number  of  variations  will  be  redoced  to  IS;  which  may  be 

1X«X3X4 
eiDressed  by  — — —  e«t8. 

And  by  raaaoolnc  in  ^  lama  manner,  it  will  appear,  that  ihe  number  of 
chancai  which  canoe  jnade  of  tha  quantities*  bbee^  liaqual  to  60$  whkhmaj 

IX  2X  3X4  Xd  X6 

ba  amcassed  by  ■  ■  cb  60.  And  soon  ibranj  other  qoaa- 

1X2X1X2X3 
(ities  tfimterer.  PROB- 
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HIOBLEM IV. 

To  find  Iht  Changei  of  any  Gvoen  Number  of  Things^  iakikg  a 
Given  Number  (U  a  Time ;  in  which  there  are  teveral  Given 
Thmg$  of  one  Sort^  several  of  anoiher^  4<* 

BULE.* 

FiiTD  all  the  different  forms  of  comblDatioo  ef  all  the  ^ven 
things,  taken  as  many  at  a  time  as  in  the  qaestion. 

Find  the  n amber  of  changes  in  any  form,  and  multiply  it 
by  the  number  of  combinations  in  that  form. 

Do  the  same  for  every  distinct  form,  and  the  snm  of  all  the 
products  will  give  the  whole  namber  of  changes  required^ 

EXAMPLES* 

1.  How  many  alterations,  or  changes,  can  be  made  of  ever;^ 
four  letters  out  of  these  8,  aaabbbec  f 

No.  of  forms.  No.  of  ichanges*^ 

o*6,  a*c,  6»o,  h^c -    .     -     4 

d«6»,  a«c«,6«c« 6 

a^hc^  h^a/n^  e^ah      - 1^ 

/4X     4  =  16 

Therefore  <S  X     6=  18 

(3  X  42=36 

70  =  number  of  changed. 
— ^        required. 

2.  How  many  changes  can  be  made  t^  every  8  letters  oof 
of  these  10  ;  aaaabbecde?  Ans    28260. 

3.  How  many  different  numbers  can  be  made  out  of  1  unit» 


•  The  mnn  of  thii  Rale  ii  plain  firom  what  tias  been  Aamk  befiNre,  and  dw 
oatire  of  tbe  pfoblem.  _ 

1.  Place  the  ^bia^B  so,  that  the  greatest  indices  may  bo  firtt,  and  (he  rut  m 
2  Begin  with  tbe  first  letter,  and  join  it  to  the  second,  third,  fixirlh,  ftc  to  the 

toft. 

3.  Then  teke  the  second  letter,  and  join  it  to  the  third,  fourth,  Ac.  to  the  last 
And  so  on,  till  they  am  entirely  exhaasted,  always  remembering  to  reject  sudi 
ooinbioationt  as  have  occurred  before ;  and  this  will  give  the  combinations  of  all 

thetwo*8.  ,    ,  ji    ».  ,   - 

4.  Join  the  first  letter  to  every  one  of  the  twos,  and  the  second,  third,  Ac.  as 
before ;  and  it  will  give  (he  combinations  of  all  the  threes.  ^        m.      .^ 

5.  Proceed  in  the  nme  manoer  to  get  the  oombmatlons  of  all  the  iam,  mc.  and 
M  will  at  last  get  alltUe  sSveral  forms  of  coroWnationfl,  and  thenunber  inanck 

VoL.r.  t6  «tw<*, 
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2  twoSy  3  threes,  4  fours,  and  5  fives  ;  taken  5  at  a  time  ? 

Ads.  2111. 

PROBLEM  V. 

To  find  the  Number  of  Combinations  of  any  Given  Nwmber  of 
tjkinge  all  different  from  each  other  ^  taken  any  Given  /{umber 
at  a  time, 

RULE.* 

Take  the  series  1,2,  3,  4,  kc.  up  to  the  number  to  be 
taken  at  a  time,  and  find  the  product  of  all  the  terms. 

Take  a  series  of  as  many  terms,  decreasing  by  !,  from  the 
^iven  number,  out  of  which  the  election  is  to  be  made,  and 
find  the  product  of  all  the  terms. 

Divide  the  last  product  by  the  former,  and  the  qaotient  will 
be  the  number  sought. 

EXAMPLES. 

1.  How  many  combinations  can  be  made  of  6  letters  out  of 
t«n? 


*  This  Rule,  espreMed  algebraically-,  ie, 
m     m— i      m — 4     m—3 

-•'X y X ^'  *o  n  terms;   vrbei-e  m  is  the  namber  of  gtven 

18  3  4 

quantities,  and  n  those  to  be  lakcn  at  a  time. 

Demonslr.  of  lA«  Rule.  1.  Let  the  immber  of  things  to  be  taken  at  a  time  be 
3^  and  the  tilings  to  be  con-.biaed  s=  m. 

Now,  when  m,  or  the  number  of  things  to  be  combined,  is  only  two,  as  a  and  6, 
it  is  evident  that  there  can  be  Init  one  combination,  as  ab  ;  but  if  m  be  increased 
bj  one,  or  the  letters  to  be  combined  be  3,  as  a,  6,  c ,-  then  it  is  plain  that  the  oom- 
Der  of  combinations  will  be  increased  by  S,  since  with  each  of  the  former  letters 
a  and  6,  the  new  letter  c  may  be  joined.  In  this  case  therefore,  it  is  evident  that 
Uk  whole  number  of  comb'mations  will  be  truly  expres)>ed  by  1^8. 

A^ain,  if  m  be  increased  by  one  letter  more,  or  the  whcJe  numoer  of  letters  be 
foLr,  as  a,  6,  c,  d;  then  it  will  appear  that  Uie  whole  number  of  combinatioos 
must  be  increased  b»  3,  since  with  each  of  the  preceding  letters  the  new  letter  d 
may  be  combined.  The  combinations,  therefore,  in  this  case  will  bo  truly  ex- 
pressed by  1  +  2«4-  3- 

And  in  the  same  manner  it  may  be  shown  that  the  whole  number  of  combina- 
tions of  9,  in  5  things,  will  be  1  -f  8^S-|-  4>  of  S  in  6  things,  1  -}-  2  4. 3-f- 
4*f  5;  and  of  2  in  7  things,  1-^24.34.4-1-546,  &c.;  whence,  universal- 
ly, the  number  of  combinations  of  m  things,  taken  S  by  2,  is  ca  1*4-2  4^4-4 
»^S^6t  Ac.  to  (m — 1)  terms. 

m    m — 1 

Bat  the  sum  of  this  series  iscss  — x ;  which  is  the  same  as  the  rule. 

1        3 

8.  Let  now  the  number  of  quantities  in  each  combination  be  supposed  to  be 
tln«e« 

Then 
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1^2X3x4X5X6(  =  tbenamber  to  be  taken  at  a 
time  ;  =  720. 

10x9X8X7X6X5(  =  same  namber  from  JO  )  ^ 
151200.  ^ 

Then  720  )  161200  (  210  the  Answer. 
1440 


720 
720 


2.  How  many  combinations  can  be  made  of  2  letters  out 
of  the  24  letters  of  the  alphabet  ?  Ans.  276. 

3.  A  general,  who  had  often  beep  successful  in  war,  was 
asked  by  bis  king  what  reward  he  should  confer  upon  him  for 
his  services  ;  the  general  only  desired  a  farthing  for  every 
file,  of  10  men  in  a  file,  which  he  could  make  with  a  body  of 
100  men  ;  what  is  the  amount  in  pounds  sterling  ? 

Ans.    180316723502  9«  2(1. 


Then  It  IS  plain,  that  when  mss3,  or  the  things  to  be  combined  are  a,  b,  c, 
mere  can  be  only  one  combination.  But  if  m  be  increased  by  1,  or  the  things  to 
be  combined  are  4,  as  a,  6,  e,  rf,  then  wiU  the  number  of  combinations  be  in- 
creaaod  by  3  :  since  3  is  the  number  of  combinations  of  2  In  all  the  preceding 
letters,  a,  b,  c,  and  nrith  each  two  of  these  tlie  new  lettered  may  be  combined. 

71m  nomber  of  combinations,  therefore  in  this  case,  is  1  -^3. 

Again,  if  m  be  increased  by  one  morp,  or  the  number  of  letters  be  sapposed 
5 1  then  the  former  number  of  combinations  will  be  iDcrcaaed  by  6,  that  ^^by 
all  the  combinations  of  2  m  the  4  preceding  letters,  a,  6,  c,  d;  since,  as  befoi/ 
with  each  two  of  these  the  new  letter  c  may  be  combined.  ' 

The  number  of  combinations,  therefore,  m  this  case,  is  1  ^34. 6. 

Whe&oe,  unirersally,  the  number  of  combinations  of  m  tbinei.  taken  3  br  4 
isl4.3+6-t-10,&c.to«^8terms.  ^  ^  o  of  9, 

ni     « — 1    m— 3 

Bat  the  somof  this  ieries  isco— X X J  which  isthe  same  as  the 

12  3 

rule. 

And  the  same  thing  will  hold,  let  the  nomber  of  tfaincs  to  be  taken  at  a  i«n^ 
be  what  it  will ;  therefore  the  number  of  combinations  of  m  things,  taken  n  at'a 
time  will  be  ^ 
m     fit— 1    m — i    m»-S 

— X X         X ,  Ac,  lo  n  term«.    q.m.  r. 

1  S         3         4 
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PROBLEM  VI. 

To  ftnd  the  Number  oj  CombinadoHS  of  any  Given  Number  of 
Things^  by  taking  any  Given  Number  at  a  time ;  in  tthich 
tUi  re  are  several  Things  of  one  Sort,  several  of  another,  ^c. 

fiULi:. 

PiwDt  bjr  trial,  the  number  of  different  forms  which  the 
tiiiDgs  to  be  taken  at  a  time  will  admit  of^  and  the  number  of 
combinationfl  there  are  in  each. 

Add  all  the  combinations,  thus  found  together,  and  the  sum 
wtll  be  the  number  required. 

EXAMPLES. 

I.  l*et  the  things  proposed  he  a  aa  bb  a  it  is  required  to 
find  the  number  of  combinations  made  of  everj  3  of  these 
quantities  ? 

Forms.  Combinatioas. 

a» 1 

a>6,  a*6,  6*a,  6*c      -        ...        4 
abc 1 

Number  of  combinations  required  ^  6 

f .  Let  aaabb  b  €  ehe  proposed  ;  it  is  required  to  find  the 
aumber  of  combinations  of  these  quantities,  taken  4  at  a 
time?  Ans.   10. 

3.  How  many  combinations  are  there  in  a  aa  abbcc  d  e^ 
taking  8  at  a  time  ?  Ans.  13. 

4.  How  many  combinations  are  there  inaaaaabbbbb 
ceeeddddee  e  efffg^  taking  10  at  a  time  ?       Ans.  2819. 

PfiOfiLEM  VU. 

To  find  the  Compositions  of  any  Number  ^  in  an  equal  Number 
of  SeU,  the  Things  thetnselves  being  all  diffkrttU, 

RULE*. 

Multiply  the  number  of  things  in  every  set  continually 
together,  and  the  product  will  be  the  answer  required. 


•  DmuMMbr.  Suppose  there  are  acAj  two  eetst  then,  it  it  plaio,  that  every 
quantity  of  the  one  set  beins  combined  with  every  quantity  or  the  other,  will  make 
an  the  oomposkioos,  of  two  thioge  in  these  two  sets^  and  the  number  of  those 

compositions 
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CXAMPLE9. 

1.  Suppose  there  are  four  companiea,  io  each  of  which 
there  are  9  men  ;  it  is  required  to  fiad  how  manj  ways  4  men 
maj  be  choseB»  ooe  out  of  each  compaoy  ? 

9 

9 


6661  the  Answer. 

Or,  9X9+9+9s6661  the  Answer. 

2.  Suppose  there  are  4  companies  ;  in  one  of  which  there 
are  5  men,  in  another  8,  and  in  each  of  the  other  two  9  ;  what 
are  the  choices,  by  a  composition  of  4  men,  one  out  of  each 
company  ?  Ans.  3888. 

3.  How  many  changes  are  there  in  throwing  5  dice  ? 

Ans.  7776. 


compostioDf  if  eridentlj  the  product  of  the  number  of  quantities  u  one  set  bjr 
that  in  the  other. 

Agaln^  enppoee  fliere  are  three  sets  i  then  (he  compositioo  ot  two,  in  anj  t«ro 
of  the  sets,  being  combined  with  eveiy  Wntily  ot  the  third,  will  make  all  the 
compositions  of  mzee  in  the  three  sets.  That  is,  tlie  compositions  of  two  in  anj 
two  of  the  sete,  beings  multiplied  by  (he  nomber  of  quantities  in  the  remaining 
•eC,  will  produce  the  compoeitions  of  three  in  the  three  sets;  which  is  evidently 
the  cootinuaJ  product  of  all  the  three  numbers  ip  the  three  sets. 

And  the  same  manner  of  reasoning  will  hold,  let  the  number  of  sets  be  what 
it  will.    ft.  ■.  n. 

The  doctrine  oi  permutations,  combinations,  4c.-is  of  rery  eztensire  use  in 
different  parts  of  the  Mathematics  ;  particularly  in  the  calculation  of  annuities 
sod  chances.  The  subject  might  have  been  pursued  to  a  much  greater  length ; 
but  what  it  here  done,  will  be  mund  sufficient  for  most  of  the  purposes  to  which 
things  of  this  nature  are  applicable. 
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PRACTICAL  QUESTIONS  IN  ARITHMETIC. 

C^VEST.  I .  The  swiftest  velocity  of  a  cannon-ball  is  about 
20U0  feet  in  a  second  of  time.  Then  in  ivhnt  tinae,  at  that 
rate,  would  such  a  ball  be  in  moving  from  the  earth  to  the 
sun,  admitting  the  distance  to  be  1 00 millions  of  miles,  and  the 
year  to  contain  366  days  6  hours. 

Ans.  8  jY,\^  years. 

Quest.  2.  What  is  the  ratio  of  the  velocity  of  light  to  that 
of  a  cannon-ball,  which  issues  from  the  gun  with  a  velocity  of 
1500  feet  per  second  ;  light  passing  froni  the  sun  to  the  earth 
in  7^  minutes  ?  Ans.  the  ratio  of  7»2S2i^}  to  1. 

Quest.  3.  The  slow  or  parade-step  being  70  paces  per 
minute,  at  28  inches  each  pace,  it  is  required  to  determine 
at  what  rate  per  hour  that  movement  is  ?      Ans.  1  m  miles. 

Quest.  4.  The  quick -time  or  step,  in  marching,  being  2 
paces  per  second  or  120  per  minute,  at  28  inches  each  ;  then 
at  what  rate  per  hour  does  a  troop  march  on  a  route,  and 
how  long  will  they  be  in  arriving  at  a  garrison  20  miles  distant, 
-allowing  a  halt  of  one  hour  by  the  way  to  refresh  ? 

».         i  the  rate  is  3j^  ^^^^^  "^  hour. 

^"■'    I  and  the  time  7f  hr  or  7  h.  17|  min. 

Quest.  6.  A  wall  was  to  be  built  700  yards  long  in  29 
days.  Now,  aAer  12  men  had  been  employed  on  it  for  II 
days,  it  was  found  that  they  had  completed  only  2^0  yards  of 
the  wall  It  is  required  then  to  determine  how  many  men 
must  be  added  to  the  former,  that  the  whole  number  of  them 
may  just  finish  the  wall  in  the  time  proposed,  at  the  same  rate 
of  working  ?  Ans.  4  men  to  be  added. 

Quest.  G.  To  determine  how  far  500  millions  of  guineas 
will  reach,  when  laid  down  in  a  straight  line  touching  one  an- 
other ;  supposing  each  guinea  to  be  an  inch  in  diameter,  as  it 
is  very  nearly.  Ans.  7b9l  miles,  728  yards.  2ft.  8  in. 

Quest.  7.  T%vo  persons,  a  and  b,  being  on  opposite  sides 
of  a  wood,  which  is  536  yards  about,  they  being  (o  go  round 
it,  both  the  same  way,  at  the  same  instant  of  time  ;  a  goes  at 
the  rate  of  1 1  yards  per  minute,  and  b  34  yards  in  3  minutes  ; 
and  the  question  is,  how  many  times  will  the  wood  be  gone 
round  before  the  quicker  overtake  the  slower  ? 

Ans.  17  times. 

Quest. 
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QjUBST.  8.  A  can  do  a  piece  of  work  alooe  in  12  days,  and 
B  alone  in  14  ;  in  what  time  will  they  both  together  perform 
a  like  quantity  of  work  ?  Ana.  fy  daya. 

Quest.  9.  A  person  who  was  possessed  of  a  |  share  of  a 
copper  mine,  sold  }  of  his  interest  in  it  for  1800/  ;  what  was 
the  reputed  value  of  the  whole  at  the  same  rate  ?    Ans.  4000/. 

QjUEST.  10.  A  person  a Aer  spending  20/  more  than  ^  of 
his  yearly  income,  had  then  remaining  30/  more  than  the  half 
of  it  ;  what  was  his  income  ?  Ans.  200/. 

Quest.  11.  The  hour  and  minute  hand  of  a  clock  are  ex- 
actly together  at  12  o'clock  ;  when  are  they  next  together  ? 

Ans.    ly^  hr,  or  1  hr  ^j  min. 

Quest.  12.  If  a  gentleman  whose  aonualincome  is  1500/, 
spends  20  guineas  a  week  ;  whether  will  he  save  or  run  in 
debt,  and  how  much  in  the  year  ?    '  Ans.  save  408/. 

QjLJEST.  13.  A  person  bought  180  oranges  at  2  a  penny, 
and  180  more  at  3  a  penny  ;  after  which,  selling  them  out 
again  at  5  for  2  pence,  whether  did  he  gain  or  lose  by  the 
bargain  ?  Ans.  he  lost  6  pence. 

Quest.  14.  If  a  quantity  of  provisions  serves  li>00  men 
12  week?*,  at  the  rate  uf  lO  omtces  a  day  for  each  man ;  how 
many  men  will  the  same  provisions  maintain  fur  20  weeks,  at 
the  rate  of  8  ounces  a  day  for  each  man  ?        Ans    2250  men. 

Quest.  15.  In  the  latitude  of  London,  the  d^^tance  round 
ths  earth  meai^uiedon  the  parallfl  of  latitude,  is  about  15550 
miles  ;  now  as  the  earth  turns  round  in  23  hours  6ti  minutes, 
at  what  rate  per  hour  is  tlje  city  of  Loudon  carried  by  this 
motion  from  west  to  east  ?  Ans.  G49  §|{-  miles  an  hour. 

Quest.  16.  A  father  l^ft  his  son  a  fortune,  |  of  which  he 
ran  through  in  8  months  ;  ^  of  the  remainder  lasted  him  12 
months  longer  ;  after  which  he  had  bare  ^tOl  lei\.  V\  hat  sum 
did  the  father  bequeath  his  son  ?  Ans.  1913/  6s  6e/. 

Quest.  17.  If  I00C>  mt^n,  besieged  in  a  town  with  provi- 
sions for  5  weeks,  allowing  each  man  16  ounces  a  day,  be 
reinforced  with  500  men  more  ;  and  supposing  that  they  can- 
not be  relieved  till  the  end  of  8  weeks,  how  many  ounces  a 
day  must  each  man  have,  that  the  provision  may  last*  that 
time?  Ans.  6|  ounces. 

Quest.  18.  A  younger  brother  received  8400/,  which 
was  just  J  of  his  elder  brother's  fortune.  What  wsis  the  fa- 
ther worth  at  his  death  ?  Ans.  19200/. 

Quest. 


! 
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QlJBBT.  19.  A  person,  looking  on  his  wttch,  was  asked 
what  was  the  time  of  the  day,  who  answered,  It  is  between 
5  and  6  ;  but  a  more  particular  answer  being  required,  he 
aaid  that  the  hour  and  minute  hands  were  then  exactlj  toge- 
ther ;  What  was  the  time  ?  Ans.  27/|.  min.  past  5« 

Qj7BST.  20.  If  20  men  can  perform  a  piece  of  work  in  12 
days,  how  many  men  will  accomplish  another  thrice  as  large 
ia  one-fifth  of  the  time  ?  Ans.  300. 

QipBST.  21.  A  father  derised  A  of  his  estate  to  one  of  his 
sons,  and  ^  ofthe  residue  to  another,  and  the  surplus  to  his 
relict  for  life.  The  children's  legacies  were  found  to  be  514/ 
6$  Bd  different  :  Then  what  money  did  he  leave  the  widow 
the  use  of?  Ans.  1270/  U  md. 

QjUBST.  22.  A  person  making  his  will,  gave  to  one  child 
If  of  his  estate,  and  the  rest  to  another.  When  these  legacies 
came  to  be  paid  the  one  turned  out  1200/  more  than  the  other  r 
What  did  the  testator  die  worth  Y  Ans.  40001. 

Quest.  25.  Two  persons,  a  and  b,  travel  between  London 
and  Lincoln,  distant  100  miles,  a  from  London,  and  b  from 
Lincoln,  at  the  same  instant.  After  7  hours  they  meet  on  the 
road,  when  it  appeared  that  a  had  rode  1|  miles  an  hour  more 
than  B.  At  what  rate  per  hour  then  did  each  ofthe  travellenr 
ride  ?  Ans.  a  7|f ,  and  b  6^|  miles. 

Quest,  n.  Two  persons,  a  and  b,  travel  between  Loo* 
don  and  Exeter,  a  leaves  Eieter  at  8  o'clock  in  the  mom* 
ing,  and  walks  at  the  rate  of  3  miles  an  hour,  without  inter- 
mission :  and  b  sets  out  from  London  at  4  o'clock  the  same 
evening,  and  walks  for  Exeter  at  the  rate  of  4  miles  an  hour 
constantly.  Now,  supposing  the  distance  between  the  two 
cities  to  be  130  miles,  whereabouts  on  the  road  will  they 
meet  ?  Aos.  69|  miles  from  Exeter. 

Quest.  25.  One  hundred  eggs  being  placed  on  the  ground 
in  a  straight  line,  at  the  distance  of  a  yard  from  each  other  : 
How  far  will  a  person  travel  who  shall' bring  them  one  by  one 
to  a  basket,  which  is  placed  at  one  yard  from  the  first  egg  ^ 

Ans.  10100  yards,  or  6  miles  and  MOO  yds. 

Quest.  26.  The  clocks  of  Italy  go  on  to  24  hours  ;  Then 
how  many  strokes  do  they  strike  in  one  complete  revelution  of 
the  index  ?  Ans.  300. 

Quest.  27.  One  Sessa,  an  Indian,  having  invented  the 
game  of  chess,  showed  it  to  his  prince,  who  was  so  delighted 

with 
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^ith  it^  that  he  promised  him  any  reward  be  should  ask  ;  on 
which  SessR  requested  that  he  might  be  allowed  one  grain  of 
wheat  for  the  first  square  on  the  chess  board,  2  for  the  se- 
cond, 4  for  the  third,  and  so  on,  doubling  continually  to  64 
the  whole  number  of  i>quares.  Now,  8uppo9ing  a  pint  to 
contain  7^80  of  these  grains,  and  one  quarter  or  8  bushels  to 
be  worth  Zls  6rf,  it  is  required  to  compute  the  value  of  all 
the  com  ? 

Ans.  64504682I262R62  I7«  3d  fHtf?* 

QuKST.  28.     A   person  increased  his  estate  annually  by 

100/  more  than  the  J  part  of  it ;  and  at  the  end  of  4  years 

found  that  his  estate  amounted  to  1034^2  3$  9d.     What  had 

he  at  first  ?  Ans.  4000/^ 

,    Q^EST.  29.     Paid  10I2f  10*  for  a  principal  of  750/,  taken 

in  7  years  before  ;  at  what  rate  percent,  per  annum  did  I  pay 

interest  ?  Ans.  6  per  cent/ 

QpEST.  30.     Divide  1000/  among  a,  b,  c  ;  so  as  to  give  ^ 

120  morei  and  b  95  less  than  c. 

Ans.  A  445,  B  230,  c  325^ 

Q^TBST.  31.  A  person  being  asked  the  hour  of  the  day, 
said,  the  time  past  noon  is  equal  to  |ths  of  the  time  till  mid- 
night.    What  was  the  time  ?  Ans.  20  min.  past  5; 

Quest.  32.  Suppose  that  I  have  ^oT  a  ship  worth  1200/ ; 
what  part  of  her  have  1  left  after  selling  f  of  ^  of  my  share, 
and  what  is  it  worth  ?  Ans.  ^,  worth  186/. 

Quest.  33.  Part  1 260  acres  of  land  among  a,  b,  c;  so 
that  B  may  have  100  more  than  a,  and  c  64  more  than  b. 

Ans.  A  312,  B  413,  c  47di 

QpEST.  34.  What  number  is  that,  from  which  if  there  be 
taken  |  of  |,  and  to  the  remainder  be  added  ^  of  i'^,  the 
aum  will  be  10  ?  Ans.  9}|r 

Qj[7EST.  35.  There  is  a  number  which  if  multiplied  by  ^ 
of  }  of  1|,  will  produce  I  :  what  is  the  square  of  that  num- 
ber? -  Ans.  l^^i 

QltresT.  36.  What  length  most  be  cut  off  a  board,  8^  inches 
broad  to  contain  a  square  foot,  or  as  much  as  1 2  inches  in 
length  and  12  in  breadth  ?  Ans.   16^^  inches; 

Q]UEST.  37.  What  sum  of  money  will  amount  to  138/  i$ 
6d,  in  lb  months,  at  5  per  cent,  per  annum  simple  interest  ? 

Ans.  130/. 

Q)[;c8T.  38.  A  father  divided  his  fortune  among  his  three 
tons,  A,  B,  c,  giving  a  4  aa  often  as  b  3,  and  c  5  as  often  nH 

Vol.  L  il 
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B  6  ;  what  was  the  whole  legacy,  supposing  a's  share  was 
4(KM.  Ads.  9500/. 

QjDJBST.  39.  A  youDg  hare  starts  40  yards  before  a  grey- 
boQDd,  and  is  not  perceived  by  him  till  she  has  been  op  40 
seconds  ;  she  scuds  away  at  the  rate  of  10  miles  an  hour,  and 
the  dog,  on  view,  makes  after  her  at  the  rate  of  18  :  how  long 
will  the  coarse  hold,  and  what  ground  will  be  run  over,  count- 
ing firom  the  outsetling  of  the  dog  ? 

Ans.  60/j  sec.  and  5S0  yards  ran. 

QjffMT.  40.  Two  young  gentlemeo,  without  private  fbr- 
tttne,  obtain  commissions  at  the  same  time,  and  at  the  age  of 
%$,  One  thoughtlessly  spends  10/  a  year  more  than  his  pay  ; 
but  shocked  at  the  idea  of  not  paying  his  debts,  gives  his  cre- 
ditor a  bond  for  the  money,  at  the  end  of  every  year,  and 
ijiso  insures  his  life  for  the  amount :  each  bond  costs  him  90 
s^iiUiugs,  l>esides  the  lawful  interest  of  5  per  cent  and  to  in- 
sure his  life  costs  him  6  per  cent. 

The  other,  having  a  proper  pride,  is  determined  never  to 
run  in  debt ;  and,  that  he  may  assist  a  friend  in  need,  perse- 
feres  in  saving  10/  every  year,  for  which  he  obtains  an  inter- 
est of  6  per  cent,  which  interest  is  every  year  added  to  his 
savings,  and  laid  out,  so  as  to  answer  the  effect  of  compound 
interest. 

Suppose  these  two  officers  to  meet  at  the  age  of  50,  when 
each  receives  from  Government  400/  per  annum  '^  that  the 
one,  seeing  bis  past  errors,  is  resolved  in  future  to  spend  no 
more  Uian  he  actually  has,  after  paying  the  interest  for  what 
be  owes,  and  the  insurance  on  hia  life. 

The  other,  having  now  something  before  hand,  means  in 
future,  to  spend  his  full  income,  without  increasing  his  stock. 

it  is  desirable  to  know  how  much  each  has  to  spend  per 
annum,  and  what  money  the  latter  has  by  him  to  assist  the 
distressed,  or  leave  to  those  who  deserve  it  ? 

Ans.  The  reformed  officer  has  to  spend  661  19«  l}'5d89il 
per  annum. 

The  pradent  officer  has  to  spend  437/1  ?•  41  l}'379ci 
per  annum. 

And  the  latter  has  saved,  to  dispose  of,  752/ 19«  9*ia96<l« 
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OF  LOGARITHMS* 


J^OGARITHMS  are  made  to  facilitate  troublesome  calca- 
totibna  in  numbers.  This  they  do»  because  they  perform 
muttipKcatioii  by  only  addition,  and  division  by  only  snbtrac- 
tioB,  and  raising  of  powers  by  multiplying  the  logarithm  by 
tbe  iodex  of  the  power,  and  extracting  of  roots  by  dividing 
the  logarithiiii  of  the  number  by  the  index  of  the  foot.  For, 
logarithms  are  numbers  so  contrived,  and  adapted  Jo  other 
Dumbers,  that  the  sums  and  differences  of  the  former  shall 
correspond  to,  and  show,  the  products  and  quotients  of  the 
latter,  Ac* 

Or,  more  generally,  logarithms  are  the  numerical  expo* 
nents  of  ratios  ;  or  they  are  a  series  of  numbers  in  arithme- 
tical 


*  The  tDveotion  of  LcgBrithmt  is  doe  to  Lofd  Napier,  Baroo  of  Merchistoo, 
im  ScoUead,  and  is  properly  considered  as  ooe  of  the  moft  ukAiI  inrenfions  of 
BMKieni  times  A  table  of  these  nambers  was  6rst  pobiiabed  bj  the  inveDtor  at 
SdmlMiivh,  in  the  year  1S14,  in  a  treatise  entitled  Ginoii.Mtrt/Sciiiii  LognriihnO' 
rwn  I  woicfa  was  eagerly  received  by  all  tlie  learned  throochoot  Europe.  Mr. 
Henry  Briggs^  then  profesabr  of  geometty  at  Gresham  CoUe^  soon  after  the 
discovery,  went  to  visit  the  noble  inventor)  after  which,  they  jointly  undertook 
the  ardnoos  task  of  compvtine  new  tables  on  this  subject,  and  leducing  them  to 
n  more  convenient  form  Oian  that  which  waiat  fini  thoi^  of.  But  Lord  Napier 
dyhig  soon  after,  the  whole  burden  fell  upon  Mr.  BriQ^,  wbo»  with  ytodmon$ 
labour  and  great  skill,  made  an  entire  Canon,  aocordhig  to  the  new  form,  Iot  all 
numbeis  from  I  to  90000,  and  from  99000  to  10100,  to  14  places  of  figures,  and 
pubiiihed  it  at  London,  in  the  year  1684,  in  a  treatise  entitled  Aritfametica  Logsp 
rithralca,  with  directions  for  supplyhig  the  intermediate  perls.  ^ 
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tieal  progret8ioD,  angweriog  to  another  series  of  numbers  in 
geometrical  progression. 

Thnii     5^'    ^*   ^*   ^'   ^*  ^*     ^*  Indices,  or  logarithme, 
'»    ^1,   2,  4,   8,16,32,64,  Geometric  progression. 

Q       5^^    1   -2,   3,     4,       5,     6,  Indices,  or  logarithms.' 
^     ^  1,  3,  9,  27,  81,  243,  729,  Geometric  progression. 

Q       (0,     1,     2,      3,        4,        6.         Indices,  or  logs. 
^     ^  li  10,  iOO,  1000,  10000,  100000, Geom.  progress. 

Where  it  is  evident,  that  the  same  indices  serve   equally 
for  any  geoii^etric  series  ;  and  consequently  there  may  be  an 


This  Canon  was  as^ain  published  in  Holland  by  Adrain  Vlacq.  in  the  year 
1628,  tog:ether  with  the  Logarithms  of  ail  the  numtiers  which  Mr.  Briggs  had 
omitted ;  but  he  contracted  them  down  to  10  pieces  of  decimals.  Mr.  Brim 
also  computed  the  Logaritliins  of  the  sines,  tan|ent8,  and  secants,  to  every  de- 
gree, and  cenlesm,  or  100th  part  of  a  degree,  of  ^e  whole  quadrant ;  and  an- 
nexed them  to  the  natural  sines,  tangents,  and  secants,  which  he  had  before  com- 
puted, to  fifteen  places  of  figures.  Tnese  Tables,  with  their  construction  and  use* 
were  first  published  in  the  year  1633,  after  Mr.  Briggs*s  death,  by  Mr.  Heniy 
Gellibrana,  onder  the  title  of  Trigonometna  Britannica. 

Benjamin  Ursinus  also  me  a  Table  of  Napier's  logs,  and  of  sines,  to  6\'ery 
10  seconds  And  Chr.  Wolf,  in  his  Mathematical  Lexicon,  says  tLat  one  Van 
Loaer  had  computed  them  to  every  single  second,  but  his  untimely  death  pre- 
vented their  publication  Many  other  authors  have  treated  on  this  subject  i  but 
as  their  numoers  are  frequently  inaccurate  and  incommodiously  disposed,  they 
are  now  ^nerally  o^ected.  The  Tables  in  most  repute  at  present,  are  tliose 
of  Gardiner  in  4to,  first  published  m  the  year  174S;  and  my  own  Tables  in  Svo, 
fint  printed  in  the  year  1785,  where  the  Logarithms  of  all  numbers  may  be  ea- 
sily found  from  1  to  10000000;  and  those  of  die  sines,  tangents,  and  secants,  to 
any  degree  of  accoracy  required. 

Also  Mr.  Michael  Taylor's  Tables  in  large  4to,  containing  the  common  ]oga> 
^dmis,  and  the  logarithmic  sines  and  tangents  to  every  lEecond  of  the  quadrant. 
And,  in  France,  the  new  book  of  logarithms  by  Callet ;  the  8d  edition  o(  which, 
in  1795, has  the  tables  still  farther  extended,  and  are  printed  with  what  are  call- 
ed stereotjrpes,  the  types  in  each  page  being  soldeied  together  into  a  solid  mass 
or  block. 

.  Dodson*8  Antilogarithmic  Canon  is  likewise  a  very  elaborate  work,  and  used 
(or  finding  the  nuouiers  answering  to  any  given  logarithm. 

endletffei 
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endless  rariety  of  systems  of  logarithms,  to  the  same  common 
sumhers,  by  only  changing  the  second  term,  2,  3,  or  10,  &c. 
of  the  geometrical  series  of  whole  numbers  ;  and  by  inter- 
polation the  whole  system  of  oumbers  may  be  made  to  enter 
the  geometric  series,  and  receive  their  proportional  loga- 
rithms, whether  integers  or  decimals. 

It  is  also  apparent,  from  the  nature  of  these  series,  that  if 
any  two  indices  be  added  together,  their  sum  will  be  the  in- 
dex of  that  namber  which  is  equal  to  the  product  of  the  two 
terms,  io  the  geometric  progression,  to  which  those  indices 
belong.  Thus,  the  indices  2  and  3  being  added  together, 
make  5  ;  and  the  numbers  4  and  8,  or  the  terms  correspond- 
ing to  those  indices,  being  multiplied  together,  make  32,  which 

is  the  nanihp.r  answerins  ta  tlui  indem  S. 

In  like  manner,  if  any  one  index  be  subtracted  from  an- 
other, the  diflerence  will  be  the  index  of  thaf  number  which 
is  equal  to  the  quotient  of  the  two  terms  to  which  those  indi- 
ces belong.  Thus,  the  index  6,  minus  the  index  4,  is  =s  2  ; 
and  the  terms  corresponding  to  those  mdices  are  64  and  16, 
whose  quotient  is  =s  4,  which  is  the  number  answering  to  the 
index  2. 

For  the  same  reason,  if  the  logarithm  of  any  number  be 
multiplied  by  the  index  of  its  power,  the  product  wiU  be  equal 
to  the  logarithm  of  that  power.  I  bus,  the  index  or  logarithm 
of  4  in  the  above  series,  is  2  ;  and  if  this  number  be  multi- 
plied by  S,  the  product  will  be  =  6 ;  which  is.  the  logarithm 
of  64,  or  the  third  power  of  4. 

And,  if  the  logarithm  of  any  number  be  divided  by  the 
index  of  its  root,  the  quotient  will  be  equal  to  the  logarithm 
of  that  root.  Thus,  the  index  or  logarithm  of  64  is  6  ;  and 
if  this  number  be  divided  by  2,  the  quotient  will  be  =  3  ; 
which  is  the^iogarithm  of  8,  or  the  square  root  of  64. 

The  logarithms  most  convenient  for  practice,  are  such  as 
are  adapted  to  a  geometric  series  increasing  in  a  tenfold  pro- 
portion, as  in  the  last  of  the  above  forms  ;  and  are  those 
which  are  to  be  found,  at'  present,  in  most  of  the  common 
tables  on  this  subject.  The  distinguishing  mark  of  this  sys- 
tem  of  logarithms  is,  that  the  index  or  logarithm  of  10  is  1  ; 
that  of  100  is  2  5  that  of  1000  is  3  ;  &c.     And,  in  decimals, 

'  the 
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Uie  lofftriUim  of  1  is  ~1 ;  that  of  -01  is  —2  ;  thot  of  001 
is  —3  ;  &c.  The  log.  of  1  beingOin  erery  system.  Whence 
it  follows,  that  the  logarithm  of  any  oomber  between  1  and  10» 
iMSt  be  0  and  seme  fractional  parts  ;  and  that  of  a  namber 
between  10  and  100,  will  be  1  and  some  fractional  parts  ;  and 
so  on,  for  any  other  namber  whatever.  And  since  the  tnte« 
gral  part  of  a  logarithm,  osoally  called  the  Index,  or  Charac- 
teristic, is  always  thns  readily  found,  it  is  commonly  omitted 
in  the  tables  ;  being  left  to  be  supplied  by  the  operator  him- 
self, as  occasion  reqaires. 

Another  Definition  of  Logarithms  is,  that  the  logarithm  of 
any  number  is  the  index  of  that  power  of  some  other  nam- 
ber, which  is  equal  to  the  given  number.  So,  if  there  be 
N  ssr**,  then  nis  the  bg.  of  N  ;  where  n  may  be  either  posi- 
tive or  negative,  or  notbmg,  aqd  tbe  rooi  r  any  number 
whate?ert  according  to  the  different  systems  of  logarithms. 
When  n  is  =  0;  then  N  is  9  1,  whatever  the  valoe  of  r  is  i 
which  shows  that  the  log.  of  1  is  alwavs  0,  in  every  system 
of  logarithms.  When  n  is  a=  I,  then  N  is  ^  r  ;  so  that  the 
radix  r  is  always  that  number  whose  log.  is  1,  in  every 
system.  When  the  radix  r  is  as  2-7182818S845d,  4ic.  the 
indices  n  are  the  hyperbolic  or  Napier*s  log.  of  the  numbers 
N  ;  so  that  n  is  always  the  hyp.  log.  of  the  number  N  or 
(2.718,  kc.)n. 

But  when  the  radix  r  is  =:  10,  then  the  indeiK  n  becomes 
the  common  or  Briggs's  log.  of  the  number  N  :  so  that  the 
common  log.  of  any  number  10  n  or  N,  iin  the  index  of 
that  power  of  10  which  is  equal  to  the  said  number.  Thns 
100,  being  the  second  power  of  10,  will  have  2  for  its  loga- 
rithm; and  1000,  being  the  third  power  of  I0«  will  have  3 
for  its  logarithm  :  hence  al80,  if  60  be  <=  10'-'  •••i^  tbeo  ig 
1*69897  the  common  log.  of  50.  And,  ia  general,  the  fol- 
lowing decuple  series  of  terms, 

viz.  I0«,  10»,  10«.  I0«,  I0«,  10-«,  10-«,  10-«,  IO,-«, 
or  10000,  1000,  100,  10,  I,  -1,  -01,  001,  -0001, 
have  4,  3,       2,       I,       0,-1,       —2,         —3,      —4, 

for  their  logarithms,  respectively.  And  from  this  scale  of 
numbers  and  logarithms,  the  same  properties  easily  follow, 
as  above  mentioned. 


PROBLEM 
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To  compute  the  Logarithm  to  any  of  tho  NoHirai  J^mbers 

1,  2,  3,  4,  6,  *c. 

RULE  I .• 

Take  the  geometric  series,  1,  10,  10D»  lOQfK  1000^  kc. 
and  apply  to  it  the  arithmetic  series^  0,  I,  2»  3,  4,  ^.  as 
logarhlms. — Find  a  geometric  mean  between  1  and  10,  or 
between  10  and  100,  or  any  other  two  adjacent  term«  of  the 
aeries,  between  which  the  nnmber  proposed  lies. — in  like 
manner,  between  the  mean,  thus  fiMod,  aad  the  neuresl  ck- 
traine^  find  anotbeiF  geometrical  siaan  ;  and  aoi  o».  fill  yom 
arrive  within  the  fropoaed  limit  of  (he  number  whose  logfr* 
rifchm  is  souchl. — Find  also  as  maoj  ariliMDelioal  means,  in 
the  same  order  as  you  foand  the  geometrical  noes,  aad  thdse 
will  be  the  logarithms  answering  to  th«  said  geoaaetsical 
means. 

EXAMFLC 

Let  it  be  required,  to  find  the  log^pthja^  of  9. 
Here  the  proposed  number  li^s  l^etw'eeft  I  asd  tX>. 
First,  then,  the  log  ofi  iO  is  1 ,  and  the  log  of  1  is  0 : 

theref   I  +  0  -f-  2  ==  ^  =»  '5  is  the  arithmetical  mean, 

and  ^  tax  f  =a  ^  10  =«  S^\%^mi  the  geom.  mean. 
Ii»nce  the  log.  of  S-  l^^fmrr  is  'S. 
Secondly,  the  log.  o(  H>  is  1 ,  aad  the  log.  of  3*  16^2777  is  -5 ; 

theref.    I  -f  &  -f-  ^  —  '75  is  the  arithmetical  mean, 

and  y/  10X31622777  =  S'QZSAVSi  is  the  geom.  mean; 
hence  the  log.  of  0-6234132  is  -75. 
Thirdly,  the  log^of  lo  is  1,  aod  the  log.  of  5  62'H4132  is  -76  ; 

theref*  I  +  ^  -t-  2  ==  -876  is  (he  arithmetical  mean, 
and  ^  10  X  d-(5256132  =  7-4989422  the  geom,  mean  : 
hence  the  log.  ?-4a  .i<42^  is  -87/7. 
Foarthly,  the  log.  of  \0  is  I ,  and  the  log.  of  7-4989422  is  -875; 
theref.  r+"-^5  -?-  2  =  -9376  is  the  arithmetical  mean, 
and  ^  10  X  7-4989422==  8-669643 J  the  geom.  mean  ; 
hence  the  log.  of  8-6696431  is  -9376. 


»  The  reader  who  wishes  to  ioibiin  himself  more  particularly  concemiMf  the 

history,  nature,  and  constnictioa  of  Loganthms,  may  consolt  the  lotivdoctiOD  Jo 

•my  mathematical  Tables,  lately  publiriied,  where  he  will  find  his  curiosity  amply 

^''^'-       '  Fifthly, 
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Fifthly*  the  log,  of  10  is  1,  and  the  log.  of  8*6596431  is  >9B76  ; 
theref.  l+*9376-r2  =*  96875  is  the  arithmetical  mean, 
aDd^  10  X  8*6596431  =  9'3057204  the  geom.  mean  : 
hence  the  log.  of  9'3057204 18  -96875. 

Sixthly,  the  log  of  8-6&96431  is  "9375,  and  the  log.  of 
9'3057g04  is    96875  ; 

theref.  '9375+-96875  -->  2  =  '953 1 26  is  the  arith.  mean, 

and  ^  8-6596431  X,9-3057204  =  8-9768713  the  geome< 

trie  mean  ; 
hence  the  log.  of  8-9768713  it  -953125. 

And  proceeding  in  this  manner,  after  25  extractions,  it  will 
be  found  that  the  logarithm  of  8*9999998  is  9542425 ;  which 
may  be  taken  for  the  logarithm  of  9,  as  it  differs  so  little  from 
it,  that  it  is  sufficiently  exact  for  all  practical  purposes.  And 
in  this  manner  were  the  logarithms  of  almost  all  the  prime 
numbers  at  first  computed. 

RULE  a* 

Let  6  be  the  number  whose  logarithm  is  required  to  be 
found  ;  and  a  the  number  next  less  than  6,  so  that  6— a  =  1, 
the  logarithm  of  a  being  known  ;  and  let  $  denote  the  sum  of 
the  two  numbers  a  -{-b.     Then 

1.  Divide  the  constant  decimal  -8685889638,  &c.  by  s, 
and  reserve  the  quotient:  divide  the  reserved  quotient  by 
the  square  of  «,  and  reserve  this  quotient :  divide  this  lait 
quotient  also  by  the  square  of  <,  and  again  reserve  the 
quotient :  and  thus  proceed,  continually  dividing  the  last 
quotient  by  the  square  of  «,  as  long  as  division  can  be 
made. 

2.  Then  write  these  quotients  orderly  under  one  another, 
the  first  uppermost,  and  divide  them  respectively  by  the  odd 
numbers,  I,  3,  5,  7,  9,  &c.  as  long  as  division  can  be  made  ; 
that  is,  divide  the  first  reserved  quotient  by  I ,  the  second  by 
3,  the  third  by  5,  the  fourth  by  7,  and  so  on. 

3.  Add  all  these  last  quotients  together,  and  the  sum  will 
be  the  logarithm  of  6-f-a ;  therefore  to  this  logarithm  add 
also  the  given  logarithm  of  the  said  next  less  number  a,  so 
will  the  last  sum  be  the  logarithm  of  the  number  6  proposed. 


■*r 


*  For  the  demonstration  of  this  ru]r«  see  mj  Matbematical  Tables,  p.  109,4k. 

That 
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That  is, 

n               1           11 
Log.  of  6  18 log.  a-\ —  X(H 1 1 h&c.)  where 

s  3ia        B»*       5s« 

n  denotes  the  constant  given  decimal  -8686889638,  &c. 

EXAMPLES. 


El.  1.  Let  it  be  required  to  find  the  log.  of  number  2. 
Here  the  given  namber  b  is  2,  and  the  next  less  number  a  is 
i,  whose  log.  is  0  ;  also  the  sum  2+l==S=<»  and  its  square 
•*=:  9.  Then  the  operation  will  be  as  follows  ; 
3 


•868&88964 

289529664 

32169962 

3574440 

397160 

44129 

4905 

645 

61 


289529654 

32169962 

3674440 

397160 

44129 

4903 

645 

6 


r 


n 


289529664 

10723321 

714388 

56737 

4903 

446 

42 

4 


log.  of 
add  log. 


s 
T 


log.  of  2 


'301029995 
•000000000 

-301029996 


Ex.  9.  To  compute  the  logarithm  of  the 

Here  6=3,  the  next  less  number  a=2, 

sBs5=«,  whose  square  t^  is  26,  to  divide 

multiply  by  '04.     Then  the  operation  is  as 


6)  •868588964 
26)  173717793 
26}  6948712 
26)  277948 

26)  11118 

26)  446 

18 


173717793 

6948712 

277948 

11118 

446 

18 


number  3. 
and  the  sum  a-f-fr 
by  which,  always 
follows  : 
•173717793 
9316237 
65690 
1688 
50 
2 


log.  of  }     - 
log.  of  2  add 


•176091260 
301029995 


log.  of  3  sought  -477121265 

Then,  because  the  sum  of  the  logarithms  of  numbers, 
^ves  the  logarithm  of  their  product ;  and  the  difference  of 
the  logarithms  gives  the  logarithm  of  the  quotient  of  the 

^'^-   '  **^  numbers; 
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toamben ;  flrom  tbe  above  two  logarithmt,  and  the  logarithm 
of  10,  which  is  l>^we  may  raise  a  great  many  logarithms,  as 
ID  the  followiag  examples  : 


EXAMPLE  3. 
Because  ^ X2  =  4,  therefore 
to  log.  3      .     -301029990^ 
add  log.  2    .     -30102^9961 

sum  is  log.  4    -60206999 Ij^ 


EXAMPLE  4. 
Because  2X3  =  6,  therefore 
to  log.  2      .     -301020996 
add  log.  3    -     -477121^65 


•umislog.  6     -778161260 


EXAMPLE  5. 
Because  2  =£  8,  therefore 
log.  2         -      -3010299961 
mult,  by  3  3 


gives  log.  8       903089987 


EXAMPLE  6. 
Because  3*  =9  ,  therefore 
to  log.  3    -     -47712 1264T3«y 
mult,  by  2  2 


gives  log.  9     -964242609 


EXAMPLE  7. 
Because  y  =?  6,  therefore 
from  log.  10    1-000000000 
take  log.  2       -301029995^ 

leaves  log.  6     -69897C>004| 

EXAMPLE  8. 

Because  3X4  =  12,  therefore 
to  log.  3  -  -477121266 
add  log.  4     -     -60206999] 

gives  log.  12    1  079181246 


And  thus,  computing,  by  this  general  rule,  the  logarithms 
io|the  other  prime  uombers,  7,  11  13,  17,  19,  23,  &c.  and 
then  using  composition  and  division,  we  may  easily  find  as 
fliany  logarithms  as  we  please,  or  may  speedily  examine  any 
logarithm  in  thejtable^. 


•  Th«rs  an,  besides  these,  many  other  iogenkNis  methods,  which  later  writers 
have  disooTerad  for  findhig  the  logarithms  of  nwnbers,  in  a  much  easier  way 
Ulan  by  the  original  inventor }  hot,  as  ther  cannot  be  understood  witixHit  a  know- 
Udj^  of  some  of  the  higher  branches  of  the  mathematics,  it  is  tlioiight  proper  to 
oma  them,  and  to  refer  the  reader  to  those  works  which  are  written  eipraisly  on 
the  subject  It  would  likewise  much  exceed  the  limits  of  this  compendium,  to 
point  out  all  the  particular  artifices  that  are  made  use  of  lor  constructing  an  en^^ 
tire  table  of  these  numbers;  but  any  information  of  this  bnd,  which  tlie  learner 
aa|r  wish  to  obtain,  may  be  /bund  in  my  Tables  before  mentioned. 

DescriptUm 
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Dueription  and  Um  of  Ae  TABLE  of  LOGARITHMS. 

Having  explained  the  maDner  of  formiog  a  table  of  the 
logarithms  of  numbers,  greater  than  unity  ■;  the  neit  thing  to 
be  done  it*  to  show  how  the  logarithms  of  fractional  quanti- 
ties may  be  foand.  In  order  to  this,  it  may  be  observed,  that 
as  in  the  former  case  a  geometric  series  is  supposed  to  increase 
iofirards  the  left,  from  unity,  so  in  the  latter  case  it  is  sop- 
posed  to  decrease  towards  the  right  hand,  still  beginning  with 
unit  ;  as  exhibited  in  the  general  description,  page  148^ 
where  the  indices  being  made  negative,  still  show  the  loga- 
rithms to  which  they  beroog.     Whence  it  appears,  that  as  -(- 

1  is  the  log.  of  10,  so  —  I  is  log.  of  iV  ^^i*  '^  >  ^"^   ^^  "h 

2  is  the  log.  of  100,  so,  —  2  is  the  log.  of  j^j  or  *01  :  find 
00  on. 

Hence  it  appears  in  general,  that  all  numbers  which  con- 
eist  of  the  same  figures,  whether  they  be  integral,  or  frac- 
tional, or  mixed,  will  have  the  decimial  parts  of  their  loga- 
rithms the  same,  but  differing  only  in  the  index,  which  will 
be  more  or  less,  and  positive  or  negative,  according  to  the 
place  of  the  first  figure  of  the  number. 

Thus,  the  logarithm  of  3651    being  3-423410,  the  log.  of 
^,  or  xij9  01*  tvVt>  ^'  P^*^  ^^  ^^  9  ^^^^  ^^  ^*  follows  r 


Numbers. 

liOgarithms. 

265  1 

3-423410 

2  6  5-1 

2-423410 

2  6*5  1 

1-423410 

S-6  5  t 

0-423410 

•2  65  1 

—1-423410 

•02651 

—2-423410 

•002651 

-^3-421410 

Rence  it  also  appears,  that  the  index  of  any  logarithm,  is 
always  less  by  1  than  the  number  of  integer  figures  which 
the  natural  number  consists  of;  or  it  is  equal  to  the  distance 
of  the  first  figure  from  the  place  of  units,  or  first  place  of  io^ 
tegers,  whether  on  the  left  or  on  the  right,  of  it :  and  thip 
index  is  constantly  to  be  placed  on  the  left  hand  side  of  the 
decimal  part  of  the  logarithm. 

When  there  are  integers  in  the  given  number,  the  index  is 
always  affirmative  ;  but  when  there  are  no  integers,  the  inde< 
is  negative,  and  is  to  be  marked  by  a  short  line  drawn  before 
it,  or  else  above  it.     Thus. 
A  number  having         1,  2,  3,  4,  5,  &c.  integer  places, 

the  index  of  its  log.  is  0, 1 , 2, 3, 4,  &c.  or  I  less  than  those 
places. 

Hi 
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And  a  decimal  fraction  hafing  its  first  figare  in  the 

Ist,  2d,  3d,  4th,  &c.  place  of  the  decimals,  has  always 

—  1,  — 2,  — 3,  — 4,  &c.  for  the  indei  of  its  logarithm. 

It  may  also  be  obserired,  that  though  the  indices  of  frac- 
tional  quantities  are  negative,  yet  the  decimal  parts  of  their 
logarithms  are  always  afBrmative.  And  the  negative  mark 
( — )  may  be  'set  either  before  the  index  or  over  it. 

1.  TO  FIND,  IN  THE  TABLE,  THE  LOGARITHM  TO  ANY  NUMBER.* 

1.  If  the  giveti  dumber  be  lett  than  100,  or  consist  of  only 
two  figures  ;  its  log.  is  immediately  found  by  inspection  in 
the  first  page  of  the  table,  which  contains  all  numbers  from 
i  to  100,  with  their  logs,  and  the  index  immediately  annexed 
in  the  next  column. 

So  the  log.  of  6  is  0*698970.  The  log.  of  23  is  1*361728. 
The  log.  of  60  is  1  -698970.     And  so  on. 

2.  If  the  Number  be  more  than  100  but  less  than  10000; 
that  is,  consisting  of  either  three  or  four  figures  ;  the  deci- 
mal  part  of  the  logarithm  is  found  by  inspection  in  the  other 
pages  of  the  table,  standing  against  the  given  number,  in  this 
manner ;  viz.  the  first  three  figures  of  the  given  number  in 
the  fir^t  column  of  the  page,  and  the  fouAh  figure  one  of 
those  along  the  top  line  of  it ;  then  in  the  angle  of  meeting 
are  the  last  four  figures  of  the  logarithm^  and  the  first  two 
figures  of  the  same  at  the  begianing  of  the  same  line  in  the 
second  column  of  (he  page  :  to  which  is  to  be  prefixed  the 
proper  index,  which  is  always  1  less  than  the  number  of  in- 
teger figures. 

So  the  logarithm  of  251  is  2*399674,  that  is,  the  decimal 
•399674  found  in  the  table,  with  the  index  2  prefixed,  be- 
cause the  given  number  contains  three  integers.  And  the 
log  of  34*09  is  1-632627,  that  is,  the  decimal  *532627  found 
in  the  table,  with  the  index  1  prefixed,  because  the  given 
number  contains  two  integers. 

3.  But  if  the  given  Number  contain  more  than  four  figures  ; 
take  out  the  logarithm  of  the  first  four  figures  by  inspection 
in  the  table,  as  before,  as  also  the  next  greater  logarithm,  sub- 
tracting the  one  logarithm  from  the  other,  as  also  their  cor- 
responding numbers  the  one  from  the  other.     Then  say, 

As  the  difiierence  between  the  two  numbers, 
Is  to  the  difl*erence  of  their  logarithms. 
So  is  the  remaining  part  of  the  given  number, 
To  the  proportional  part  of  the  logarithm. 


*  See  the  tjible  of  Logarithms  »t  Ae  end  of  the  2d  volume.  ^ 

Which 
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Which  part  being  added  to  the  lets  logarithm,  before  lak«n 
oat,  gives  the  whole  logarithm  sought  very  nearly. 

EXAMPLE. 

To  find  the  logarithm  of  the  number  34*0926. 
The  log.  of  340900,  as  before  is  632627. 

And  log.    of   341000         -         -     is   639764. 
Tiiediffs.  are         100  and  127 

Then  as  100  :  127  ::  26  :  33,  the  proportional  part. 

This  added  to  -     -  632627,  the  first  log. 

Gives,  with  the  index,  1  632660,  for  the  log.  of  34-0926. 

4.  If  the  namber  consist  both  of  integers  and  fractions,  or 
is  entirely  fractional  ;  find  the  decimal  part  of  the  logarithm 
the  same  as  if  all  ita  figures  were  integral ;  then  this,  having 
prefixed  to  it  the  proper  index,  will  give  the  logarithm  re- 
quired. 

6.  And  if  the  given  number  be  a  proper  vulgar  fraction  : 
subtract  the  logarithm  of  the  denominator  from  the  logarithm 
of  the  numerator,  and  the  remainder  will  be  the  logarithm 
sought  ;  which,  being  that  of  a  decimal  fraction,  must  always 
have  a  negative  index. 

6.  But  if  it  be  a  mixed  number  ;  reduce  it  to  an  improper 
fraction,  and  find  the  difie Fence  of  the  logarithms  of  the  nu* 
merator  and  denominator,  in  the  same  manner  as  before. 

EXAMPLES. 


1.  To  find  the  log.  of  f  f 
Log.  of  37         -         1-668^02 
Log.  of  94         -         1  -0731 26 


Dtf.  log.  of  I J         —1 -6^60 '4 


2.  To  find  the  log.  of  17^^. 
First,  17^1  =  *^V.  Then 
Log.  of  406  -  2-607466 
Log.  of  23         -         1*361728 

Dif.  log.  of  1711        1-246727 
Where  the  index  1  is  negative. 

n.  TO  FIND  THE  NATURAL  NUMBER  TO  ANY  GIVEN 

LOGARITHM. 

This  is  to  be  found  in  the  tables  by  the  reverse  method 
to  the  former,  namely,  by  searching  for  the  proposed  loga- 
rithm among  those  in  the  table,  and  taking  out  the  corres- 
ponding number  by  inspection,  in  which  the  proper  number 
of  integers  are  to  be  pointed  off,  viz.  1  more  than  the 
index.  For,  in  finding  the  number  answering,  to  any  given 
logarithm,  the  index  always  shows  how  far  the  first  figure 

must 
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mmt  be  removed  from  the  place  of  oDitfl,  viz.  to  the  left  hand, 
or  integers,  when  the  index  is  affirmative  ?  but  to  the  right 
handy  or  decimals,  when  it  is  negative. 


EXAMPUIS. 

So,  the  nnmber  to  the  log.  1  -532882  is  34*1 1 . 

And  the  nnmber  of  the  log.  1-632882  is  -341 1. 

Bat  if  the  logarithm  cannot  be  exactly  found  in  the  table  ; 
take  out  the  next  greater  and  the  next  less,  subtracting  the 
one  of  these  logarithms  from  the  other«  as  also  their  natural 
numbers  the  one  from  the  other,  and  the  less  logarithm  from 
the  logarithm  proposed.     Then  say. 

As  the  difference  of  the  6rst  or  tabular  logarithms. 
Is  to  the  difference  of  their  natural  numbers. 
So  is  the  differ,  of  the  given  log.  and  the  least  tabular  log. 
To  their  corresponding  numeral  difference. 
Which  being  annexed  to  the  least  natural  number  above  taken, 
gives  the  natural  number  sought,  corresponding  to  the  pro- 
posed logarithm. 

EXAMPLE. 

So,  to  find  the  natural  number  answering  to  ^e  given  loga* 

rithm  1  532708. 
Here  the  next  greater  and  next  less  tabular  logarithms,  with 
their  corresponding  numbers,  are  as  below  : 

Next  greater  632744  its  num.  341000  ;  given  log.  532708 
Next  less         632627  its  num.  340900  ;  next  less    632627 


Differences  127  —     100  —      81 


Then,  as  127  :  100  ::  81  :  64  nearly,  the  numeral  differ. 
Therefore  34-0964  is  the  number  sought,  markiof^  off  two  in* 
tegers,  because  the  index  of  the  given  logarithm  is  1. 

Had  the  index  been  negative,  thus  1-632708,  its  corres- 
ponding number  would  have  been  '340966^  wholly  deci- 
mal. 

MULTIPH- 
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MULTIPLICATION  BY  LOGARITHMS. 


RULE. 

Take  out  the  logarithms  of  the  factors  from  the  tahle^ 
then  add  them  together,  and  their  sam  will  be  the  logarithm 
of  the  product  required.  Then,  by  means  of  the  table, 
take  out  the  natural  number,  answering  to  the  sum,  for  the 
product  sought. 

Observing  to  add  what  is  to  be  carried  from  the  decimal 
part  of  the  logarithm  to  the  affirmative  index  or  indices,  or 
else  subtract  it  from  the  negative. 

Also,  adding  the  indices  together  when  they  are  of  the 
same  kind,  both  affimative  or  both  negative  ;  but  subtract- 
ing the  less  from  the  greater,  vhen  the  one  is  affirmative  and 
the  other  ne^tive,  and  prefixing  the  sign  of  the  greater  to 
the  remainder. 


EXAMPLES. 


1. 


To  Multiply   23- 14  by 
6*062. 
2*}umbers.    Logs. 

23*  14   -  1*364303 
5-063  .  0-704:i22 


Product  117-1347     2068685 


2.  To  multiply  2-581926 
bv  3-457291. 
Numbers.    Logs. 
2*581926  -0*411944 
3*457291    -0-538736 


Prod.  8*92648  -  0-950680 


3.  To  mult.  3*902  and  597- 16    4.  To  mult.  3*586,  and  2*  1046, 


and  -0314728  all  together. 
Numbers.     Logs. 
3*902       -    0-591287 
697-16     -    2-776091 
-0314728  —2-497935 


Prod.  73-3333     -    1*865313 


Here  the — ^2  cancels  the  2, 
and  the  1  to  carry  from  the 
decimals  is  set  down. 


and  0-8372,   and  0-0294   all 

together. 

Numbers.    Logs. 
3-586      -  0*554610 
2*1046       0-323170 
0*8372  —1*922829 
0-0294  —2*468347 


Prod.  0*1057618—1-268956 


Here  the  2  to  carry  can- 
cels the — 2,  and  there  re- 
mains the — 1  to  set  down. 


DIVISION 
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DIVISION  BY  LOGARITHMS. 

RULE. 

Faom  the  logarithm  of  the  diyidend  subtract  the  logarithm 
of  the  dirisor,  aod  the  number  answering  to  the  remainder 
will  be  the  quotient  required. 

Observing  to  change  the  sign  of  the  index  of  the  divisor, 
from  affirmatiye  to  negative,  or  from  negative  to  affirmative  ; 
then  take  the  sum  of  the  indices  if  they  be  of  the  same  name, 
or  their  difference  when  of  different  signs,  with  the  sign  of 
the  greater,  for  the  index  to  the  logarithm  of  the  quotient. 

And  also,  when  1  is  borrowed,  in  the  left-hand  place  of 
the  decimal  part  of  the  logarithm,  add  it  to  the  index  of  the 
divisor  when  that  index  is  affirmative,  but  subtract  it  when 
negative  ;  then  let  the  sign  of  the  index  arising  from  hence 
be  changed,  and  worked  with  as  before. 

EXAMPLES. 


1.  To  divide  24163  by  -4567. 

Numbers.     Logs. 
Diridetid  24163     -    4*383151 
Divisor   -   4567    -    3*659631 


2.  To  divide  37- 149  by  523-76 

Numbers.    Logs. 
Dividend  37*  149  -  1-569947 
Divisor     633-76    -  2*719132 


Quot.      6*29078       O'*? 23520    Qjiiot.      •0709275^2'85o815 


3.  Divide  *06314  by  007241 

Numbers.     Logs. 
Divid.       -06314  —8-800305 
Divisor    -007241—3*859799 


Qoot.      8*71979      0-940506 


Jlere.  1  carried  from  the 
decimals  to  the  — 3,  makes  it 
become  — 2,  lyhich  taken  from 
the  other  — 2,  leaves  0  re- 
maining. 


4.  To  divid  e*7438  by  12-9476 

Numbers.     Logs. 
Divid.        -7438  —  1*871466 
Divisor        12*9476  1-112189 


Quot.      057447  —2-759267 

Here  the  1  taken  from  the 
— 1,  makes  it  become  —'2,  to 
set  down. 


Note,  As  to  the  Rule  of-Three,  or  Rule  of  Proportion, 
it  is  performed  by  adding  the  logarithms  of  the  2d  and  3d 
terms  and  subtracting  that  of  the  first  term,  from  their  sum. 


INVOLUTION. 
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INVOLUTION  BY  LOGARITHMS. 

RULE. 

Take  oat  tbe  logarithm  of  the  given  number  from  the  ta- 
ble. Multiply  the  log.  thus  found,  by  the  index  of  the  power 
proposed.  Find  the  number  answering  to  the  product,  audit 
will  be  tbe  power  required. 

Ab/e.  In  multiplying  a  logarithm  with  a  negative  index,  by 
an  affirmative  number,  the  product  will  be  negative.  But 
what  is  to  be  carried  from  the  decimal  part  of  the  logarithm, 
will  always  be  affirmative.  And  therefore  their  difference 
will  be  the  index  of  the  product,  and  is  always  to  be  made  of 
the  same  kind  with  the  greater. 

EXAMPLES. 


1 .  To  square  the  number 
2-679  J. 
Numb.  Log. 

Root  2-6791     -  -     0*411468 
The  index     -  -     2 


2.  To  find  the  cube  of 

3-07146. 

Numb.  Log. 

Root3-Ori46  -  -  -  0  487346 

The  index  -  -  -  3 


Power  6-66174        0-822936 


Power  28-9758 


1-462035 


3.  To  raise  -09163  to  the  4th 

power. 

Numb.  Log. 

Root  •09 1 63  — 2-962038 

The  index     -  -     4 


Tow.  -000070494 — 6-848162 


Here  4  times  tbe  negative 
index  being — 8,  and  3  to  car- 
ry, tbe  difference  — 6  is  the 
index  of  the  product. 


4.  To  raise  I  -0046  to  th» 
366th  power. 
Numb.  Log. 

Root  10046     -  -     0001960 
The  index  •  -  365 


9760 
11700 
6860 


Power  6-14932*      0-71 1760 


*  Thit  anawer  5-14938,  thoagfa  found  strictly  according  to  the  general  mlc,  is 
not  correct  in  the  last  two  figures  93 ;  nor  can  ttie  answers  to  such  qoestions  relat- 
ing to  rery  high  {wwers  be  generally  found  true  to  6  places  of  figures  br  the  ta- 
ble of  logarithms  in  this  woric :  if  any  power  above  the  hundred  tbousanath  were 
required,  not  one  figure  of  the  answer  (oand  by  tbe  table  of  logarithms  here  given 
could  be  depended  on. 

The  lo^riChmof  1-0045  is  00194994108  true  to  eleyen  places,  which  multiplied 
br  56S  gives  -7117285  true  to  7  places,  and  the  corresponding  number  true  to  7 
plaeesis5149067.    Ed. 
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EVOLUTION  BY  LOGARITHM^. 


.Take  the  log.  of  the  giTen  namber  oot  of  the  table. 
Divide  the  log.  thus  found  by  the  index  of  the  root.     Then 
the  namber  answering  to  the  quotient,  will  be  the  root.    . 

Note,  When  the  index  of  the  logarithm,  to  be  divided, 
^8  negative,  and  does  not  exactly  contain  the  divisor,  without 
some  remainder,  increase  the  index  by  such  a  number  as 
will  make  it  exactly  divisible  by  the  index,  carrying  the  units 
borrowed,  as  no  many  tens,  to  the  lefl-hand  place  of  the  deci- 
mal, and  then  divide  as  in  whole  numbers. 


Ex,  1 .  To  find  the  square  foot 

of  366. 

Numb.  Log. 

Power  366  2)  2-562293 

Root     19-10496     1-2811461 


Ex.  3.  To  find  the  10th  root 

of  2. 

Numb.  Log. 

Power  2    -  -     10  )  0-.301030 

Root  1071773  0-030103 


Ei.  2.  To  find  the  3d  root  of 

12346. 

Numb.  Log. 

Power     12346   3)  4091491 

Root     23  1116       1-363830^ 


Ex.  4.  To  find  the  366th  root 

of  1046. 

Numb  Log. 

Power  1*045   366  )0-019llG 

Root     1-000121     0-000062^ 


Ex.  5.  To  find  •  093. 

Numb.  Log. 

Power  -OJJS      2) —2 -96  8483 

Root  -304969      — l-484i41j 

Here  the  divisor  2  is  con- 
tained exactly  once  in  the  ne 
gative  index  ~  2,   and  there 
fore  the  index  of  the  quotient 

18-1. 


Ex.  6.  To  find  the  \/  00048. 

'  Numb.  Log. 

Power  -00048  3)— 4-681241 
Root       0782973  —2-893747 


Hera  the  diviitor  3  not  being  exact 
W  cootained  in  — 4,  it  is  augmented  Ivf 
3,  to  make  up  6,  in  which  the  diriMr  is 
contained  just  2  (inops ;  then  the  %  thns 
bocrowed,  being  carried  to  the  decimal 
figure  6,  maltes  526,  which  divided  by  3, 
gives  8,  Ac, 


Ex.  7.  To  find  314 16  X  82  X  Jf- 
Ex.  8.  To  find  02916  X  751-3  X  ^fy- 
Ex.  9,  As  7241  :  3-68  ::  20-46  :   ? 
Bx.  10.A«  V  724  :  ^  fl  :  :  6'927  :   I 
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ALGEBRA. 


DEFINITIONS  AND  NOTATION. 

I  •  AlXiQEBHA  is  the  science  of  compatiog  by  symbols.  It 
is  sometimes  also  called  Analysis  ;  and  is  a  general  kind  of 
arithmetic,  or  universal  way  of  computation. 

2.  In  this  science,  quantities  of  all  kinds  are  represented 
by  the  letters  of  the  alphabet.  And  the  operation  to  be  per- 
formed with  them,  as  addition  or  subtraction,  &c.  are  denoted 
by  certain  simple  characters,  instead  of  being  expressed  by 
words  at  length. 

3*  Id  algebraical  questions,  some  quantities  are  known  or 
given,  viz.  those  whose  values  are  known  :  and  others  un- 
known, or  are  to  be  found  out,  viz.  those  whose  values  are 
not  known.  The  former  of  these  are  represented  by  the 
leading  letters  of  the  alphabet,  a,  6,  c.  d,  kc.  :  and  the  latter, 
or  unknown  quantities,  by  the  final  letters,  2r,  y,  x,  ti,  &c. 

4.  The  characters  used  to  denote  the  operations,  are  chi 
ly  the  following : 

+  signifies  addition,  and  is  named  p2ii9. 

— >  signifies  subtraction,  and  is  named  minus. 

X  or  •  signifies  multiplication,  and  is  named  into* 

-f-  Signifies  division,  and  is  named  by. 

^  signifies  the  square  root ;  \/  the  cube  root ;  \/  the  4th 
root,  &tc. ;  and  \/  the  nth  root. 

:  :  :  :  signifies  proportion. 

=s  signifies  equality,  and  is  named  tqwd  to. 

And  so  on  for  other  operations.    . 

Thus  0-^6  decotes  that  the  number  represented  by  6  is  to 
be  added  to  that  represented  by  a. 

a—6  denotes,  that  the  number  represented  by  6  is  to  be 

subtracted  from  that  represented  by  a. 

aQQ6  denotes  the  diffeience  of  a  and  6,  when  it  is  not 
known  which  is  the  greater. 

ahy  or  aX6,  ora.6,  expresses  the  product,  by  multiplica- 
tion, of  the  numbers  represented  by  a  and  6. 
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a 


a  -r  ^,  or-,  denotes,  that  the  number  represented  by  a  is  to 
o 

be  divided  by  that  which  is  expressed  by  6. 

a  :  b  :  :  c  :  d^  signifies  that  a  is  in  the  same  proportion  to 
6,  as  c  is  to  d. 

xaea  —  b  +  c  is  an  ei|tiation,  expressing  that  x  is  eqaal 
to  the  difference  of  a  and  6,  added  to  the  quantity  c« 

a>6  signifies  that  a  is  greater  than  b. 
nx         ii  <  6  signifies  that  a  is  less  than  6. 

^  a,  or  a*,  denotes  the  square  root  of  a  ;  ^a,  ora^,  the 

cube  root  of  a  ;  and  ^a^  or  a^  the  cube  root  of  the  square  of 


1 


a  ;  also  ^  a,  or  a»»»,  is  the  rniU  root  of  a  ;  and  ^  a*  or  <p^  is 

the  nth  power  of  the  mth  root  of  a,  or  it  is  a  to  the  m  power. 
a^  denotes  the  square  of  o  3  a^  the  cube  of  a ;  o*  the  fourth 
power  of  a  ;  and  a"  the  nth  power  of  a. 

a4-6Xc,  or  (a+&)  ^>  denotes  the  product  of  the  compound 
quantity  a+b  multiply  by  the  simple  quantity  e.  Using  the 
bar ,  or  the  parenthesis  (  )  as  a  viocolum,  to  connect  se- 
veral simple  quantities  into  one  compound. 

— — —      ^-^^—^        (14-6 

a+b-^a — 6  or 7,  expressed  like  a  fraction,  means  the 

a — o 

quotient  of  a+6  divided  by  a— 6. 

y/ab'{'cdt  or  (a6+cd)i,  is  the  square  root  of  the  compound 

quantity  ab+cd.  And  c  y/  ab+cd^  or  c  {ab  +  cd)^,  denotes 
:^  the  product  of  c  into  the  square  root  of  the  compound  quanti- 
/  ty  ab+cd. 

a+b — c,  or  {a+b — c)*,  denotes  the  cube,  or  third  power, 
of  the  compound  quantity  a+b — c. 

da  denotes  that  the  quantity  a  is  to  be  taken  3  times,  and  4 
(a+h)  is  4  times  a+b.  And  these  numbers*  3  or  4,  showing 
how  often  the  quantities  are  to  be  taken,  or  multiplied,  are 
called  Co-efficients. 

Also  |J7  denotes  that  x  is  multiplied  by  f  ;  thus  {<  X  re  or 
Jot. 

6.  Like  Qjiiantities,  are  those  Which  consist  of  the  same 
letters,  and  powers.  As  a  and  3a  ;  or  2ab  and  4a6  ;  or  da* 6c 
and  —  5a3  6c. 

6.  Unlike  Quantities,  are  those  which  consist  of  different 
letters,  or  different  powers.  As  a  and  6  ;  or  2a  and  a'  ;  or 
3ab^  and  3a6c. 

7.  Simple 
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7.  Simple  Q^uantities,  are  those  which  consist  of  one  term 
only.     As  3a,  or  5a6,  or  6a6c^. 

8.  Compouod  Qaantities  are  those  which  consist  of  two  or 
more  terms.     As  a+6«  or  2a— 3c,  or  a+2^*-3c« 

6.  And  when  the  compound  qaantitj  consists  of  two  teNM 
it  is  called  a  Binomial,  as  a-^-b  ;  when  of  three  terms,  it  is  a 
Trinomial,  wa+2b—3e ;  when  of  four  terms,  a  Q^adrino- 
mial,  as  "ia^^Sb+e^Ad  ;  and  so  on.  Also,  a  Multinomial  or 
Polynomial,  consists  of  many  terms. 

10.  A  Residual  Qaantity,  is  a  binomial  having  One  of  the 
terms  negative.     As  a-* 26. 

11.  Positive  or  Affirmatiye  Qjaantities,  are  those  which 
are  to  be  added,  or  have  the  sij^nrf-.  As  a  or  +a,  or  ab  :  for 
when  a  quantity  is  found  wtthoat  a  sign,  it  is  understood  to  be 
positive,  or  have  the  sign  +  prefixed. 

12.  Negative  Quantities,  are  those  which  are  to  be  sub- 
tracted.    As  -  a,  or  2a6,  or  Sab*. 

13.  Like  Signs  are  either  all  positive  (+)>  or  all  nega- 
tive (-). 

14.  Unlike  Signs,  are  when  some  are  positive  (+)»  and 
others  negative  (  — )• 

15.  The  Co- efficient  of  any  quantity,  as  shown  above,  is 
the  number  prefixed  to  it.     As  3,  in  the  quantity  3ab. 

16.  The  Power  of  a  quantity  (a),  is   its  square  (a*),  or 
cube  (a')»  or  biquadrate  (a^),  &c ;  called  also,  the  2d  power,         .,r~ 
or  3d  power,  or  4th  power,  &c.  ^^_'' 

17.  The  Index  or  Exponent,  is  the  number  which  denotes  .,^!.,^. 
the  power  or  root  of  a  quantity.  So  2  is  the  exponent  of  th^p;;:^  '^^ 
square  or  second  power  a>  ;  and  3  is  the  index  of  the  cub^;$. 

or  3d  power  ;  and  ^  is  the  index  of  the  square  root,  a*  or  y/ 

18.  A  National  Quantity,  is  that  which  has  no  radical  sign 
(\/)  ^^  index  annexed  to  it.     As  a,  or  3a6. 

19.  An  Irrational  Quantity,  or  Surd,  is  that  of  which  the 
value  cannot  be  accnrately  expressed  in  numbers,  as  the 
square  root  of  2,  3,  6.     Surds   are  commonly  expressed  by 

means  of  the  radical  sign  ^,  as  ^2,  ya,  "^  a",  or  a6«.  ^ 

20.  The  Reciprocal  of  any   quantity,  is  that  quantity  in-     # 
verted,  or  unity  divided  by  it.     So,  the   reciprocal  of  a,  or 

a         1  a        b 

— ,  is  —  and  the  reciprocal  of —  is  — . 

la  la 

21.  The 
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#  21.  The  letters  by  which  any  simple  quantity  is  expressed, 
may  be  ranged  according  to  any  order  at  pleasure./  So  the 
prodiitt  of  a  and  6,  may  be  either  expressed  by  a6,  or  ba; 
and  the  product  of  o,  6,  and  c,  by  either  a6c,  or  aeby  or  bac^ 
op^^a,  or  ca6,  or  eba  ;  as  it  matters  >  not  which  quantities  are 
placed  or  multiplied  first.  But  it  will  be  sometimes  found 
convenient  in  long  operations,  to  place  the  several  letters  ac- 
cording to  their  order  in  the  alphabet,  ahc^  whic^  order  also 
occurs  most  easily  or  naturally  to  the  mind. 

22.  Likewise*  the  several  memt>er8,  or  terms,  of  which  a 
compound  quantity  is  composed,  may  be  disposed  in  any  or- 
der at  pleasure,  without  altering  the  value  of  the  signification 
of  the  whole.  Thus,  3a— 2a^+4a6c  may  also  be  written 
3a-f  4a6c— 2a5,  or  4a6c+3a— 2a6,  or  —  2a6+3a+4a^c,  &c; 
for  all  these  represent  the  same  thing,  namely,  the  quantity 
which  remains,  when  the  quantity  or  term  2a6  is  subtracted 
from  the  sum  of  the  terms  or  quantities  3a  and  Aubc.  But  it 
is  most  usual  and  natural,  to  begin  with  a  positive  term,  and 
with  the  first  letters  of  the  alphabet. 

SOME  EXAMPLES  FOR  PRACTICE. 

In  finding  the  numeral  values  of  various  expressions,  or  com- 
binations, of  quantities. 

Supposing  a=^S^  and  6=5,  and  c=4  and  d^^^X^  andes=0. 
Then 

1.  Will  a«+3a6-.c2s=^36+90- 16=110. 

t.   And  2a3—3a«64-c^=4a2-540-t-64=—44. 

3.  And  aaXa+6-2a6c=36X II -240=156. 

4.  ADd-^—-+ca=— -+16=12+16=28. 

a+3c  18 

5.  And  -v/^oc+c^  or  2ac+^l    j=^64=8. 

g^c  40 

^     ^    ,aa-v^6«-ac     36-1      36 

7.  And-- — -=—==: =— 5=7. 

2o— v^6»+ac      12-7      5 

8.  And  ^&a^ac+^2ac+c«  =  1+8=9. 


9.  And  v^6«—ac+^2ac+c»=y^25— 24+8=3. 
19.  Aud  a»6+c— (i=183. 
II.  And  9a6- 106«+«;=24. 

12.  And 
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13,  And X  i2  s=  45. 

c 

a+B         b 
13.  And  — ^  X  —  =  I3J. 


14.  And  ^i^  -  i!r"i=  l|. 

■  o»3 

15.  And y  «  =  45. 

c 

]  6.  And  X  «  =  0. 


17.  And  ^-c  X  rf— «  =  1. 

18.  And  a+b  -.  c^— d  =  8. 

19.  AndoIjpA  —  c  —  d  «=  6. 

20.  And  a«c  X  d»  =»  144. 

21.  Andocci— d  — 23. 

22.  And  a««+A»e+tl  =  1. 
23.And^X^=18f 


24.  And  ^a«+6»--V«^*-*'  =  4-49S624n 

25.  And  3flg«+^o»— ^»=29g'497942. 

26.  And  4a»  -  Za^a^  —\ab  =  72. 


ADDITION. 

AoDiTioif,  in  Algebra,  is  the  connecting  the  quantities  to- 
gether by  their  proper  signs,  and  incorporating  or  uniting  into 
one  term  or  sum,  ftucb  as  are  similar,  and  can  be  united.  As, 
^a^lb^^a=^a+^b  the  ««um. 

The  rnle  of  addition  in  algebra,  may  be  divided  into  three 
cases  :  one  when  the  qnaotines  are  like,  and  their  signs  like 
also  ;  a  second,  when  the  quantities  are  like,  but  their  signs 
unlike  ;  and  the  third,  when  the  quantities  are  unlike.  Which 
are  performed  as  follows.^ 

CASE 


*  The  reafODS  oo  which  thete  operatioDa  arc  founded,  will  readily^apmar,  by  a 
Tittlft  rf6rction  on  tMenatoTe  of  the  qoantitics  to  be  added  or  colic  ctetftcigether. 

For 
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CASE  I. 


IVhen  the  Qicanh'ltet  are  lAkey  and  have  Like  Sigm, 


Ado  the  co-efficients  together,  and  set  dowD  the  sum  ;  aAer 
which  set  the  commoo  letter  or  letters  of  the  like  quantities, 
and  prefix  the  common  sign  +  or  — . 


Far,  with  refmrd  to  tbe  fint  example,  where  the  qoanttties  are  da  and  5a  what- 
ever a  repreaeota  in  the  one  temi,  it  will  rppreseot  the  aame  thing  in  the  other : 
CO  that  3  timea  any  thine  and  5  timet  the  aame  ihinff,  coll«^ad  together,  must 
needa  make  S  times  that  thins.  At  if  o  denote  a  ahilTing ;  then  ^  it  3  thilKngi  \ 
and  5a  ia  6  ahiUinga,  and  their  warn  8  thillingt.  In  like  manner, — 9ab  and— 7a5, 
or  -^  times  any  thing,  and  *— 7  timet  the  tama  thing,  make  —9  thnes  that 


Aa  to  the  second  case,  in  which  the  quantities  are  like,  but  the  skns  imlike  ; 
the  reason  of  its  mration  will  easily  appear,  by  reflecting,  that  adoitioo  mewm 
only  the  mutiny  or  quantities  tngedier  by  means  of  the  arithmetical  operations 
denoted  by  their  sigtis  -f-  and  — ,  or  of  addition  and  subtraction  ;  which  beii^ 
of  contraiT  or  opposite  natures,  ^  one  co-«fficient  most  be  sobfractedfroo)  the 
other,  to  obtain  the  incorporated  or  united  mass. 

At  to  the  third  case,  where  the  quantities  are  unlike,  it  is  plain  that  such  (quan- 
tities cannot  be  united  into  one|nr  othenrise  added,  tbsn  by  means  of  dieir  signs  > 
thus,  for  example,  if  a  be  supposed  to  rq>reient  a  crown,  and  A'a  thilling ;  then 
the  aura  of  a  and  h  can  be  neither  3a  nor  96,  that  is  neither  S  crowns  nor  2  shil- 
liilgs,  but  only  1  crown  plus  1  shilling,  that  isa-f-6. 

In  this  rule,  the  word  addition  is  not  very  properly  used ;  being  much  too  li- 
mited  to  express  the  operation  here  peribnned.  The  business  of  this  operation 
is  to  incorporate  into  one  mast,  or  algebraic  expression,  different  algebraic  quan* 
tities,  as  nir  as  an  actual  incorporation  or  union  is  possible »  and  to  retain  the  al- 

febraic  marks  for  doing  it,  in  cases  where  the  former  ia  not  possible.  When  we 
ave  sevenl  quantities,  some  affirmative  and  some  o^^ative  i  and  the  relation  of 
these  quantities  can  in  the  whole  or  in  part  be  discovered }  such  incorporation  of 
two  or  more  quantities  into  one,  is  planly  efiecttd  by  the  foregoing  rules. 

It  may  seem  a  paradox,  that  what  is  called  additioD  in  algebm,  should  some> 
thnes  mean  addition,  and  sometimes  subtraction.  But  the  paradox  wholly  arises 
from  the  scantineas  of  the  name  given  to  the  algebraic  process  ;  from  employfaig 
an  old  term  in  a  new  and  more  enlarged  sense.  Instead  of  additioo,  call  it  in- 
corporation, or  union,  or  striking  a  balance,  or  any  name  to  which  a  mora  exten- 
sive idea  may  be  annexed,  than  diat  which  is  usually  implied  by  the  word  addi- 
tion :  and  the  paradox  vanisbeti 

Thnj, 
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Thus,  3a  added  to  5a,  makes  8a. 

And  — 2ab  added  to  —  7a6,  makes  '^dab. 

And  ba+lb  added  to  7a+36,  drakes  I2a+I0b. 

QTH£R  EXAMPLES  FOR  PRACTICE.  • 

bxy 
2bxil 
bbxyi 

bxy 
^bxy 
6bxy 


3a 

— 36a? 

9a 

—66a; 

6a 

— 46x 

12a 

—Ux 

a 

"^rbx 

2a 

—  bx 

Zta  —  2Ux  l^bxy 


■•• 


Sz 

8«*+6«^ 

2aa:— 42^ 

2z 

«*+  ay 

4aai—  2^ 

Az 

2«*4-4aw 

ao^— 3y 

9 

6a;»+2xy 

6ax— 6j/ 

hz 

4x«  +3«y 

7o«— 2y 

152r  15ap>  +  l&ry       19aa; — 15^ 


4a-46 
6a -56 
6a-.  6 
3a -26 
2a-.  76 
8a-  6 
*  '»   ■■'■■ 


Sary 

— 12y» 

14xy 

—  7y« 

22a:y 

—  2ya 

17«y 

—  4y» 

H'y 

—  y" 

4^ 

_3y» 

30— ISxJ  — Sxy  ,                 6afy— 3«+4a6 

23-  10x|— 4xy  8xy-.4«4-3a6 

14-14x*-7xy  3xy-5x+5a6 

10—  16x|— 5a:;y  ary— 2af+  a6 

16— 20a;*-   ary  4a;y—  »+7a6 


<i  ■  "■  ■■'^■^^-— ^f*> 
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CASE  II. 


When  the  QuantUie$  are  IMce,  but  have  Unlike  Sign$ ; 

Add  the  affirmatiye  co-efficients  into  one  sam,  and  all  the 
negative  ones  into  another,  when  there  are  several  of  a  kind. 
Then  subtract  the  less  sum,  or  the  less  co-efficient,  from  the 
greater,  and  to  the  remainder  prefix  the  sign  of  the  greater, 
and  subjoin  the  commom  quantity  or  letters. 

So  -h6a  ancl  —  3a,  united  make  +Sa. 
And  —6a  and  +Sa,  united,  make  —8a. 

OTHER  EXAMPLES  FOR  PRACTICE. 


-^a 

+Sax» 

+  8x»+Sy 

+4a 

+4ax' 

-  6a;»+4y 

+6a 

*-8aa;S 

-16x»+6y 

•— Sa 

^eax' 

+  32;>«7y 

+  a 

+aax* 

+  2«3-«y 

+3a  ^2ax*  —  8«»  +  3y 


im  3a> 

+  36«y5 

—  6a« 

+  9ft »y» 

«10a* 

— 10&«y» 

+  10a« 

-196«y3 

+14a« 

-   26«y» 

+4ab+  4 
^4ah+\% 
+Ta6*  14 
+  ab+  3 
— 6a6— 10 


-3axJ  +10^a»  +3y+4ar|f 

+  ax*  —  3^ax  —  y^fiax* 

+6axJ  +  4v^ax  +4y+2ax* 

-  6ax*  - 1 2y/ax  —  2y  +  Cox^ 
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CASE  iir. 


IVhen  the  Quaniiliei  are  Unlike. 

Haviko  collected  together  all  the  like  quantities,  as  in  the 
two  foregoing  cases,  set  down  those  that  ar^  anlike,  one  after 
another^  with  their  proper  signs. 


— 2xy+8ax 


EXAMPLES. 

-  4a?«  +Sxy 
+4x«  —ftxy 

4a:y  —  8x* 


4ax*]30+3api 
5«*+3aac+9x« 

7xy— 4arir+90 
^x+40  — 6x« 

7ax+8x«  +7ay 


9ap«y 
— 7x*y 
+3aa^ 
-i»4a;'|f 


14ax— 2x« 

5ax-(-3zy 
8y«  —  4aa; 
3««4-«6 


9+10v^ax*6y 
2ac+  7-v/xy+6y 
6y-|-  3^ax— 4y 
10—  Ay/ax+Ay 


4««y 
«6xy> 
+3y«x 


Ay/  a:—   3y 

2yxy+14a? 
dap  +       2y 

-9  +  V^ 


3as+  9  +xi-.4 
2a  -  8  +2a«-3» 
4x«-2a«  +  i8  -7 
.12  4.  a  -»3x*-*-2y 


Add  a-f-^  and  3a* 66  together. 
Add  6a  •*  8x  and  3a  —  4x  together. 
Add  6x*66+a+8  to*6a-.4x+4fr-d. 
Add  a+26-3e-  10  to  36— 4a+6c+10  and  66— c. 
Add  a+b  and  a— 6  together. 
Add  3a+6-10  to  c-^d-^a  and -4c+2a— 36-7. 
Add  Sa»  +6«  — c  to  2a6-3a>  +6c— 6.  ^ 

Add  a'4-6>c-.6>to  06*  -a6c-|-6' 

Add  9a-  86+IOj:— 6d— 7c+60  to  2x— 3a-6c+  46  +  6<i 
—  10. 

SUBTRAC 


ifeo 
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SUBTRACTION. 


Set  down  in  one  line  the  6r8t  quantities  from  which  the 
subtraction  is  to  be  made  ;  and  underneath  them  place  all  the 
other  quantities  composing  the  subtrahend  :  ranging  the  lik6 
quantities  under  each  other  as  in  Addition. 

Then  change  all  the  signs  (4*  »nd  — )  of  the  lower  line,  or 
conceive  them  to  be  changed  ;  after  which,  collect  all  the 
terms  together  as  in  the  cases  of  Addition.* 


From  ^a*— 3t 
Take  Sa*  — 86 


Rem.  4a* +56 


EXAMPLES. 
9x>  -  4y+B 


8xy— 3+6«—   y 
4xy+4+lZx+Sy 


From  6a:y— 6 
Tak€-2ry+6 

Rem.  7xy-13 


4ya-.Sy— 4 

2y*+2y+4 


— 20— 6a;-"5a:y 
3xy-9x+    8— 2ay 


2y«— 6y— 8         —  28+3x-8a?y+2fly 


From 
Take- 

Remr. 


8x«y— 6 
'2x  y+2 


7v^xy+3— 2a:y 


9x»— 12     +bb+A 


•  This  rule  is  foonded  oo  the  coofideration,  (bat  addition  and  cubtraction  are 
opposite  to  each  other  in  their  nature  and  operation,  as  are  the  sig;nB  -f-  and  — , 
by  which  they  are  exprcKscd  and  repreaentea.  So  that,  since  to  unite  a  n^ati^c 
quantity  with  a  poshire  one  of  the  same  kind,  has  the  effect  of  diminishing  it,  or 
subducting  an  equal  positive  one  from  it,  therefore  to  subtract  a  positive  (which 
is  the  opposite  of  uniting  or  adding)  is  to  add  the  equal  negative  quantity.  In 
like  manner,  lo  subtract  a  negaitive  qtiantity,  is  the  same  in  efiecl  as  to  add  or 
unite  an  eqm\  positive  one.  So  that,  by  changing  the  sign  of  a  quantity  from  + 
to  — ,  or  from— to -f- 1  <>li&ng<*s  its  nature  from  a  snbductive  quantity  to  an  ad- 
ditive one;  and  any  quantity  is  in  effect  subtracted,  by  barely  changing  its  sign. 

dxy 
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5ary— 30         7a;3— 2(a+A)         3xy^  +90a^(xy+lO) 


From  a+^«  take  a—  6. 

From  4a+46,  take  64-o. 

From  4a«-  4b,  take  3a+56. 

From  8a —12a;,  take  4a  — 3x. 

From  2a: -4a— 26+5,  take  8-66+a+6a:. 

From  Sa+6+c— d—  10,  take  c+fa-^d. 

From  3a4.6+c  -d—  10,  take  6—  i9+3a. 

From  2a6+6a— 4c+6c^i&,  take  3a»— c+6*. 

From  a^+Sb^c+ab^  ~-abc,  take  6«+a6«— aAc. 

From  12x+6a  -46+40,  take  46-3a+4a;+6(l-.  10. 

From2ar-3a+46+6c  — 60,  take  9a+ar+66— 6c  — 40. 

From  6a— 46— .12c+12x,  take  2x— 8a+46— 5c. 


MULTIPLICATION. 

This  consists  of  several  cases,  according  as  the  factors  are 

simple  or  compound  quantities. 

CASE  I. 

When  both  the  Factory  are  Simple  Quantiiies. 

First  multiply  the  co-eflficients  of  the  two  terms  together, 
then  to  the  product  annex  all  the  letters  in  those  terms,  which 
will  e^ive  the  whole  product  required. 

J^ote*  Like  signs,  in  the  factors,  produce  +,  and  unlike 
signs  — ,  in  the  products. 

EXAMPLES. 


•  That  this  rule  for  the  signs  is  true,  may  be  thus  shown.  •   ,    . 

1.  WlJcn  4-  o  isto  be mnlliplicd  by  +  c;  the  meaning  is,  that  +  «  w  to  be 
taken  as  many  times  as  there  are  anitu  in  c ;  and  since  the  sum  of  any  number  of 
positive  terms  is  positire,  it  follows  that  fa  X  +  c  makes  +  or.  ^^ 


18!i 


* 

10a 
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EXAMPLES. 

_3o                       7a 
+2*                   — 4« 

20a6 

— 6a&              ^tZac 

4ac 
— 3a^ 

9a^x              —  2ir»y 
4x                      3xy» 

—  12o«6c 

36a^x*            —6x*y^ 

~3a.x 
Ax 

—  ax                +3xy 
-6c                -4 

CASE  II. 

—  6i' 
—4a 

4-24ai: 


—  4xy 

—  «y 


— Bxyz 
— >5ax 


FT^^n  oMofthe  Facton  is  a  Compound  Quantity. 

Multiply  every  term  of  the  multiplicand,  or  compound 
quantity,  separately,  by  the  multiplier,  as  in  the  former  case  ; 
placing  the  products  one  after  another,  with  the  proper  signs ; 
and  the  result  will  be  the  whole  product  required. 


S.  When  two  quantittet  are  to  b«  mulOpUcd  together,  the  result  wiH  be  ex- 
actly the  tame,  in  whatever  order  they  are  placed  ;  for  a  times  c  it  the  same  as  c 
timea  a,  and  therefore,  when  —a  is  to  be  multiplied  by  +  c,  or  -f-  c  by  —  a, 
this  is  the  same  thing  as  taking  — a  as  many  times  as  there  are  units  in  -f-  c,  and 
as  the  sum  of  any  number  of  negative  terms  is  negative,  it  fdlows  theit  —  a  X  4' 
c,  or  +  aX  —  c  make  or  produce  —  ae. 

3.  When  —  a  is  to  be  multiplied  b^  —  c :  here  —  a  is  to  be  subtracted  as  often 
as  tbeie  are  units  in  c  :  but  subtracting  negatives  is  the  mroo  thing  as  adding 
affirmatives,  by  the  demonstration  of  the  rule  for  subtraction;  consequently  the 
product  is  c  times  a,  or  -|-  ac. 

Otherwise.  Since  a  —  a  as  0,  therefore  (a—a^  X  -  c  is  also  «  0,  because  0 
multiplied  by  anT  quantity,  is  still  but  0 }  and  since  the  first  term  of  the  product, 
or  a  X  —  cUsa — ac,  by  the  second  caaei  therefore  the  last  term  of  the  product, 
or  —a  X  — c,  must  be  -^  oc,  to  make  the  sum  =bO,  or  —  ac  -f-  «c  ssO :  that 
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6a— 3c 
2a 

EXAMPLES. 

3ac^4h 
3a 

2a«-.3c+6 
6c 

I0a*^6ae 

9a'c-12a6 

.2te»6c— 36c«+66c 

12a;-*2ae 
4a 

26c -76 
-^2a 

4x— 6+9a6 
2a6 

Sc«+x 
4ocy 

* 

—  4*3 

3a«  -  2x«  — e^ 
2aaja 

CASE  III. 

When  both  ike  Factors  are  Compound  Qiianltlui  ; 

AfuLTipr.Y  every  term  of  the  multiplier  by  every  term  of 
the  maltiplicand,  separately  ;  setting  down  the  products  one 
aAer  or  under  another,  with  their  proper  signs ;  and  add  the 
several  lines  of  products  all  together  for  the  whole  product 
required. 

a+b  3x4*2^  2x«4-a:y— ' 

a+b  4x^by  3x— 3y 


a«4-a6 
+ab+b^ 


12x«4-8aiy  6flc»4-3a;«y— 6a:y» 


a»+2a6+*«        12a:«  -7«y-  10y«       6x>— 3x»y~9a:y«+6jf3 


a+b 
a^b 


a^+ab 
^ab'-b^ 


x*+2yjr+y 


a''4a^+6« 
a-— 6 

a3  4.a»6+a^^ 
— o»6-a6«— ^i 

r  I 

fl3         ♦         *     —6* 


A^ofc 
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Ao^e.  Id  the  moltiplication  of  compouod  quantities,  it  is 
the  best  way  to  set  them  dowp  in  order,  accordiog  to  the 
powers  and  the  letters  of  the  alphabet.  And  in  multiplying 
them,  begin  at  the  left  han<)  side,  and  multiply  from  the  left 
hand  tbwards  the  right,  in  the  manner  that  we  write,  which 
is  contrary  to  the  way  of  multiplying  numbers.  But  in  set- 
ting down  the  several  products,  as  they  aiise,  in  the  second 
and  following  lines,  raage  them  under  the  like  terms  in  the 
lines  above,  when  there  are  such  like  quantities  ;  which  is  the 
easiest  way  for  adding  them  up  together. 

In  many  cases,  the  -multiplication  of  compound  quantities 
is  only  to  be  performed  by  setting  them  down  one  after 
another,  each  within  or  under  a  vinculum  with  a  sign  of  mul- 
tiplication between  them.     As  (a+^)    X    (a— 5)  X  9ai6,  or 

a+h  .  a— 3  •  Sab, 


EXAMPLES    FOR  PRACTICE. 


1.  Multiply  lOac  by  2a,  Ans.  20a*c. 

2.  Multiply  Sa^-^ib  by  Sb.  Ans.  9a*^— 6^'. 

3.  Multiply  3ar|-2^  by  3a— 26.  Ans.  9a*  -  46<* 

4.  Multiply  x*  — ary+y*  by  ar+y  -Ans.  ara+y". 
6.  Multiply  a^+a»b+ab'+b^  by  a — b.         Ans.  a^— 6*. 

6.  Multiply  a^+ab-^-b^by  a*  -^ab+b^. 

7.  Multiply  3xa  — .xy+6  by  a;«  + 2x^—6. 

8.  Multiply  3oa«.2ax+6af«  by  3o»— 4ui— 7x». 

9.  Multiply  3a:3+«ir^y'4-3y»  by  2x3  — Sx'ya-fSy*. 
10.  Multiply  a'+ub+b^  by  a -2^. 


DIVISION. 

Division  in  Algebra,  like  that  in  numbers,  is  the  converse 
of  multiplication  ;  and  is  performed  like  that  of  numbers 
also,  by  beginning  at  the  left  hand  side,  and  dividing  all  the 
parts  of  the  dividend  by  the  divisor,  when  they  can  be  so  di- 
vided ;  or  eUe  by  setting  them  down  like  a  fraction,  the  divi- 
dend over  the  divisor,  and  then  abbreviating  the  fraction  as 
nuch  as  can  be  done.  This  will  naturally  divide  into  the  fol- 
lowing particular  cases. 

CASE 
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CASE  I. 

When  the  Divisor  and  Dividend  are  both  Simple  Q^ani^e8• 

Set  the  terms  both  dowD  as  in  division  of  numbers,  either 
the  divisor  before  the  dividend,  or  below  it,  hke  the  deno- 
minator of  a  fraction.  Then  abbreviate  these  terms  as 
much  as  can  be  done,  bj  cancelling  or  striking  oni  all  the 
letters  that  are  common  to  them  botb»  and  also  dividing  the 
one  CO- efficient  by  the  other,  or  abbreviating  them  after  the 
manneriof  a  fi  action,  by  dividing  them  bj  their  common  mea* 
•are. 

JioU.  Like  signs  in  the  two  factors  make  -f-  in  the  quo- 
tient ;  and  unlike  signs  make  —  ;  the  same  as  in  multiplica- 
Hon''. 

EXAMPLES. 

1.  To  divide  6a6  bj  3a. 

Here  6ab  ^  3a  or  3a)  6ab  (or  -gj^^*- 

c  abx      a 

2.  Also  c  -r  c= — =1 ;  and  ahx-rrhxy^r — »~. 

c  "^     bxy      y 

3.  Divide  162>  by  8a:.  Ans.  ^x. 

4.  Divide  I2a«x«  by  —  3a^x.  Ans.— 4a:. 

5.  Divide  *-  \bay^  by  Say,  Ans.  —  6y. 

6.  Divide  —  18aa:«y  by— 8pa::?. '  '      Ans.  -^ 


*  B^caoM  the  divitor  multiplied  by  the  quotient  must  produce  the  dirideod. 
Therefore, 

1 .  When  both  the  terras  are  -f-,  the  auoti«at  must  be  4- '  because  4.  la  the 
divisor  X  4-  in  ti.G  quotient,  produces  4*  >"  ^^  dividend. 

8.  WW  the  terms  are  both  — ,  the  quotient  is  also  -f- ;  because  •—  io  the  di- 
risor  X  4.  in  the  quotient,  produces  —  in  the  dividend. 

3.  When  one  term  is  +  and  the  olher  — ,  the  quotient  must  be  — ;  because  + 
in  the  divisor  X  -^  hi  the  qootient,  produces  —  in  the  dividend*  or —in  the  divi. 
sor,  X  +  in  the  quotient  gives- in  < be  diyidend.  ^       ...      •        ^ 

So  that  the  rule  is  generali  viz.  that  like  signs  give  + ,  and  unlike  signi  givit 
•— ,  in  the  quobent. 

Vol.  I.  «6  CASE 
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CASE  II. 


Whtn  the  Dividend  is  a  Compound  Qiwn%,  and  the  Divisor  a 

Simple  one. 

Divide  every  term  of  the  dividend  by  the  divisor  as  in  the 
former  case. 

EXAMPLES. 

1.  («6+6.)  -  26.  or  ^' =^^=4a+i6. 

2.  {\0ab+lbax)^5a,OT ^ =2t+3a;. 

3.  (30tfr-48»)-i-z,  or =530a-48. 

4.  Divide  6ab^Bax+a  by  2a. 

6.  Divide  3««  — 16+6x+6fl  by  Sx. 

6.  Divide  6a6c+12a5x-9a*6  by  Zab, 

7.  Divide  \0a^x^\5x^  «25t;  by  bx. 

8.  Divide  IBa^bc—lbacx^+bad*  by  ^bac, 

9.  Divide  \ ba+3ay -^  IQy^  by  21a. 
10.  Divide  — 20a^+60a&3  by  ^6ab. 


CASE  lir. 


FPi^  <Ae  Divisor  and  Dividend  are  both  Compound  Q^anitttes. 

1.  Set  them  down  as  in. common  division  of  numbers,  the 
divisor  before  the  dividend,  with  a  small  curved  line  between 
them,  and  ranging  the  terms  according  to  the  powers  of  some 
one  of  the  letters  in  both,  the  higher  powers  before  the 

lower. 

2.  Divide  the  first  term  of  the  dividend  by  the  first  term 
of  the  divisor,  as  in  the  first  case,  and  set  the  resnlt  in  the 
quotient. 

3.  Multiply  the  whole  divisor  by  the  term  thus  found,  and 
subtract  the  result  from  the  dividend. 

4.  To  this  remainder  bring  down  as  many  terms  of  the  di- 
vidend as  are  requisite  for  the  next  operation,  dividing  as  be- 
fore ;•  and  so  on  to  the  end  as  in  common  arithmetic. 

Jioie, 
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Note.  If  the  divisor  be  not  exactly  coDtained  in  the  divi- 
dend, the  quantity  which  remains  after  the  operation  is 
finished,  may  be  placed  over  the  divisor,  like  a  vulgar  frac- 
tion, and  set  down  at  the  end  of  the  quotient  as  in  common 
arithmetic. 


EXAMPLES. 


— 3a«c+4ac* 
— .3a«c+3a4:» 


a— 2)  a>  — 6o2 +12a— 8  (o«  — 4a+4 


-4a«  +  12a 
— 4a«+  8a 


4a^8 
4a- 8 


a+;2f)  a»+ar»  (a«  -^az+z^ 
a^+a^z 


— a«r— az* 

aar«+ar» 
ar«+*» 


a+») 
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•  Jrr 


^■- 


*S;. 


• 


— a^x     a»x3 

^■'  

asa:«  — 3x* 
a»x'+ax^ 

—  ax'-  X* 

'^  — 2x* 


EXAMPLES  FOR  PRACTICE. 

1.  Divide  o»+4ox+4x*  by  a+«x.  Ans.  o+2x. 

2.  Divide  a3-.3a«2+3az3-;23  by  a— ;r. 

Ans.  o^  -  2a2+^« . 

8.  Divide  1  by  1+a.  Ans.  1— a+o*— «'+&c. 

4.   Divide  12x*-192  by  3x-6.  .  ,^    .  o« 

Ans.  4x»+8x«  +  16x+32. 

6.  Divide  a»-6o*6+10a36a-10aa6»+6a**-t*  by  o*- 
2o^+fc«.  Afts.  a»-3a«64-3o6»  -63. 

6.  Divide  48x»  -  96a2r«  — 64o«z+ 1 50a»  by  2z  -  3o. 

7.  Divide  6«-36*x»+36«x*-x«  byfe3-.36»x+36x»  -  x^ 

8.  Divide  a''—x''  by  a— x. 

9.  Divide  a>+5a«x+6ox'»+»»  by  a+x. 

10.  Dividea*+4a«6^-326*  by  a +26. 

11.  Divide  24a* -6«  by  3a-26. 


ALGEBRAIC  FRACTIONS. 


ALOEBaAic  Fractions  have  the  same  names  and;  rules  of 
operation,  as  numeral  fractions  in  common  arithmetic  j  as  ap- 
pears in  the  following  Rules  and  Cases.  CASE 


FRACTIONS.  189 

CASE  I. 

I 

To  reduce  a  Mixed  Quantity  to  an  Improper  Fraction. 

Mui  TiFLY  the  integer  by  the  denominator  of  the  fractioD, 
and  to  the  product  add  the  nameiator,  or  connect  it  with  its 
proper  sign,  f  or  —  ;  then  the  denominator  being  set  under  ,^ 
this  sum,  will  give  the  improper  fraction  required.  ^ 

EXAMPLES. 

1.  Reduce  3}  and  a to  improper  fractions. 

First.  3i=i2iy:l=l^=H  the  Answer. 

.    ,        6     aXx— 6     ax— 6    .      . 
And  a — = =: the  Answer. 

t.  Reduce  a+-r-  and  a to  improper  fractions. 

0  a 

First,  a+^=^ — l~^~V^  ^^^  Answer. 

a^.a'     a«— ar«+oa      2a— z«  ,,      . 

And.  a-* = — =-■ the  Answer. 

a  a  a 

3.  Reduce  Snf  to  an  improper  fraction.  Ans.  %f. 

^  3a  .  /.     ..  A       «— 3o 

4.  Reduce  I— — to  an  improper  traction.  Ans. . 

X  '  ^ 

6.  Reduce  2o r to  an  improper  fraction. 

4x 

6.  Reduce  12H to  an  improper  fraction. 

7.  Reduce  xH to  an  improper  fraction.  ^ 

2x^'-'*-3a 

8.  Reduce  4+2x to  an  improper  fraction. 

6a 

CASE  II. 

To  Reduce  an  Improper  Fraction  to  a  Whole  or  Mixed  Quantity. 

Divide  the  numerator  by  the  denominator,  for  the  integral 
part ;  and  set  the  remainder,  if  anj,  over  the  denominator, 
for  the  fractional  part ;  the  two  joined  together  will  be  the 
mixed  quantity  required.  EXAMPLES. 
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EXAMPLES. 


1.  To  reduce  ---  and  — - —  to  mixed  quantities. 

3  b 

First,  y  =  16-2-3=:5|,  the  Answer  required. 

And,  — ; — =ai6+a»  -f-6=a4-T--     Answer. 
o  b 

2.  To  reduce and ; to  mixed  quantities 


a+x 
First, =2ac — 3o«  -r.c=2a 


Answer. 


And,  ^???ltl^=3ax+4a;»^a+x=3x4 


x» 


a+.T 


a+a?* 


Ans. 


'1  Reduce  -r  and to  mixed  quantities. 

5  a 


Ans.  6|,  and  2x^ 


Sx- 


4.  Reduce 


4a^x      ,2a«+26« 


2a 


and 


^ ; —  to  whole  or  mixed  quanti- 

a— 6 


ties. 


^     r»    I        3x«— 3««  ,2x3— 3y'    .         ,    ,  •     j 

6.  Reduce r-^—i  and =L    to    whole    or  mixed 

x+y  x—y 

quantities. 

6.  Reduce to  a  mixed  quantity. 

5a 

7.  Reduce  ^  ,  ,  ^  ,     g to  a  mixed  quantity. 

3a'+2a3 — 2a— 4  ^ 

CASE  VII. 
To  Reduce  Fractions  to  a  Common  Denominator, 

Multiply  every  numerator,  separately,  by  all  the  denomi- 
nators except  its  own,  for  the  new  numerators  ;  and  all  the 
denominators  together,  for  the  common  denominator. 

When  the  denominators  hare  a  common  divisor,  it  will  be 
better,  instead  of  multiplying  by  the  whole  denominators,  to 
multiply  only  by  those  parts  which  arise  from  dividing  by  the 
common  divisor*  And  observing  also  the  several  rules  and 
directions  as  in  Fractions  in  the  Arithmetic. 
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EXAMPLES. 

1.  Reduce  -and  -  to  a  commoD  denominator. 

X         t 

Here  -  and  ~= —  and  — ,  by  multiplying  the  terms  of  the  first 
X         z     xz         xz 

fraction  by  z,  and  the  terms  of  the  2d  by  x. 

-J   '  ax  h 

2.  Reduce  -^  -r-  and  —  to  a  common  denominator. 

x     b  c 

^,        ct      X  b       ahc  cap*  b^x 

Here  -.  -^,  and  -=-3^,  j^  and  ^— ,  by  maltiplying  the 

terms  of  the  Ist  fraction  by  6c,  of  the  second  by  ex,  and  of 
tbe  3d  by  bx. 

« 

3.  Reduce  —  and  ^r-  to  a  common  denominator. 

X  2c 

Aac      .  36x 
Ans.  - — and-- — . 
2cx  2cx 

.    T>   J        2a      -3a+26  ^  i  •     * 

4.  Reduce  -r-  and  — to  a  common  denominator. 

b  2c 

4ac       ,3a6+2fl63 

Ans.  —T—  and — j . 

26c  26c 

5.  Reduce  ~-  and  zr-t  and  4<2  to  a  common  denominator. 

3x         2c 

\Oac       .  96x       ,  24crfx 

Ans.  -- —  and  ~ —  and . 

6cx  6cx  6  ex 

6.  Reduce  —-  and  —  and  26+-T-,    to    fractions    having    a 

6  4  o 

,        206      ,  18a6      ,486»+72a 
common  denominator.  Ans.  7—7  and  —-7-  and — ---r — 

24/>  246  246 

1  2a^  2a^+6* 

7.  Reduce  --  and and —7—  to  a  commbn  denomi- 

3  4  a-f-o 

nator. 

8.  Reduce  -^ — -  and  —  and  —  to  a  common  denominator. 

4a»  3a  2a 

CASE 


I 
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CASK    IV. 


Tojind  the  Greatest  Common  Measure  of  the  Terms  of  a 

Fraction. 


Divide  the  greater  term  by  the  lets,  and  the  last  divisor 
by  the  last  remainder,  aod  so  on  till  nothing  remains  ;  then 
the  diyisor  last  used  will  be  the  common  measure  required  ; 
just  the  tame  aa  in  common  numbers 

But  note,  that  it  is  proper  to  range  the  quantities  acrording 
to  the  dimensions  of  tome  letters,  as  is  shown  in  division. 
And  note  also,  that  all  the  letters  or  6gure9  which  are  com- 
mon to  each  term  of  the  divisors,  must  be  thrown  out  of  them, 
or  must  divide  them,  before  they  are  used  in  the  operation. 

EXAMPLES. 


I.  To  fiod  the  greatest  common  measure  of 


ab+b'^^ac^ +hc* 
or  fl-j-^  )flc»+Ac«(c» 
ac^  +6c> 


Therefore  the  greatest  common  measure  is  a-\'b. 

a^^ab* 
2.  To  find  the  greatest  common  measure  of    ^  .      ,  ,  .- 

a*+2ab+b*)a^'-ab^{a 

— 2a*^  -  2a6»  )a»  +2ab+b^ 
or     a+  b    )a«+^a64-6'(a+A 
03+  ab 


ab+b' 
ab+b^ 

Therefore  o+6  is  the  greatest  conunon  divisor. 

a^— 4 
3.  To  find  the  greatest  common  divisor  of       ,    ,« 

Ans.  a— 2. 

4.  To 
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a'— a '6' 

4.  To  find  the  greatest  common  divisor  of    ^     .^ — . 

Ads.  a"  -6«. 

5.  Fmd  the  greatestcom.  measure  o^e^s  +  ioa^x+da'^'     ' 


CASE  V. 


To  Reduce  a  Fraction  tb  U$  Lowest  Tertns, 

Find  the  greatest  common  measure*  as  in  the  last  problem. 
Then  divide  both  the  terms  of  the  fraction  by  the  common 
measure  thus  found,  and  it  will  reduce  it  to  its  lowest  terms  at 
once,  as  was  required.  Or,  divide  the  terms  by  any  quantity 
which  it  may  appear  will  divide  them  both,  as  in  arithmetical 
fractions. 

EXAMPLES. 

1.  Reduce 4-; —  to  its  lowest  terms. 

ac'  +bc^ 

ab+b^)ac^+bc* 
or  a 4-^  )  flc*  +^^*  (^' 

Here  06+^'  is  divided  by  the  common  factor  b. 

Therefore  a+b  is  the  greatest  common  measure,  and  hence 

ab+b'       b 
a+b)  — ;  .  ,  .=g-r-  is  the  fraction  required. 
^ac*+bc*      c«  ^ 

c^  m—b'c 
S.  To  reduce  ,  .  ^, — rrr  to  its  least  terms. 

c*+ibc+b^ 

-.  26c«  —26a  c)  c»  +26c+6« 

or  c+b)  c» +2bc+b'  {c+B 
c»+  be 


hc+b* 
bc+b* 

Therefore 
Vol.  I.  26 
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Therefore  e+b  is  the  ffreateet  common  measure,  and  hence 
gj^Ay   ^      — 1^=JLSZL  is  the  fraction  required. 

3  Reduce  j^—^;j^  to  its  lowest  terms.     An?.— ^jj-^. 

4.  Reduce -r-  to  its  lowest  terms.  Ans.    r-rir- 

6.  Ke<l''cej;^^^.:p-r+^  to  its  lowest  terms. 

7.  Reduce   /,"".,   to  its  lowest  terms. 

a*  +^ab+b^ 


CASE  VJ. 


To  add  Fractional  ^uant%tie§  together. 


If  the  fractions  ha?e  a  common  denominator,  add  all  the 
numerators  together  ;  then  under  their  sum  net  the  common 
denominator,  and  it  is  done. 

If  they  have  not  a  common  denominator,  reduce  them  to 
one,  and  then  add  them  aa  before. 


EXAMPLES. 


1.  Let— and  -  be  giyen,  to  find  their  sum. 

3         4 

a  ,  a     4a  ,  3a    la  .    .,  .     , 

Here  — — = — — =-^  w  the  sum  required. 
3^4     12^12     U  ^ 

2.  Given -—rand  3,  to  find  their  sum. 

a     b     c     acd  .  bbd  .  bcc      acd-\'bbd+bcc  . 

'*'*^'''*'^'  3.  Let 
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*  3."  Let  a  —  -r— and  b-] be  added  together. 

h  c 

3x*  ...tax         'Sce'j.tj.**'** 
Here  «  — j-+6+-^=«— j7 +*+-jr 

^a+h+——^' —  •  the  sum  required. 

Ax      S<  *      90bx+6ax 

3  4'        6 

6.  Add  -— -  and  jr  together.  An8  — gHf 

a+3  ,  2a— 6  .  14a— 13 

7.  Add  2a  +-^to  4a4—7r-  Ans.  60+ — -^5—. 

3a'        a4*i& 

8.  Add  6a,  and-^and-^-  together. 

9.  Add  ^,  and  ~  and  — ^-  together. 

4  ^ft  7 

10.  Add  2a,  a*d— and  3+---l6geth6r. 

1 1 .  Add  8a+  ^  and  2a— ^  together. 

4  • 


CASE  th. 


♦  7b  Subtract  one  Fractional  Quantity  from  another. 

Reduce  the  fractions  to  a  common  denominator,  as  in  addi- 
tion, if  they  have  not  a  common  denominator. 

Subtract  the  numerators  from  each  other,  and  under  their 
difference  set  the  common  denominator,  and  the  work  is  done. 


«  In  tbe  additioQ  of  nuxed  quantities,  it  is  bcrt  to  bnmp  the  ^^^^ 
only  to  a  common  denonunator,  and  to  annex  ^cir  torn  to  the  »am  « "5"  *°~52»1 
with  the  proper  sign.  And  th^  same  role  in^  be  6b«rved  for  mixed  quantitieg 
in  fubtractton  also.  EXAMPLES. 
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EILAMPLES. 

1.  To  find  the  difference  of-r-and--r. 

4         7 

„      3a     4a     21a      16a      6a  .    ^^     ^.^ 

Here— -.Y=-— — -^j-=^  is  the  difference  required. 

2.  To  find  the  difference  of — —  and : — 

4c  36 

„      2a-.6     3a^4b     Sab^SbB     \iac^l6Bc 

Were— : — ^     ^-      *"*     — r-      ■■       — sss 

4c  Sb  IZbc  Iftbc 

6a6- 366— 12ac+ 166c  .    ,^    ,.-,  .     , 
— r^          IS  the  difference  required. 

3.  Required  the  difference  of — and  -^. 

^  9  7 

3a 

4.  Required  the  difference  of  6a  and  — . 

4 

5.  Required  the  difference  of  -r-  and  ---» 

4  3 

6.  Subtract^ from 5^". 

7.Td.c?J?±lfromi?±?. 
9  5 

8.  Take  -2a— i^rom4a+— . 


CASE  VIII. 


To  Multiply  Fractional  ^uantititi  together. 

MaLTiPLT  the  numerators  together  for  a  nevr  numerator, 
and  the  denominators  for  a  new  denominator.* 


•  I:  5!^y  J*>«  nimerator  of  one  fraclion,  and  (he  deaominator  of  the  other, 
caobe  divided  by  tome  quaatit/,  which  is  cominoa  to  both,  the  quotients  may  be 
used  instead  of  them.  ' 

t.  When  a  fraction  is  to  be  multiplied  by  an  mteger,  the  product  is  found  ei- 
ther by  nraltiplying  the  numerator,  or  dividing  the  denominator  by  it ;  and  if  the 
intecer  be  the  same  with  the  denominator,  the  numerator  may  be  taken  for  the 
product.  ' 

EXAMPLES. 
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EXAMPLES.  • 

1.  Reqaired  to  Bnd  the  product  of-  and  ---. 

o  a 

Here  -r — --=  ,^  =--  the  product  required. 
8x5       40      30         *^  ^ 

a   3a  6a 

2.  Required  the  product  of-,  — ,  aod  ---. 

a-XSaXSa     18a»     Sa'    ^  ^     ,  .     , 

"33ul<T=-8r=T4  ^^'^  P'^^°^*  '^^''*'^^- 

3.  Required  the  product  of -^  and       r'' 

„        iaX(a+b)      2aa+2ab  ^  .     ^  .     , 

"®'®  rw/^    ,    V  =  ^  /.  I     tl^e  product  required. 

4.  Required  the  product  of-—  and  --. 

3  oc 

5.  Required  the  product  of —  and  -— — . 

6.  To  multiply  Ip  and  -7-  and  —--  together. 

0  0  oc 

7.  Required  }he  product  of  2a+--  and  —r- . 

o     »        •     j.u  ,     .    ^2aa-.26«       ,4a«+2A«    " 

8.  Required  the  product  of — -; and ,— ^ — . 

■^  3bc  a-j-b 

9.  Required  the  product  of  3a,  and 1  and  -        .. 

10.  Multiply  a+^-.— by  a;-~+— . 

CASE  IX. 
To  Divide  one  Fractional  Quantity  by  another. 

Divide  the  numerators  by  each  other,  and  the  denomina- 
tors by  each  other,  if  they  will  exactly  diyide.  But,  if  not, 
then  invert  the  terms  of  the  divisor,  and  multiply  by  it  ex* 
actly  as  in  multiplication.* 

EXAMPLES. 


*  1.  If  the  fractions  to  be  divided  have  a  oommon  denominator,  take  the  nume- 
rator of  the  diTidend  for  a  new  numerator,  and  the  numerator  of  the  diviM>r  for 
the  new  denominator. 

2.  When  a  fraction  is  to  be  divided  by  any  (quantity,  it  is  the  same  tiling  whether 
the  nomerator  be  divided  by  it,  or  the  denominator  multiplied  by  it. 

3.  When 


\gg  ALGE&RA. 


EXA^LES. 

a        3a 

1.  Required  to  divide  j  by  — • 

a    5a    a      S       8a     2  . 
Here  -^-^^x^j^-^j  the  quotient. 

2.  Required  to  divide  ^r  ^J  t^* 

3a     6c     da     4a     Ifad    bad  ^.  ^     . 

Here  sr-^7j=siX^— T7n-=Tr-  *«  quobent. 
2&  *  4i2     26     6c     lObc     bbc 

3.  To  divide  ^.  =  by  ??+?.    Here, 

3a-r-2A        ^    4a+5 

if?±^.  xi^«?^!±??^±i!  the  quotient  required. 

-     -,,..,       3a«     .  2a 

^-  To  di^tde  ^jf:p5  by  j^^^. 

Here  -i^  wa+6_3a«  x(a+6)  _         8a       ■  .   ^^ 

tieut  required. 

6.  To  divide  —  by  — . 

6.  To  divide  -~  by  Sx. 

7.  To  divide  ^^  by  ^. 

4j«  27 

8.  To  divide  ;; r  by  -. 

2x — 1    '  3 

4x       3a 

9.  To  divide  -—  by  -r. 

5         50 

10.  Todmde-^-by^. 

^*-  "^^^^^  2a>^4a^+26>  *'y-4j::4r 

INVOLO- 


3.  When  the  two  nnineratore,  or  the  two  ^enomioatora,  can  be  divided  by  •oim 
common  qaantitf,  let  that  be  done,  and  the  quotiant  ated  instead  of  (he  fractioev 
fint  propoied. 


r 
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INVOLUTION. 

Involution  is  the  raising  of  powen  from  aoj  proposed 
root ;  such  as  finding  the  square,  cobe>  biquadrate»  kc,  of 
anj  given  quantity.     The  method  is  as  followfs  : 

*  Multiply  (he  root  or  given  quantity  by  itself,  as  many 
times  as  there  are  units  in  the  index  less  one,  pod  the  last 
product  will  be  the  power  required. — ^Or«  in  literals,  multi* 
ply  the  index  of  the  root  by  the  index  of  the  power,  and  the 
result  will  be  the  power,  the  same  as  before. 

Able.  When  the  sign  of  the  root  is  + ,  all  the  powers  of  it 
will  be  4- ;  but  when  the  sign  is  — ,  all  the  even  powers  will 
be  +,  and  all  the  odd  powers—  ;  as  is  evident  from  multipli- 
cation. 


EXAMFLES. 


O9  the  root 
a*  =:;  square, 
a>  ss  cube 
a«  SI  4th  power. 
a*  »  5th  power 
kc. 


-*  2a,  the  root 
+  4a*  s=  the  square 
.  8a'  asscube 
-f-l6a^  «  4th  power 
-  32a'  38B  5th  power 

— W*  ^^^  ^^^ 

,  4fl»af« 
T — T^TT-  =  square 


96' 

16a«x« 
¥l6^ 


cube 


+-=--.  ^—==  4  th  power. 


a* ,  the  root 
a*  ss  square 
a*  ss  cube 
o*  =s  4th  power 
ai«s5  6th  power 
kc. 


—  3ab* ,  the  root 
+    9a* 6*  =5  square 

—  27tt«**  s=  cube 

+  81a*i6*  =  4th  power 
— 243a»6>  »=  6th  power 


^,  the  root 


a> 


=  square 
=cuhe 


46* 
a* 

w 

----='  biquadrate 


9 

*  Any  power  of  the  product  of  two  or  moie  quantities,  it  equal  to  the  same 
power  of  each  of  the  &ctori.  multiplied  together. 

Aod  aov  power  of  a  fraction,  it  equal  to  the  tame  power  oi  the  numentor,  di- 
Tided  by  the  like  power  of  the  denominator. 

Alio,  powers  or  roots  of  the  same  quantity,  are  multiplied  hy  one  another,  by 
adding  their  exponents  ;  or  divided,  by  sumupting  their  exponents. 

Tbusa*  Xo"    ««*♦■  ^a» 


And  a*  -^«*or^" 


3-.S 


a?— a 


•I 


x^+ax 

X»+2rt.T 

X  +ct 

+a» 

x^+^ax 
-fax* 

»-ffl»X 

+  2aa7 

+a3 

x^+Sax 

*+3a«a 

:+o» 

200  ALGEBRA. 

a:  -a  a*  root  a:+a  =  root 

a;  — a  x+o 

:c*— ax 
— ox+a* 

x'  —  2ax-(.a'  square 
X  —a 

x'  — 2ax»+a«x 
—  ax*   4-2a'x— a' 

x»  — 3ax>  +Sa^x  -  a» 
the  cabes,  or  third  powers,  of  x— a  and  x+a. 

EXAMPLES  FOR  PRACTICE. 

1.  Required  the  cube  or  third  power  of  3a^. 

2.  Required  the  4th  power  of  2a*&. 

3.  Required  the  Sd  power  of — 4a*  6'. 

a'x 

4.  To  find  the  biquadrate  of — ^^. 

6.  Required  the  5th  power  of  a — 2x. 

6.  To  fiud  the  6th  power  of  2a^. 

Sir  Isaac  Newton's  Rule  for  raising  a  Binomial  to  any 

Power  whatever,* 

1,  To  find  the  terms  without  the  Co-efficienta,  The  index  of 
the  first,  or  leading  quantity,  begins  with  the  index  of  the 
given  power,  and  in  the  succeeding  terms  decreases  conti- 
nually by  1,  in  every  term  to  the  last  ;  and  in  the  Sd  or 
following  quantity,  the  indices  of  the  terms  are  0,  1,2,  3,  4, 
&c.  increasing  always  by  1 .  That  is,  the  first  term  will  con- 
tain only  the  first  part  of  the  root  with  the  same  index»  or  of 

«  This  rule  expressed  in  general  terms  is  as  follows ; 
(o  +  x)n  e=on+n.a"^a4-n.--— o"-«ic8  4.n.---.— J— a"— 3«3  Ac. 

8  2  5 

JVb/«.  The  sum  of  the  co-efficients,  in  every  power,  is  equal  to  the  number  2, 
when  raised  to  that  power.     Thus  1  -|.  1  =s  2  ia  the  first  power ;  1  -f-  2  4.  1  :^  4 

c=  2'  in  the  square  ;1   +3_}.3-}-ls=8«=s  2*  inthe  cuTje,  or  third  pow- 
er :  Bif6  so  on. 

the 
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the  same  height  as  the  intended  power  ;  and  the  latt.lirjn  of 
the  series  will  contain  only  the  'id  part  of  the  given'  root, 
when  r;ii<)ed  also  to  the  satnc  height  of  the  intended  power  ; 
hilt  »ll  the  other  or  internoediate  terms  will  contain  the  pro- 
ducts of  some  powers  of  both  the  members  of  the  root,  in 
such  sort,  that  the  powers  or  indices  of  the  1st  or  leading 
member  will  always  decrease  by  1,  while  those  of  the  2d 
member  always  increase  by  I. 

t.  To  find  the  Co-efficient$.  The  tirst  co-efficient  is  always 
1,  and  the  second  is  the  same  as  the.  index  of  the  intended 
power  ;  to  find  the  third  co-efficient,  multiply  that  of  the  2d 
term  by  the  Index  of  the  leading  letter  in  the  same  term,  and 
divide  the  product  by  ? ;  and  so  on,  that  is,  multiply  the  co- 
efficient of  the  term  last  found  by  the  index  of  the  leading 
quantity  in  that  term,  and  divide  the  product  by  the  number 
of  terma  to  that^place,  and  it  will  give  the  co-efficient  of  the 
term  next  following  ;  which  rule  will  find  all  the  co-efficients, 
one  aAer  another. 

Aore.  The  whole  number  of  terms  will  be  1  more  than  the 
index  of  the  given  power  :  and  when  bpth  terms  of  the  root 
are  -f**  all  the  terms  of  the  power  will  be  +  ;  but  if  the  se* 
cond  term  be  — ,  all  the  odd  termft  will  be  +,  and  all  the 
even  terms  — ,  which  causes  the  terms  to  be  -i-  and  —  aUer- 
nately.  Also  the  sum  of  the  two  indices,  in  each  term,  is  al- 
ways the  same  number,  viz.  the  index  of  the  required  power: 
and  counting  from  the  middle  of  the  seriee,  both  ways,  or  to  - 
wards  the  right  and  left,  the  indices  of  the  two  terms  are 
the  same  figures  at  equal  distances,  but  mutually  changed 
places.  Moreover,  the  co-efficients  are  the  same  numbers 
at  equal  distances  from  the  Intddle  of  the  series,  towards  the 
right  and  left ;  so  by  whatever  numbers  they  increase  to 
the  middle,  by  the  same  in  the  reverse  order  they  decrease 
to  the  end. 

EXAMPLES. 

1.  Let  a+x  be  involved  to  the  5th  power. 

The  terms  without  the  co-efficients,  by  the  1st  rule,  will 
be 

and  the  co-efficients,  by  the  2d  rule,  will  be 
^5X4    10x3    lOXg  6X1 

'    '"T"'  T~'  ^~4~*  "IT  ' 
or  1,5,  10,         10,        6,         1; 
Therefore  the  5th  power  altogether  is 
a*  +5a«  x+  lOo^x*  +  lOa^x^+Bax^+x' . 
Vol.  f.  «7  But, 
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But- it  is  best  to  set  down  both  the  co-efficients  and  the  > 

powers  of  the  letters  at  once,  in  one  line,  without  the  inter- 
mediate Hoes  in  the  above  example,  as  in  the  example  here 
below. 

3.  Leta— X  be  involved  to  the  6tb  power. 

The  terms  with  the  co-e(hcients  will  be 
a«— 6a'»a;+l6o*x»— 20a^ac3  +  16a»**— 6aa;«+ac». 
3.  Required  the  4th  power  of  a-  x. 

Ans.  a* — 4a»x+6a*«*— 4a«'+x«, 
And  thus  any  other  powers  may  be  set  down  at  once,  in  the 
same  manner  ;  which  is  the  best  way. 


EVOLUTION. 

Evolution  is  the  reverse  of  Involution,  being  the  method 
of  finding  the  square  root,  cube  root,  &c.  of  any  given  qaan- 
tity,  whether  simple  or  compound. 


CASE  I. 


Tojind  the  Roots  of  Simple  Qjuantilies. 

Extract  the  root  of  the  co-efficient  for  the  numeral 
part  ;  and  divide  the  index  of  the  letter  or  letters,  by  the- 
index  of  the  power,  and  it  will  give  the  root  of  the  literal 
part ;  then  anneX'  this  to  the  former,  for  the  whoje  root 
sought^*. 


*  Any  eTen  root  of  nn  affirmative  quantitj,  may  be  either  *4*  or  — :  thas  the 
square  root  of  -|"  as  is  either  H~  a*  or  •—  a ;  because  -^a  x  --f-a  =s  -f~  '^  ^'^^ 

But  anoddonotof  any  quantity  will  have  the  same  sign  as  the  quantity  itaelf : 
tikus  the' cube  root  of  4-43  is  >)*o?  ^"d  the  cube  root  of  as  is  —  a ;  for  -|-aX  + 
a^  ^  ae* +a  3 ,  and  — a  >C -^  X  — a=i-^  9 . 

Any  even  root  of  a  negative  quantity  is  impossible:  for  neither  •4-AX'f"Ot 
nor  — oX"-«  can  produce  — a 3 .  • 

Any  root  of  a  orodnct,  is  equal  to  the  like  root  of  each  of  the  factors  multiplied 
logeiher.  And  ror  the  root  of  a  fraction,  take  the  mot  of  the  numerator,  and  the 
root  dfthe  denominator- 

EXAMPLES. 
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^  '  EXAMPLES. 

1.  The  square  root  of  4a*  ^  is  2a. 

2.  The  cube  root  of  8a»,  is  2a »  or  2a. 

^  3.  The  square  root  of  -^-^  or  v^-^-»  **  3^  v'  ^' 

V  16a^6*  2afr3 

4.  The  cube  of  *  ^~^,  i»  -  ^^l/2a. 

27c »  3c    ^ 

5.  To  Bud  the  square  root  of  2a' 6*.  Ans.  a6>  ^2. 

6.  To  fiod  the  cube  root  of  -i*  64a'6'.  Ans.  —  4ab'» 

7.  To  fiud  the  square  root  of —---—.  Ads.  —  */-;r 

^  3c*  c  ^  3c 

8.  To  find  the  4th  root  of  8  la«6«.  Ans.  Sab  y/b. 
0.  To  fiod  the  5th  root  of  —  32a«i«.           Ans.  -  2a6  V  ^• 


\ 


CASE  II. 
Tojind  the  Square  root  of  a  Compowid  Quantity, 

This  is  performed  like  as  io  namben,  thus  : 
1     Range  the  quantities  according  to  the  dimensions    of 
the  letters,  and  set  the   root  of  the  first  term  in  the  quo- 
tient. 

£.  Subtract  the  square  of  the  root,  thus  found,  from  the 
first  term,  and  bring  down  the  next  two  terms  to  the  re- 
mainder for  a  dividend ;  and  take  double  the  root  for  a  di« 
Tisor. 

3.  Divide  the  dividend  by  the  divisor,  and  annex  the  result 
both  to  Aie  quotient  and  to  the  divisor. 

4.  Multiply  the  divisor  thus  increased,  by  the  term  last 
set  in  the  quotient,  and  subtract  the  product  from  the  divi- 
dend. 

And  so  on,  always  the  same,  as  in  common  arithmetic. 

EXAMPLE^. 

1 .  Extract  the  square  root  of  a*  —  4a*b+6a^b^  — 4fl6*  +^* ' 
a*  —  4a9b+4a»b»  — 4a6»+^«(a«  -  2a^+^  the  root. 

2as  ^2ab)  —  4a^b+6a'b* 
—  4a>6+4a«*« 


2a«~4o6+6a)  2tt»6»  — 4a6»+6« 


t.  Find 
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2.  Fiod  the  root  of  a*+4a^b+}0a'b'  +  \9ab^+b*. 


4o»6+   4a"  A» 


3.  To  find  the  square  root  of  a*+4a'+6a*+4a+^' 

Ans.  a«+2a+I. 

4.  Eitract  the  sqaare  root  of  a*  — 2a3+2a«  — a+^.         , 

Ans,  a*  — .a+'^« 

5.  It  it  required  to  find  the  square  root  of  a*  — a6. 

6     b*        b* 

2^    8a     J  6a' 


CASE  HI. 


To  find  the  Roots  of  any  Powtrs  in  QtneraL 

This  is  also  done  like  the  same  roots  in  numbers,  thus  : 
Find  the  root  of  the  first  term,  and  set  it  in  the  quotient. 
•^Subtract  its  power  from  that  term,  and  bring  down  the 
second  term  for  a  dividend. — Involve  the  root,  last  found,  to 
the  neit  lower  power,  and  multiply  it  by  the  index  of  the 
given  power,  for  a  divisor.  Divide  the  dividend  by  the  di-' 
visor,  and  set  the  quotient  as  the  next  term  of  the  root. — 
involve  now  the  whole  root  to  the  power  to  be  extracted  ; 
then  subtract  the  power  thus  arising  from  the  given  power, 
and  divide  the  first  term  of  the  remainder  by  the  divis-or  first 
found  ;  and  so  on  till  the  whole  is  finished.* 

EXAMPLES. 


*  As  this  method,  in  hiefa  powoni,  may  be  thought  too  laborious,  it  will  not  be 
improper  to  observe,  that  the  roots  of  compound  quundtics  may  sometimes  be  ea- 
sily discovered,  thus : 

Extract  the  rooU  of  some  of  the  niost  simple  terms,  and  connect  them  together 
by  the  sign  -f-  or  - ,  as  may  be  judged  most  suitable  for  the  purpose  —  Involve 
the  compound  root,  thus  found,  to  the  proper  power ;  then,  if  this  be  the  same  with 
the  given  quantity,  it  is  the  root  reqtiired.  But  if  it  be  found  to  differ  only  in  some- 
of  the  signs,  change  them  from  ^  to  - ,  or  from  ~  to  4* ,  till  its  power  agrees 
with  tfaa  given  one  throughout. 

Thus 
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EXAMPLES. 

1.  To  find  the  eqaare  root  ofa*'^%a^b+3a'b^'-r2ab^'\-b^. 


2a«)— 2«»6 

2a«)2a.«6» 
a*-2o»6+3a»6«— 2a6»+6«=K(a«— ii6+A«)a. 


2.  Find  the  cnbe  root  of  a*  — 6a»+21a«,-44a3+63aa. 

— 64a4-27- 
a»— 6a«+21a«— 44a3+63a«=64o+2'7(a»-2a+3. 


Sa«)-6o» 


a«-6a«  +  12a«  — 8a5=)oa-2a)3 


3a*)+9a« 


a«  — 6x'+2la«  -  44a«-i-63aa— 54a+27=(a«— 2a- 3)^. 

« 

3.  To  find  the  square  root  of  a«— 2a6+2aa:+&»— 2Ax 
+ar* .  Ans.  o  -  6+a:. 

4.  Find  the  cube  root  of  o«— 3a«+9a*  -l3o»  +  I8aa — 
12a+8.  Ans.  a^— a+2. 

6.  Find  the  4th  root  of  81a* -.216a»6+2I6a36»  — 96a63 
+  166*.  Ans.  3a-. 26. 

6.  Find  the  5th  root  of  a«  —  10a«  +  40a3— 80fl«  +  80a 
—32.  Ans.  c— 2. 

7.  Kequired  the  sqaare  root  of  1 — x^. 

8.  Reqaired  the  cabe  root  of  1  .-a:^. 


ThOB,  in  the  5th  example,  the  root  3a— 25,  ia  the  differenoe  of  the  roots  of  the 
first  and  last  terms  *,  and  ni  the  tliird  oxainple,  the  root  a — b  4.  x,  is  the  sum  of 
the  roots  of  the  1st,  4th,  and  6th  terms.  T^e  same  may  also  be  observed  of  the 
6th  example,  ^vheiv  the  root  is  found  from  the  first  and  last  tenns.. 

SURDS. 
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SURDS. 


Sdrds  are  such  quantitieft  as  have  not  exact  valoev  in  num- 
bers ;  and  are  usually  expressed  by  fractional  indices,  or  by 

means  of  the  radical  sign  y/,     Tbas,  d>,  oTy/  3,  denotes  the 

square  root  of  3  ;  and  2'  or  ^2',  or  ^4.  the  cube  root  of 
the  square  of  2;  where  the  numerator  shows  the  power  to 
which  the  quantity  is  to  be  raised^  and  the.  denominator  its  root. 

PROBLEM*  I. 
To  reduce  m  Rational  Qwniitff  to  Reform  of  a  Surd. 


Raise  the  given  quantity  to  the  power  denoted  by  the  in- 
dex of  the  ^nrd  :  then  over  or  before  this  new  quantity  set 
the  radical  sign,  and  it  will  be  the  form  required, 

EXAMPLES. 

1 .  To  reduce  4  to  the  form  of  tlie  square  root. 
First,  4*cs4  x4=]6  ;  then  ^  16  is  the  answer. 

2.  To  reduce  3a*  to  the  form  of  the  cube  root. 
First  3a«x3o«  X3a«'=(3a«)»=27a»  ; 

then  (/(27a«  or  (27o«)*  is  the  answer. 

3.  Reduce  6  to  the  form  of  the  cube  root. 

Ans.  (21*6)*  or  »/216. 

4.  Reduce  ^ab  to  the  form  of  the  square  root. 

Ans.  v^^a'&'. 

5.  Reduce  2  to  the  form  of  the  4th  root.  Ans.  (16)^. 

8.  Reduce  aJ  to  the  forin  of  the  6th  root. 

7'  Reduce  a^i'X  to  the  form  of  the  square  root. 

8.  Reduce  a-^o;  to  the  form  of  the  cube  root. 

PROBLEM  II. 

To  Reduce  Quantities  to  a  Common  Index, 

1.  Reduce  the  indices  of  the  given  quantifies  to  a  common 
denominator,  and  involve  each  of  them  to  the  power  denoted 
by  its  numerator  ;  then  1  set  over  the  common  denominator 
will  form  the  common  index.     Or, 

2.  If 
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\e  conuDOD  index  be  gtv^eo,  divide  the  iikdicei  of  the 
quabfitlefl  by  the  giveo  index,  and  the  quotients  will  be  the 
new  indices  of  those  quantities.  Then  over  the  said  quan- 
tities, with  their  new  indices,  set  the  given  index,  and  they 
will  make  the  equivalent  quantities  sought. 

EXAMPLES. 

1.  Reduce  3^ and  5^  to  a  coaimon  index. 
Here  ^  and  ^  ^*  -f^  and  ^. 

Therefore  3^  and  6A=r^^3»)  ^  and  (6«)t^=  V*3*  and  !/ 
5s>B^243attd  \/26. 

2.  Reduce  a^  and  6'  to  the  same  common  index  j. 
Here,  f  -s-  i  »  ^  X  f  *=s  f  the  1st  index, 

and  i  4-  I  <=  ^  X  f  :=:  I  the  2d  index. 

Therefore  (o«)  ■  and  (6»)',  or  ^  o»  and  ^6*  are  the  qnan- 
/tities. 

3.  Reduce  4^  and  5'  to  the  common  index  j, 

Ans.  266^)*  and  25*. 

4.  Reduce  a'  and  x*  to  the  common  index  ^> 

Ans.  (a*)*  and  (x*)V. 

5.  Reduce  a*  and  x^  to  the  sanre  radical  sign. 

Ans.  \/a*  and  ^x*. 

6.  Reduce  (a4*3^)    and  (a—x)'  to  a  common  index. 

7.  Reduce  {a+by  and  (a— 0^  to  a  common  index. 

PROBLEM  III. 
To  Reduce  Surds  to  more  Simple  Terms. 

FriYD  out  the  greatest  power  contained  in,  or  to  divide  the 
given  surd  ;  take  its  root,  and  set  it  before  the  quotient  or  the 
remaining  quantities,  with  the  proper  radical  sign  between 
them. 

EXAMPLES. 

1.  To  reduce  ^^32  to  simple  terms. 
Here-V.S2=v^l6x2=v'16Xy2=:4X^2=4v/2. 

2.  To  reduce  ^320  to  simpler  terms. 

t/320*^64X5«  V^4  X.V^=4  X  Vfi=4^6. 

3.  Reduce 
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3.  Reduce  ^^75  to  its  simplest  terms.  mffSs/S. 

4.  Reduce  y^K  to  simpler  terms.  Ans.  \^^3d. 

5.  Reduce  ^i89  to  its  simplest  terms.  Aos.  3^7. 

6.  Reduce  VW  ^^  its- simplest  terms.  Aois.  }^I0. 

7.  Reduce  v^  7 5a*  6  to  its  simplest  terms.  Aus.  5a^36. 

/ioU.  There  are  other  cases  of  reducing  algebraic  surds 
to  simpler  forms,  that  are  practised  on  several  occasions  ;  one 
instance  of  which,  on  account  of  its  simplicity  and  usefulness, 
may  be  here  noticed,  yiz.  in  fractional  forms  having  com- 
pound 8urd!9inthe  denominator,  multiply  iioth  numerator  and 
denominator  by  the  »ame  terms  of  the  d^ominator,  but  hav- 
ing one  sign  changed,  from  4"  to  —  or  from  —  to  -h,  which 
will  reduce  the  fraction  to  a -rational  denominator.    . 

E,.  To  reduce  ^±^i?.  multiply  it  by  ^|.  .„d 

it  become. '±ti^^=8+V16.     Al,o,  if  ^^ '^  '  Y.^; 

multiply  it  by  — -tt :r,  and  it  becomes  — r-: — = — = 

" ''       ''  i/ih-^^b  15  —  5 

66— 36v^3_13~7v^3 

10  2       ~* 

•  ♦ 

PROBLEM  IV. 
To  add  Surd  Quantifies  together, 

• 

1.  Bring  all  fractions  to  a  common  denominator,  and  re- 
duce the  quantities  to  their  simplest  terms,  as  in  the  last  prob- 
lem.— 2.  Reduce  aUo  such  quantities  as  have  unlike  indices 
to  other  equivalent  ones,  having  a  common  indei. — 3.  Then, 
if  the  surd  part  be  the  same  tn  them  all,'  annex  it  to  the  sum 
of  the  rational  parts,  with  the  sign  of  mulli plication,  and  it 
will  give  the  totil  sum  required. 

But  if  the  surd  part  be  not  the  same  in  all  the  quantities, 
they  can  only  be  added  by  the  signs  +  and  — . 

EXAMPLES. 

I.  Required  to  add  ^18  and  ^32  together.  •  ^ 

First,  v/ 18=^/9X2=3^2  ;  and  ^32=^^16X2— 4 v/' 2  ;  i 

Then,  3^2+4^2=(3-f-4)^2=7^2=  sum  required. 
2. 'It  is  required  to  add  ^375,  and  ^/192  together. 

Fir«t,  ^375=y  125x3=5»/3;  and  »/192=«/64X3=4^3: 
Then,6a/3+4»/3=(5+4)V3=:93/3=s  sum  required. 

3.  Required 


1 
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3.  Required  the  sum  of  v^27  and  ^48.  -  Ads.  ly/Z, 

4.  Required  the  sum  of  ^50  and  ^72*  Ans.  1 1^2. 

5.  Required  the  Bum  of  v^}  and  v^Vr* 

Ans.  Ayf^OT^j^Ab. 

6.  Required  the  sum  of  ^56  and  \/\^%.  Ans.  5^7. 

7.  Required  the  sum  of  \/\  and  ^^*  Ans.  J^2. 

8.  Required  the  sum  of  S^a^b  and  b^\Ba*b. 


PROBLEM  V. 
Tojindihe  Difference  of  Surd  Quantities, 

PREPARE  the  quantities  the  same  way  as  ip  the  last  rule  ; 
then  subtract  the  rational  parts,  and  to  the  remainder  annex 
the  common  surd,  for  the  difference  of  the  surds  required. 

But  if  the  quantities  have  no  common  surd,  they  can  only 
be  subtracted  by  means  of  the  sign — . 

EXAMPLES. 

1.  To  find  the  difference  between^320  and  y/  80. 

First;  -^320=^64  x  6=8^^5  ;  and  v' 80=^16X5=4^^5. 
Then  8^6—4^6=4^/6  the  difference  sought. 

2.  To  find  the  difference  between  {/  1 28  and  (/  54. 

First,  V  I28=^64>r«=4^2,  and  ^4=3/27X2=^2. 
Then  4V'2-3»/«,  =^2,  the  difference  required. 

3.  Required  the  difference  of  ^75  and  ^  48.        Ans.  ^3. 

4.  Required  the  difference  of  ^256  and  ^32.     Ans.  23/4. 

5.  Required  the  difference  of^|  and  ^f .  Ans.  ^^6. 

6.  Required  the  difference  of  ^|  and  ^V-     ^^^'  AV^^- 

7.  Find  the  difference  of  v/24a>6a  and  ^646«. 

Ans.  (2a6-36«)^6,  or  (36«-.2a&)v^6. 

PROBLEM  VI. 

To  Multiply  Surd  Q,uantiiies  together. 

Reduce  the  surds  to  the  same  index ,  if  necessary  ;  next 
multiply  the  rational  qaantities  together,  and  the  surds  toge- 
ther ;  then  annex  the  one  product  to  the  other  for  the  whole 
product  required;  which  may  be  reduced  to  more  simple  terms 
if  necessary. 

EXAMPLEfi. 

Vol.  r.  28 


^ 
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EXAMPLES. 


).  Required  to  tind  the  product  of  4 1/  12,  and  3^2. 


Here,  4  X3X  v' »2X^2=I2^  12x2=12vf^4=12^4X6 
=  12X2x\/6=24^6,  the  product  required. 

2.  Require  to  multiply  J  \/i  by  Wl-  * 
HereJXi»/}XV*=T'TXV/T=AXVH=AX*XV18. 

s=j*j^/18,  the  product  required. 

3.  Re(|uired  the  product  of  3v^2  aod  2\/8.  Ads.  24. 

4.  Required  the  product  of*^^4  aod  }^12.      Ads.  \l/6, 

5.  To  find  the  product  of  f ^fandi^^  %/  }.         Ad«.  Av^15. 

6.  Required  the  product  of  ^^  1 4  and  3^/4.     Aos.  12^7. 

7.  Required  the  product  of  2a'  and  a*.  Ans.  2a* 

e.  Required  the  product  of  {a+by  aod  (a+6)*. 
&.  Required  the  product  of  2x+^b  and  ix^y/h. 

10.  Required  the  product  of  {a+2^6)^  and  (a— 2iv^6)^. 

11.  Required  the  product  of  2x"  and  3a:^. 

12.  Required  the  product  of  4s"  and  2]^. 


PROBLEM  vn. 

To  Divide  ont  Snrd  Quantity  by  another. 

Reduce  the  sards  to  the  same  index,  if  necessary  ;  then 
Wke  the  quotient  of  the  rational  quantities,  and  annex  it  to 
the  quotient  of  the  surds,  and  it  will  give  the  whole  quotient 
required  ;  which  may  be  reduced  to  more  simple  terms  if  re- 
quisite. 

EXAMPLES. 

1.  Required  to  diFide  6^/96  by  Sy^8. 

Here  6^3  .  v'(d6^8)=^v/*«=«^(^>^3)=2X2t/3«: 
4v^3.  the  quotient  required. 

2.  Required  to  divide  l5e»/«80by  3^5. 
Here  I2a.:j=4,  and  280-5-6=66=8X7=23  •  7. 
Therefore  4  X2  X  ^7=8^/7,  is  the  quotient  required. 

3.  Let 
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QtiOfiti 


Rai8C  both  the  rational  part  and  the  sard  part.     Or  malti- 
.  plj  the  index  of  the  quantity  by  the  index  of  the  power  to 
which  it  ift  to  be  raised,  and  to  the  result  annex  the  power  of 
the  rational  parts,  which  will  j^ve  the  power  reqaireq» 


EXAMPLES. 

1.  Required  to  find  the  square  of  fa'. 

First,  (})«  =  I X  J=A,  and (o*)«  =  o*^*  =  «/=«/ 
Therefore  (ia')'3s^a,  is  the  square  required. 

2.  Required  to  find  the  square  of  ia' . 
Tirst,  iXi=i  and  (a*)«=:  o*=o  ^a  ; 
Therefore  {^a*y^\a\/a  is  the  square  required. 

3.  Required  to  find  the  cube  of  }^6  or  f  X  6>. 

First,  r})a=|X|Xf =,V  a°^  (6*)=^  6^=6^6. 
Theref.  (|  v^6ja=^xb  y  6=^y^6,  the  cube  required. 

4.  Required  the  square  of  ?^2.  Ans.  4^/4. 

6.  Required  the  cube  of  5^,  or  ^3.  Ans.  3^3. 

6.  Required  the  'd  power  of  ^v^3.  Ans.  i^3* 

7.  Required  to  find  the  4th  power  of  ^^^2.  Ans.  I 

9.  Required. 


' 


3.  Let  4  v^  50  be  divided  by  2  ^^  6.  Ans.  2  ^  10^ 

4.  Let  6  V  10^  b^  divided  by  3  !(/  6  Ans.  2  1/  20. 

5.  Let  f  ^  ^  be  divided  by  |  ^^  f .  Ans.  ^  V  B. 

6.  Let  il^^he  di? ided  by  |  ^  f .  Ans.  ^  V  SO. 

7.  Let  f  v^a,  or  f o*,  be  divided  by  fa^.  Ans.  |a^ 

8.  Let  a>  be  divided  by  a'. 

9.  To  divide  3tf"  by  4«*». 
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8.  Required  to  tind  the  mth  power  of  a''. 

9.  Required  to  find  the  square  of  24.  v^ 3. 


PROBLEM  IX. 

To  Evolve  or  Extract  the  RootM  of  Surd  QuanltWet.* 

Extract  both  the  rational  part  and  the  sard  part.  Or  di- 
vide the  index  of  the  giren  quantity  bj  the  index  of  the  root 
to  be  extracted  ;  then  to  the  resuU  annex  the  root  of  the  ra- 
tional part,  which  will  give  the  root  required. 

EXAMPLES. 

1.  Required  to  find  the  square  root  of  16y^6. 
First,  ^  16=4.  and  (6*)*=ct'^ V.6*  ; 

theref.  (16v/6)^=4  .  6*  =4^6,  is  the  square  root  required. 

2.  Required  to  find  the  cube  root  of  ^^3. 

First,  l/^^h  an<*  (v/3)^=3*'^^=3*  ; 

theref.  (iV\/^)      i  •  ^  *=i(/^»  "  ^^^  ^^^^  roo*  required. 

3.  Required  the  square  root  of  6^.  Ans.  6  v^6. 

4.  Required  the  cube  root  of  la^fr.  Ans.  ^  a\/6. 

5.  Required  the  fourth  root  of  16a'.  Ans.  2^a. 

6.  Required  to  find  the  mth  root  o£  x^. 

7.  Required  the  square  root  ofa*'^6a^b+9b. 


*  The  sqqareTootofa  biooknial  or  residua)  surd,  a-)-  6,  or  a — 6  may  be  fimnd 
thus :  Take  v^««  — ba  sac ; 

the«i^ir+i-v^«4f+^/i^ 

8  2 

Thus  the  square  root  of  4-f-2v^3=I  +\/^  i 
and  the  souare  root  o(  6— ^^^6=:  ^6—1. 

JVoie.  For  the  cube  root  or  any  higher  root  see  Hatton's  Dictionary  under  t/ie 
word  Binomial  Surdf  Newton*s  Universal  Arithmeuc,  and  the  ticatises  of  Mge- 
bra  by  Mc.  Laurin,  Wood,  and  Bonnycastle. 

INFINITE 


r 
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INFINITE  SERIES. 

An  Infinite  Series  is  formed  either  from  division,  diridiog 
bj  a  compound  divisor,  or  by  extractins  the  root  of  a  com- 
pound surd  quantity  ;  and  is  such  as,  bemg  continued,  would 
run  on  infinitely,  in  the  manner  of  a  continued  decimal  frac- 
tion. 

But  bj  obtaining  a  few  of  the  first  terms,  the  law  of  the 
progression  will  be  manifest ;  so  that  the  series  may  thence  be 
continued,  without  actually  performing  the  whole  operation. 

PROBLEM  I. 

To  Reduce  Fractional  Q^aniitie8  into  Infinite  Seriee  by  Divition. 

Divide  the  numerator  by  the  denominator,  as  in  common 
diyision;  then  tbe  operation,  continued  as  far  as  may  be  thought 
necessary,  will  give  the  infinite  series  required. 

EXAMPLES. 

1 .  To  change  —r-L  i^^^  a°  infinite  series. 

a+b 

26'      26'     2b* 
a+b)2ab  .  -  (2A-^-^— .— +&C. 


2a6+26 


a 


«.263 

—  2A«- 

26a 
a 

26^ 

a 

• 

263     26* 

a     ^  o« 

2^* 

o« 

26« 

26* 

a 

a* 

a» 

26»  , 

— :»ltc. 

2.  Let 


I 
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9.  Let  I —  be  changed  into  an  infinite  leries. 

1  -a)  1 (l+a+a«+c»+o«+  &c. 

1-a 


a* 

a* —a* 

3.  Expander    bto  an  infinite  teriM. 

•^       a+c 

Ant.-X(l-.-+l.^iH.&c.) 

4.  Expand r  into  an  infinite  series. 

a     a"     o' 

1— « 
6.  Expand  -^--  into  an  infinite  series. 

Ans.  t'-ix+ix*  -2x«+2x*,  &c, 

a* 

6.  Expand  7 — --rrr  into  an  infinite  series. 

(a+by     . 

Ans.  1— — «» ,  &c. 

7.  Expand  -----s|,  into  an  in^nite  series. 

1+1 


PROBLEM  n. 
To  reduce  a  Cofnpound  Surd  into  on  Infinite  Series. 

Extract  the  root  as  in  common  arithmetic ;  then  the  ope- 
ration, continued  as  far  as  may  be  thought  necessary,  will  give 
the  series  required.  But  this  method  is  chiefly  of  use  in  ex- 
tracting the  square  root,  the  operation  being  too  tedious  for 
the  higher  powers. 

EXAMPLES. 
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EXAMPLES. 


1.  Extract  the  root  of  a^  —  x*  in  an  infinite  series, 
^  2a     8a»     10a«      128a'' 


2a— --)-a?« 
2a^ 

a;* 
4a»^ 

2a-^^zrz 

a      8a3'     4aa 


**        «•        «• 
— 1-— -4 


4o«  '  8a«  '  64o« 


2a -iic.)-^ 


4o3       ^     8a*     64a« 
a?^        x* 


5tr* 

&c. 


64a« 


2.  Expand  ^^1+1=^^2  into  an  infinite  series. 

3.  Expand  <y/l  —  I  into  an  infinite  series. 

Ans.  1  -i  -I  -  Jy  -Tiif  &<^' 

4.  Expand  ^  a'.+Jf  into  an  infinite  series.    . 

5.  Expand  ^/a^ — 2&x  — x'to  an  infinite  series. 

PROBLEM  IIL 

To  Extract  any  Root  of  a  Binomial :  or  to  Reduce  a  B  inomia 

Surd  into  an  Infinite  Series* 

This  will  be  done  by  substituting  the  particular  letters  of 
the  binomial,  with  their  proper  signs,  in  the  following  general 
theorem  or  formula,  viz. 

(f +rVl)  nss  F  aH A^^ ;»— *^H 5 CQ+  &C. 

n  xn  on 

and 
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andit  will  give  the  root  required  :  observiog  that  p  denotes  the 
first  term,  a  the  second  term  divided  by.  the  first,  "  the  index 
of  the  power  or  root ;  and  a,  b,  c,  d,  &c.  denote  the  several 
foregoing  terms  with  their  proper  signs. 


EXAMPLES. 

1.  To  extract  the  sq.  root  of  a«+6«,  in  an  infinite  series. 
Here  p=a« ,  a  =^»°^^=2'  therefore 

p  -— /0i\-_(a*)*=a— A,  the  Ist  term  of  the  series. 
-A<i=i  xaX^»^=B.the  2d  term. 

'!1Z!!b*=Ii:!x|^X^=  -  5T^=<=.  *e  3d  term. 

^1%^^1=±  ^  ^  Jl.X?^=-i*^=n  the  4th. 
^n  6  2.4a3     «•     2.4.6a'^ 

Hence  .+ j--__+--^  -&c.  or 

aH 1 rr —  &c.  18  the  series  required. 

2.  To  find  the  value  of  7 ^,,  or  its  equal  (a  -  x)-«,  in  an 

infinite  series.* 


*  JVb<c.  To  facilitate  the  application  of  the  rale  to  fractional  exam^^es,  it  is 
proper  to  observe,  that  any  surd  ina?  be  taken  from  the  denominator  of  a  frac- 
tion and  placed  in  the  numerator,  and  vice  versa,  by  only  changing  the  sign  of  its 
indfex.    Thus,  ^ 

i.  =r  I X  «"'or  only  aT*  ;  and  --— -« 1  xCa+W'^or 

(0+6)""^  ;  and  ^—as  a^  (af*)""*  ;  and  5=  *^X«^ ;  aJ«> 
i^J^  =  (a«  +  .t^)*X(a»-.x«)''J;  Ac. 

Here 


\ 


INFINITE  SERIES.  217 

Herep=sa,  ^=^-=— a"-'x,  and — =11- =  — 2  ;  theref. 

a  '     .     n        1 

p,.=(a)-3s-__.=sj^^  the  let  term  of  the  series. 

-A<i=:— 2X— X s=:--=2a~»«=B,  the  2d  term. 

n  a*       a       a^ 

fn-n              .     **     —X     3a:«     ^  _,  ,,     ^. 

-S — Bft=c— 4x-tX =--^=3a  «a;<sc,  the  3d. 

m— 2ii  3*3      —X     4«' 

^q=:-Ax-— X «=— -=4a  •a;»=D. 


3n  '      o*        a       a* 

Hence  a""a+2a~*x+3a~*«a+4a""««»+3ic.  or 

;^+Jj3+ljr+-ir+Ta"  ^<^-  *•  ^^^  «««'*«*  required. 


^  3.  To  find  the  Talue  ^f » in  an  infinite  series. 

a— X 

X*       X*       X* 

a     u^     a' 


in  a  series. 


4.  To  expand  ^/—^^  ^^(^+1?)*  ' 

.       1     x«     ,  3x*      6««    . 
Ans. s-r+^-r  -  ; — r  &C. 

a* 

5.  To  expand  7 r^  in  an  infinite  series. 

Ans.  1+ — pH — .-.+_.  &c. 

a       ft*       a*       a* 

6.  To  expand  ^a«— x*  or  (a»— x«)«  in  a  series. 

.  X*     X*         x«         6x*    - 

Ans.  a  ^  -— »^        MM  -  —  ■■  »— ■■    ■—  sc.- 

2a     $a»     16a«     128o^ 

7.  Find  the  valae  of  ^(a^-^*)  or  (o*— 6»)1  in  a  series. 

Ans.  a— T— ;—--——----.  &c. 
3a*     9a*     Sla* 

t 

8 .  To  find  the  value  of  ^(a«  +x*  )  or  (a*  +«»  y  in  a  series. 

X*       2x*  •       6x'* 

Vot.  I.  «9  •    «.  To 
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9.  To  fiod  the  square  roet  of — t-t  in  an  infinite  series. 

a+b 

Ans.   l--+r-T  -x-r  &c. 


a 


a 


10.  Find  the  cube  root  of--   ,r^,  in  a  ieries. 

6^      2&^     146* 
Ans.  1  —  ;r^+;r-::  —  .T7-r  ^c. 


ARITHMETICAL  PROGRESSION. 


Aaithmeticax.  PaooREssioif  is  when  a  series  of  quantities 
have  all  the  same  common  difference,  or  when  thej  either 
increase  or  decrease  by  the  same  common  difference.  Thus, 
t,  4,  6,  8,  10,  12,  &c.  are  in  arithmetical  progression,  having 
the  common  difference  2  ;  and  a,  a  +  J,  a  +  3<2f  o  +  3cl, 
a  4*  4J,  a  +  ^^»  are  series  in  Arithmetical  progression,  the 
common  difference  being  d. 

The  most  useful  parts  of  arithmetical  proportion  is  contain* 
ed  in  the  following  theorems : 

1.  When  four  quantities  are  in  Arithmetical  Proportion, 
the  sum  of  the  two  extremes  is^equal  to  the  sum  of  the  two 
means.  Thus,  in  the  arithmetical  4,  6,  7,  9,  the  sum  4+^ 
B6+7a=i3  :  and  in  the  arithmeticals,  a,  a+<2,  6,  h-^'d^  the 
sum  a+ft+<i=fl+4+<i- 

1.  In  any  continued  arithmetical  progression,  the  sum  of 

the  two  eztrenies  is  equal  to  the  aum  of  any  two  terms  at  an 

equal  distance  from  them. 

Thus, 
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Thus,  if  the  series  be  1, 3,  5,  7,  9,  II,  &c. 
Then  1  +  11  =  3+9:^5+7=12. 

2,  The  last  term  of  any  increasing  arithmetical  seriei,  is 
equal  to  the  first  term  increased  by  the  product  of  the  com* 
mon  difference  multiplied  by  the  number  of  terms  less  one  ; 
but  in  a  decreasing  series,  the  last  term  is  equal  to  the  first  term 
lessened  by  the  said  product. 

Thus,  the  20th  term  of  the  series,  1,  3,  6,  7,  9,  kc.  is  » 
l+2(«0-.|)=l+«X19=sl+38=s39. 

And  the  nth  term  of  a^a-^d,  a  — 2il,  a'^Sd,  a^4d,  kc*  is 
sso— (n  —  I )  X  c/=a — (n— 1  )d. 

3.  The  sum  of  all  the  terms  in  any  series  in  arithmetical 
progression,  is  equal  to  half  the  sum  of  the  two  extremes 
multiplied  by  the  number  of  terins. 

Thus,  the  sum  of  1,  3,  5,  7,  9,  &c,  continued  to  the  10th 

(1  +  19)XI0    20X10     .^^,,,     ,^^ 

term,  is  ss^— ^ — -^ = — ^ — siox  10=^100. 

3  2 

And  the  sum  of  n  terms  of  a,  n+d,  a+2(/,  a+Sd  to  a+md^ 
is  sB(a+a+mrf)  .  s=(a+|mrf)  n. 


EXAMPLES  F<»1  PRACTICE. 


1.  The  first  term  of  an  increasing  arithmetical  series  is  1, 
the  common  difference  2,  and  the  number  of  terms  21  ;  re- 
quired the  sum  of  the  series  ? 

First,  l+2X20s:l+40ss:41,  is  the  last  term. 

1+41 
Then  --^  X20s21  X  20=:420,  the  sum  required. 

2.  The  first  term  of  a  decreasing  arithmetical  series  is  199, 
the  common  difference  3,  and  the  number  of  terms  67  ;  re- 
quired the  sum  of  the  series  ? 

First,  199—3  .  66sl99- 198=1.  is  the  last  term. 

199-1-1 

Then  ^^Tl  X  67  =  100  x  67  =  6700,  the  sum  re- 

quired. 

3.$To  find  the  sum  of  100  terms  of  the  natural  numbers  I, 
2,  3,  4,  5,  6.  kc.  Ans.  6050. 

4.  Required 
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3.  *  Required  the  sum  of  90  lerms  of  the  odd  numbers,  I , 
3,5,  7,  9,&c.  An8.9811. 

6.  The  first  term  of  a  decreasing  arithmetical  series  is  10, 
the  common  difference  |,  and  the  nnmber  of  terms  21  ;  re« 
qnired  the  sum  of  the  series  ?  Ans.  140. 

6.  One  hundred  stones  being  placed  on  the  ground,  in  a 
straight  line,  at  the  dititance  of  2  yards  from  each  other  :  how 
far  will  a  person  traFel,  who  shall  bring  them  one  by  one  to  a 
basket,  which  is  placed  2  yards  from  the  first  stone  ? 

Ans.  1 1  miles  and  840  yards. 


APPLICATION  OF  ARITHMETICAL  PROGRESSION 

to  MILITARY  AFFAIRS. 


QUESTION  I. 


A  TRiAifouLAR  Battalion,!    consisting  of    thirty  ranks, 
in  which  the  first  rank  is  formed  of  one.  man   only,  the 

second 


*  Tbe  Sam  of  anj  number  (n)  ci  teroos  of  the  arithmetica\  series  of  odd  num- 
ber 1,  3,  6,  7, 9,  dkc.  is  eqaal  to  tbe  sqaare  (n^)  of  that  number.     That  is, 
Ifl,    3,    5,    7,    9,      Ac.  be  the  numbers,  then  will 

l",a*,3",4',  5",  Ac.  be  the  sums  of  1,2,  3,  Ac. terms. 

Thus,  0  •4->  1  n  1  or  1^ .  tiiie  sum  of  1  term, 

1  +  3  :s  4  or  2' ,  the  sum  o  2  terms. 

4  -f-  5  'ss  9  or  3* ,  (he  sum  of  3  terms, 

9  -^  7  es   16  or  4' ,  the  sum  of  4  terms,  Ac. 
For,  by  the  3d  theorem.  t-h2(n— 1)=  l+Sn— 8es2n— 1  is  the  last  term, 
when  the  nnmber  of  terms  is  n;  to  this  last  tenn  8»— 1,  add  the  first  term  1, 
l^ives  2n  the  sum  of  the  eitremes,  or  n  half  the  sum  of  the  extremes  •  then,  by  the 

4th  theorem,  nyn^  n'  it  the  sum  of  all  the  tenns.  Hence  it  appears  in  ge- 
■erml,  that  kulf  the  sum  of  the  extremes,  is  always  the  same  as  tbe  nnmber  of  the 
terms  n }  and  tiiat  tbe  sum  ol' all  tbe  terms,  is  the  same  as  the  square  of  the  same 

nnmber,  n  . 

See  more  on  Arithmetical  Progression  in  the  Arithmetic,  p.  111. 

t  By  triangular  battalion,  is  to  be  onderstood.  a  body  of  troops,  ranged  in  the 
feimof  a  triangle,  in  which  tbe  rankf  exceed  each  other  by  an  equal  number  of 

men: 


\ 
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second  of  ii,  the  third  of  5,  and  so  on  :     What  is  the  strength 
of  sach  a  triangalar  hattaliou  ?  Answer,  900  men . 


QUESTION  II. 

A  detachment  having  12  saccessive  days  to  march,  with 
orders  to  advance  the  first  day  on)^  2  leagues,  the  second  3^, 
and  so  on  increasing  1^  league  each  day's  march  :  What  is 
the  length  of  the  whole  march,  and  what  is  the  last  day's 
march  ? 

Answer  the  last  day's  march  is  1 8|  leagues,  and  1 23  leagues 
28  the  length  of  the  whole  march. 

QUESTION  in. 

A  brigade  of  sappers,*  having  carried  on  15  yards  of  sap 
the  first  night,  the  second  only  13  yards,  and  so  on,  decreasing 
2  yards  every  night,  till  at  last  they  carried  on  in  one  night 
only  three  yards  :  What  is  the  number  of  nights  they  were  em- 
ployed ;  and  what  is  the  whole  length  of  the  sap  ? 

Answer,  they  were  employed  7  nights,  and  the  length  of 
the  whole  sap, was  63  yards. 


men ;  if  the  first  rank  consist  of  one  man  only,  and  the  diflference  between  the 
ranks  be  also  t,  then  iu  fonn  is  that  of  an  equilateral  triangle  ?  and  when  the 
difierence  between  the  ranks  is  more  than  1,  its  fonn  may  then  be  an  isoceles 
pr  scalene  triangle.  The  practice  of  formmg  troops  in  this  order,  which  is  now 
laid  aside,  was  formerly  held  in  greater  esteem  than  forminj^  them  in  a  solid 
8qaar«  as  admitting  of  a  greater  mat,  especially  when  the  troops  were  to  make 
simply  a  stand  on  all  sides. 

•A  brigade  of  sappers  consists  generally  of  8  men,  divided  equally  into  two  par- 
lies, mile  one  of  these  parties  is  advancing  the  sap,  the  other  is  furnishing 
the  gabions,  fascinea,  and  other  necessaiy  implements,  and  when  the  first  party  is 
tired,  the  second  takes  its  place,  and  so  on  till  each  man  in  his  turn  has  been  at 
the  bead  of  the  sap.  A  sap  is  a  small  ditch,  between  three  and  four  feet  in  breadth 
and  depth  ;  and  is  distinguished  from  the  trench  by  iltt  breadth  only,  the  trench 
haTUig  between  10  and  15  feet  breadth.  As  an  cncouraij;cment  to  sappers,  the 
pay  for  all  the  work  carried  on  by  the  whole  brigade,  is  gi?en  to  the  survivors. 

QUESTION 


^'i^  ALGEBRA. 

QUESTION  IV. 

A  Damber  of  gabions*  being  given  to  be  placed  in  six 
ranks,  one  aboye  the  other,  in  sach  a  manner  as  that  each 
rank  exceeding  one  another  equally,  the  first  may  consist  of 

4  gabions,  and  the  last  of  9  :  What  is  the  number  of  gabions 
in  the  six  ranks  ;  and  what  is  the  difference  between  each 
rank  ? 

Answer,  the  difference  between  the  ranks  will  be  I ,  and 
the  number  of  gabions  in  the  six  ranks  will  be  39i 

QUESTION  V. 

Twe  detachments,  distant  from  each  other  37  leagues,  and 
both  designing  to  occupy  an  advantageous  post  equi-distant 
from  each  other*s  camp,  set  out  at  different  times  ;  the  first 
detachment  increasing  every  day's  march  1  league  and  a  half, 
and  the  second  detachment  increasing  each  day's  march  2 
leagues  :  both  the  detachments  arrive  at  the  same  time  ;  the 
first  after  fiv^  days*  marchy  and  the  second  after  4  days  march  : 
What  is  the  number  of  leagues  marched  by  each  detachment 
each  day  ? 

The  progression  j\,%  /^  3,^7^  5,|%  6  ^,  answers  the  con- 
ditions of  the  first  detachment  :  and  the  progression  If,  3{-, 
^f»  7f ,  answers  the  conditions  of  the  second  detachment. 

QUESTION   VL 

A  deserter,  in  his  flight,  travelling  at  the  rate  of  8  leagues 
a  day  ;  and  a  detachment  of  dr^oons  being  sent  after  him, 
with  orders  to  march  the  first  day  only  2  leagues,  the  second 

5  leagues,  the  third  8  leagues,  and  so  on  :  VVhat  is  the  num- 
ber of  days  necessary  for  the  detachment  to  overtake  the  de- 
serter, and  what  will  be  the  number  of  leagues  marched  be- 
fore he  is  overtaken  ? 

Answer,  5  days  are  necessary  to  overtake  him  ;  and  conse- 
quently 40  leagues  will  be  the  extent  oC  the  march. 


r  j9*^,*°"^  *•*  baskets,  open  at  both  ends,  made  of  orier  twigs,  and  of  a  cy- 
lindncal  form  ;  those  made  ose  of  at  the  trenches  are  2  feet  wide,  and  abont  S 
feet  high  :  which  being:  filled  with  earth,  serve  as  a  shelter  from  the  enemy's  fira : 
and  those  made  use  of  to  construct  batteries,  are  ^nerally  higher  and  broader. 
There  is  another  sort  of  gabion,  made  use  of  to  raise  a  low  parapet ;  its  height 
ii  from  1  to  2  feet,  and  1  foot  wide  at  top,  but  somewhat  less  at  bottom,  to  gire 
room  for  plac  ing  the  muzzle  of  a  firelock  between  them  ;  these  gabions  serve  in- 
stead of  sand  bags.  A  tand  bag  is  generally  made  to  contain  about  a  cubical 
foot  of  earth. 

•  - 

QUESTION 
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QUESTION  Vir 

A  Convoy*  diitant  35  leaguec,  having  ordert  to  join  iU 
tamp,  and  to  march  at  the  rate  of  5  leagues  per  day ;  ila 
escort  departing  at  the  same  lime,  with  orders  to  maroh  (be 
first  daj  only  half  a  league,  and  the  last  day  9^  leagues ;  and 
both  the  escort  and  convoy  airivhi^  at  the  same  lime  :  At 
what  distance  is  tbe  escort  from  the  convoy  at  the  end  of  each 
march? 

or  COMPUTING  SHOT  OR  SHELLS  I.\  A  FINISHED  PILE. 
Shot  and  shells  are  generally  piled  in  three  diffel^nt  forms, 
called  triangular,  square,  or  oblong  piles,  according  as  their 
base  is  either  a  trian^e,  a  sqaare,  or  a  rectangle. 


ABCD,  6g,  I,  is  B  triangular  pile, 
BVGH,  ^.  S,  is  a  square  pile. 


G  Fig.  2. 


A  Fig.  3. 


ABCOEF,  fig.  3,  is  an  oblong  pile. 


a  lindj  of  men  thai  guard  Ihii  lupplj 


l.c.ll.d«cort. 

A  triangular 
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A  triangular  pile  is  formed  by  the  contmaal  laying  of  trian- 
gular horizontal  coarsea  of  shot  one  aboFO  another,  in  soch 
a  manner,  as  that  the  aides  of  these  courses,  called  rows,  de- 
crease by  unity  from  the  bottom  row  to  the  top  row,  which 
ends  always  in  1  shot. 

A  square  pile  is  formed  by  the  continual  laying  of  square 
horizontal  courses  of  shot  one  aboFe  another,  in  such  a  man* 
ner,  as  that  the  sides  of  these  courses  decrease  by  unity  from 
the  bottom  to  the  top  row,  which  ends  also  in  1  shot. 

In  the  triangular  and  the  square  piles,  the  sides  or  faces 
being  equilateral  triangles,  the  shot  contained  in  those  faces 
form  an  arithmetical  progression,  having  for  first  term  unity, 
and  for  last  term  and  number  of  terms,  the  shot  contained 
in  the  bottom  row  ;  for  the  number  of  horizontal  rows,  or 
the  number  counted  on  one  of  the  angles  from  the  bottom  to 
the  top,  is  always  equal  to  those  counted  on  one  side  in  the 
bottom  :  the  sides  or  faces  in  either  the  triangular  or  square 
piles,  are  called  arithmetical  triangles ;  and  the  numbers  con- 
tained in  these,  are  called  triangular  numbers :  abc,  fig.  1»  efo, 
fig.  2,  are  arithmetical  triangles. 

The  oblong  pile  may  be  conceived  as  formed  from  the 
square  pile  abcd  :  to  one  side  or  face  of  which,  as  ad,  a 
number  of  arithmetical  triangles  equal  to  the  face  have  been 
added  :  and  the  number  of  arithmetical  triangles  added  to  the 
square  pile,  by  means  of  which  the  oblong  pile  is.  formed,  is 
always  one  less  than  the  shot  in  the  top  row  ;  or,  which  is  the 
same,  equal  to  the  difference  between  the  bottom  row  of  the 
greater  side  and  that  of  the  lesser. 


QUESTION  viir. 

To  find  the  shot  in  the  triangular  pile  abcp,  fig.  1,  the  bot- 
tom row  AB  consisting  of  8  shot. 

SOLUTION. 

The  proposed  pile  consisting  of  8  horizontal  courses,  each 
of  which  forms  an  equilateral  triangle  ;  that  is,  the  shot  con- 
tamed  in  these  being  in  an  arithmetical  progression,  of  which 
the  first  and  last  term,  as  also  the  numbers  of  terms  are- known  ; 
it  follows,  that  the  sum  of  these  particular  courses,  or  of  the 
8  progressions,  will  be  the  shot  contained  in  the  proposed  pile ; 

then 

The 
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fttS 


The  shot  of  the  first  or  tower  > 
triangolar  coarse  win  be      ) 

the  fecund         ... 


the  third 
the  ftmHh 
rthefifUi 
the  siifh 
the  serehth 


8  +   1 

X 
X 
X 
X 
X 
X 
X 
X 

4  a 

9  « 

1  a* 

36 

7  +    1 

W 

6  +   I 

» 

21 

6  +  1 

15 

4  +  1 

10 

3H-  1 

6 

«+  1 

3 

1  +  1 

1 

the  eighth 


Total  120  shot 

in  the  pile  proposed. 
QUESTION  dL 

To  fiod  the  shot  of  the  square  pili^  efoh,  figi  2»  the  bottom 
row  BP  consistiog  of  8  shot. 

Tho  bottom  ro#  cootainiog  8  shot,  the  secoiid  ohiy  7  ;  that 
is,  the  ^oWs  forming  the  progression  8,  7,  6,  6^  4,  3,  2,  1,  in 
which  ^ach  of  the  terms  being  the  square  root  of  the  shot 
contained  in  each  se|>arate  square  cbnrse  employed  in  form* 
ing  the  sqoare  pile,  it  foUows,  that  the  sum  of  the  squares  of 
these  roots  will  be  the  shot  required  :  and  the  sum  of  the 
squares  of  8,  7,  6,  &,  4,  3,  2,  1,  being  204,  expresses  the 
shot  in  the  proposed  pile. 

QUESTION  a. 
To  find  the  shot  of  the  oblong  pile  abcdbf,  fi{g.  3 ;  in  which 
BpaslS,  and  Bc=s7. 

SOLUTION. 

The  oblong  pile  proposed  consisting  of  the  siioare  pile 
ABcn,  whose  bottom  row  is  7  shot ;  besides  9  arithmetical  tri* 
ang^s  or  progressioBs,  in  which  the  first  and  last  term,  as  al^ 
so  the  namb^  of  terms,  are  known;  it  ibllows  that, 
if  to  the  botttedts  of  the  square  pile  1 40 

we  add  the  sum  of  t^  times  the  progression  -        262 

their  totdigtres  the  contents  required        •        392  shot 

REMARK  I. 

The  shot  ia  the  triangular  aed  the   square  piles,  as  dso 

the  shot  i«  .esich  horizontal  course,  may  at  once  be  asoer* 

Vol.  I.  SO  tainej 
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tained  by  the  following  table  :  the  Tertical  columii  a^  coDtatoB 
the  shot  in  the  bottom  row,  from  1  to  20  ioclueiTe  ;  the  co- 
lumn B  contains  the  triangular  numbers,  or  number  of  each 
course  ;  the  column  c  contains  the  sum  of  the  triangular  num- 
bers, that  is,  the  shot  contained  in  a  triangular  pile,  commonly 
called  pyramidal  numbers  ;  the  column  d  contains  the  square 
of  the  numbers  of  the  column  a,  that  is,  the  shot  contained  in 
each  square  horizontal  course  ;  and  the  column  s  contains 
the  sum  of  these  squares  or  shot  in  a  square  pile* 


B 


D 


Sqaare     | 
of  the  iMttaivl 

Sum  of 

i^jmmtdal 

TriftOgnUi 

Natonl 

these 

Dumben 

nmuben 

numbers. 

numbers. 

scjoave 
numbers. 

1 

1 

1 

1 

1 

4 

3 

2 

4 

6 

10 

6 

3 

9 

14 

20 

10 

4 

16 

30 

36 

16 

5 

25 

56 

56 

21 

6 

36 

91 

84 

28 

7 

49 

140 

120 

36 

8 

64 

204 

165 

46 

9 

81 

286 

230 

55 

10 

100 

385 

286 

66 

11 

121 

506 

364 

78 

12 

144 

650 

455 

91 

13 

169 

819 

560 

106 

14 

196 

1015 

680 

120 

15 

225 

1240 

816 

136 

16 

256 

1496 

969 

153 

17 

289 

1785 

1140 

171 

18 

324 

2109 

1330 

190 

19 

1         20 

361 

2470 

1640 

210 

400 

2870 

Thus,  the  bottom  row  in  a  triangular  (rile,  consisting  of  9 
shot,  the  contents  will  be  165  ;  and  when  of  9  in  the  square 
pile,'285. — In  the  same  manner,  the  contents  either  of  a  square 
or  triangular  pile  being  given,  the  shot  in  the  bottom  row  may 
be  easily  ascertained. 

The  contents  of  any  oblong  pile  by  the  preceding  table 
may  be  also  with  litUe  trouble  ascertained,  the  less  side  not 
exceeding  20  shot,  nor  the  difference  between  the  less  and 
the  greater  side  20.     Thus,  to  6nd  the  shot  in  an  oblong  pile, 

the 
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tbe  lesi  aide  beiog  15,  and  the  greater  35,  we  are  first  to 
find  the  contents  of  the  square  pile,  by  means  of  which  the 
obloDg  pile  may  be  conceived  to  be  formed ;  that  is,  we  are 
to  find  the  contents  of  a  square  pile,  whose  bottom  row  is 
15  shot ;  which  being  1240,  we  are,  secondly,  to  add  these 
1240  to  the  product  2400  of  the  triangular  number  180, 
answering  to  15,  the  number  expressing  the  bottom  row  of 
the  arithmetical  triangle,  multiplied  by  30,  the  number  of 
those  triangles  ;  and  their  sum,  being  3640,  expresses  the 
number  of  shot  in  the  proposed  oblong  pile. 

REMARK  ir 

The  following  algebraical  expressions,  deduced  from  the 
investigations  of  the  sums  of  the  powers  of  numbers  in 
arithmetical  progression,  which  are  seen  upon  many  gunners* 
callipers*,  serve  to  compute  with  ease  and  expedition  the 

shot  or  shells  in  any  pile. 

That  serving  to  compute  any  triangular  )  n  +  2Xn  +  ixn 

pile,  is  represented  by  5  5 

That  serving  to  compute  any  square  pile,  1  n+lX2»H-l  X  n 

is  represented  by  ^  ®      •     l 

In  each  of  these,  the  letter  n  represents  the  number  in  the 
bottom  row  :  hence,  in  a  triangular  pile,  the  number  in  the 
bottom  row  being  30  ;  then  this  pile  will  be  30+2X30+  1 
xy =4960 shot  or  shells.  In  a  square  pile,  the  number 
in  the  bottom    row  being  also   30  ;  then  this  pile  will  be 

30+1  X60+1  X  V^^"*^^  '^^^  ^^  shells. 

That  serving  to  compute  any  oblong  pile,  is  represented  by 

2»-hl+3wXn+lXn^  .^  ^^^^^  ^^^  ^^^^^^   ^  denotes  the 
6 


•  Cftllipewaw  Ui«e  compaMes,  with  bowed  shukks,  ienring  to  take  the  da' 

SSTml?. STplates,  which a«^B«veable ouite  K«»d a KHn^by  ^P^  W^K 
ODo  orer  the  other :  the  length  of  eadi  nik  or  plate  »  6  imrfiea.  the brjadth  about 
HiS  Sis  tuoal  to  re^Sent,  oo  the  plates,  a  rariehr  of  •cales,  tab  et,  prooor- 
S^  Wc  ■arasare ei^eroed  uiefal  tobe  k«»wfi  by  per-oos employed afiwt 

"SS^^  St,  except  ibe  mea^triog  of  die  <*»»»yi;>»*  ii°f.^Xih"2h  ^ 
meaeiiADg oC WliaDt and feentering aosles, nooe of  die  articles, with whwh die 
caltipen  are  usuallj  filled,  an  esaeDtial  to  Uiat  instnimeot 


number 
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number  of  courses,  and  the  letter  m  the  number  of  shot, 
less  one,  in  the  top  row  :  hence,  in  an  oblong  pile  the  num- 
ber of  courses  being  30,  and  the  top  row  31  ;  this  pile  will 

b6  60-f  J+9Q>(S0'f-l  X  V=2340o  shot  or  shells. 


PROPORTION  AND   GEOMETRICAL  PROGRESSION. 


pROPORTioir  contemplates  the  rehidon  of  quantities  con- 
sidered as  to  what  part  or  what  multiple  one  is  of  another,  or 
how  often  one  contains,  or  is  contained  in,  another. — Of  two 
quantities  compared  togetlier,  ihm  first  is  caHed  the  Antece- 
dent, and  the  second  the  Conseqiieot.  Their  r^tio  is  the 
qqotient  which  arises  from  dividing  tb^  one  bj  the  other. 

Four  Quantities  are  proportional,  when  the  two  couplets 
have  equal  ratios,  or  when  the  first  is  the  same  part  or  mul- 
tiple of  the  second,  as  the  third  is  of  the  fourth,  'i'hos, 
3,  6,  4,  8,  and  a,   ar^  6,  br^  are  geometrical  propovtiooak. 

For|.^}^2,and  —  s=-7-ssr.     And  they   are  stated  thus, 
■•ad  -  "^ 

3  :  6  :  :  4  :  8,  &c. 

Direct  Proportion  is  when  the  same  relation  subsists  be- 
tween tbe  first  term  and  the  second,  as  between  the  third  and 
the  fourth  :  As  in  the  terms  above.  But  Reciprocal,  or  In- 
verse Proportion,  is  when  one  quantttj  increases  in  the  same 
proportion  as  another  diminishes  :  aIs  in  these,  3,  6,  8,  4  ; 
ut^d  ttiesoa  a,  ar^  hr^  6, 

Qjaantities  are  in  ^ometrkal  progression,  or  coatianous 
l^iioportion,  when  every  two  terms  have  silwnys  the  same  ra* 
tio,  or  when  the  first  has  the  sanuQ  ratio  to  tbe  second,  as  tbe 
second  to  the  third,  and  the  third  to  Ihe  fi^urlh,  &C  Tbua, 
2,  4,  8,  16,  32,  64,  &c.  and  a,  ar,  ar*^  ar^^  ar^,  ar^,  Ac.  are 
series  in  geometrical  progression. 

The  most  useful  part  of  Proportion  and  Geometrical  Pro- 
portion is  contained  in  the  following  theorems* 
^  I.  When 
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U  When  four  qnantitiei  arc  in  proportion,  the  product  of 
the  two  extremes  is  equal  to  the  product  of  the  two  means* 
As  in  these,  3,  6, 4,  8,  where  3X8=6X4=^24  ;  andin  these^ 
a,  arj  6,  6r,  where  axlfr^sarXbssiabr, 

2.  When  four  quantities  are  in  proportion,  the  product  of 
the  means  divided  by  either  of  the  extremes  gives  the  other 

extreme.     Thus  if  3  :  6  ::  4  :  8,  then  iAi«8,  and  5-^ 

9  8 

obr  ohr 

a»3  ;  also  if  a  :  ar  : :  A  :  6r,  then  —  =6r,  or  -r-  sso.     And 

this  is  the  Jbondation  of  the  Role  of  Three. 

3.  If  any  continued  feemetrical  progression,  the  product 
of  the  two  extremes,  and  that  of  any  other  terms,  equally  dis- 
tant from  them,  are  equal  to  each  other,  or  equal  to  the 
square  of  the  middle  term  when  there  is  an  odd  number  of 
them.  So  in  theseries,  I,  2,  4»  8,  16, 32, 64,  Su:.  itis  1 X64 
:«:2X3S«84x  16«8Xi«64. 

4.  In  any  continued  geometrical  series,  the  last  term  is 
equal  to  t^e  first  multiplied  by  such  a  power  of  the  ratio  as  is 
denoted  by  1  less  than  the  number  of  terms.  Thus,  in  the 
series,  3,  6,  12,  24, 48,  96,  &c.  it  is  3X3«=96. 

6.  The  sum  of  any  series  in  geometrical  progression,  is 
found  by  multiplying  the  last  term  by  the  ratio,  and  dividing 
the  difference  of  this  product  and  the  first  term  by  the  dif- 
ference between  1  ana  the  ratio.  Thus,  the  sum  of  3,  6, 12, 

192  X2-«>S 
24,  48,  96,  192,  is ~ »384-3s38].     And  tiie 


sum  of  SI  terms  of  the  series,  a,  ar^  ar^^  ar*,  ar^^  &c.  to 


^    '••-T:.! T^ZTi'-iizri^' 


6.  When  four  quantities,  a,  ar^  6,  6r,  or  2,  6,  4,  12,  are 
proportional ;  then  any  of  the  following  forms  of  those  quan« 
tities  are  also  proportional,  viz.- 

!•  Directiy,  a  i  ar  i  i  b  :  hr;  or  2  :  6  :  :  4  :  12. 
2.  Inversely,  ar  i  a  :  i  hr  i  b;  or  6  :  2  :  :  12  :  4. 
3»  AkemateW,  4$  i^nar  :br;  or  2  :  4  : :  6  :  12. 

4.  Compoundedly, a  i  a+ar  :  :b:  b+br  ;  or 2  :  8  :  :  4 :  16. 

5.  Dividedly,  a  :  ar — a  ::b  :  br — by  or  2  :  4  : :  4  :  8. 

6.  Mixed, 
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6.  Mixed,  ar+a  :  ar^^a  : :  6r+6  :  6r  -A  ;  or  8  :  4  :  :  16:8. 

7.  MaUiplication,  ac  :  arc  : :  be  :  bre  ;  or  2.3  :  6.3  :  :  4  :  12. 

^    -V.  .  .       o   ar        ,     ,  ^     ^ 

8.  DivisiOD  — ; —  :  :  6  :  6r  :  or  1  :  3  :  :  4  :  12. 

c     c  ' 

9.  The  Dambers  a,  6,  c,  d,  are  in  harmonica!  proportion, 
irfhen  a  i  d  :  :  a^  b  :  e  t^  d. 


EXAMPLES. 

1 .  Given  the  first  term  of  a  geometric  series  1 ,  the  ratio 

2,  and  the  number  of  terms  1'2  ;  to  find  the  sum  of  the  series  ; 

First,  1  X  SI  >  ss=  1  X2048,  is  the  last  term. 

,„.       2048X2—1      4096— 1_^.Q^   ^.  .     ^ 

riien -— = —  =  4096,  the  sum  required. 

2.  Given  the  first  term  of  a  geometrical  series  ^«  the  ratio 
^,  and  the  number  of  terms  8  ;  to  find  the  sum  of  the  series  ? 

First,  iX(^)''=s^xT4T=7i¥»  "  ^^^  '^f  *®^™-     "^ 
Then,  (J-y|yXJ)  -H(l-4)=a-7fT)-?-i=fHX*:^fH, 
the  sum  required. 

3.  Required  the  sum  of  12  terms  of  the  series,  1,  3,  9,  27, 
31,  &c.  Ans.  266720. 

4.  Required  the  sum  of  12  terms  of  the  series  1,  |,  4,  ^, 

^V,  &c.  Aus.  tH?}?- 

6.  Required  the  sum  of  100  terms  of  the  series  1,  2,  4,  8, 

16,  32,  &c.  Ans.  1 26765060022822940 H 96703206376. 

See  more  of  Proportion  in  the  Arithmetic, 


SIMPLE  EQUATIONS. 


An  Equation  is  the  expression  of  two  equal  quantities,  with 
the  sign  of  equality  (=)  placed  between  them.  Thus,  10 — 
4=6  is  an  equation,  denoting  the  equality  of  the  quantities  10 
—  4  and  6. 

Equations, 


SIMPLE  EQUATIONS.  231 

Equations,  are  either  simple  or  compoand.  A  Simple 
Equatiou,  is  that  which  contains  only  one  power  of  the  un- 
known quantity,  without  including  different  powers.  Thus, 
x^a^b+c^  or  ax'=b,  is  a  simple  equation,  containing  only 
one  power  of  the  unknown  quantity  x.  But  x«— 2ax=6«  is 
a  compound  one. 

GENERAL  RULE. 

Reduction  of  Equations,  is  the  6nding  the  value  of  the 
unknown  quantity.  And  this  consists  in  disengaging  that 
quantity  from  the  known  ones  ;  or  in  ordering  the  equa- 
tion so,  that  the  unknown  letter  or  quantity  may  stand 
alone  on  one  side  of  the  equation,  or  of  the  mark  of  equality, 
without  a  co-efhcient  :  and  all  the  rest,  or  the  known  quan- 
tities, on  the  other  side.  -  In  general,  the  unknown  quantity 
18  disengaged  from  the  known  ones,  by  performing  always 
the  reverse  operations.  So  if  the  known  quantities  are  con- 
nected with  it  by  +  or  addition,  they  must  be  subtracted  ;  if 
by  minus  (— ),  or  subtraction,  they  must  be  added  ;  if  by 
multiplication,  we  must  divide  by  them  ;  if  by  division,  we 
must  multiply  ;  when  it  is  in  any  power,  we  must  extract 
the  root ;  and  when  in  any  radical,  we  must  raise  it  to  the 
power.  As  in  the  following  particular  rules  ;  which  are 
founded  on  the  general  principle  of  performing  equal  opera- 
tions on  equal  quantities;  in  which  case  it  is  evident  that 
the  results  must  still  be  equal,  whether  by  equal  additions, 
or  subtractions,  or  multiplications,  or  divisions,  or  roots,  or 
powers. 

PARTICULAR  RULE  I. 

When  known  quantities  are  connected  with  the  unknown 
by  -f"  or  -  ;  transpose  them  to  the  other  side  of  the  equa- 
tion, and  change  their  signs.  Which  is  only  adding  or  sub- 
tracting the  same  quantities  on  both  sides,  in  order  to  get  all 
the  unknown  terms  on  one  side  of  the  equation,  and  all  the 
known  ones  on  the  other  side.* 

Thus, 


*  Here  it  is  earnestly  recommended  that  the  papil  be  accustomed,  at  cvety  line 
or  step  m  the  reduction  of  the  equations,  to  name  the  {MrticQlar  operation  to  be 
performed  on  the  equation  in  the  line,  in  oider  to  pcodace  the  next  form  or  state 
of  the  eqnatioD,  in  applying  each  of  these  rules,  according  as  the  particular  fonns 
of  the  equation  may  require  ;  applying  them  according  to  the  order  in  which  they 

are 
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Thai,  ifx+6=B  ;  then  tnuiipoiiD|   6  giv««  z=8— 5=3. 
Aod,  if  X— 3+7=9  i  then  traiupoaiDg  the  3  aod  7,  gires 

j=9+3_7=6. 
Alio,  if  z— a+£=c({ .-   then  by  traupoiiiig  a  and  b,  it   h 

In  like   manDer,  ifSx— 6=>4x+IO,  then  by  traoipotiag  B 
and  4x,  it  ia  &x— 4zse|0+6,  or  xk|6. 


Wbkh  the  nnkoowD  tam  ii  nallipliMl  by  any  quantity  ;  ii- 
Tide  all  the  terms  of  the  eqmttoa  by  it . 

TfaiiB   if  ax=ai-'ia  ;  than  riividing  by  Oi  gira*  s^i— 4. 

And,  if  Sx  +5^320  ;  then  first  tranapoaing  5  give*  3c=lfr ; 
and  thee  l>y  dindio^  by  3,  it  ■•  «»6. 

Id  like  maDner.  i£ax+aah^4e*  ;  than  by  dinfog  by  a,it 

ia  a:4-36= ;  and  then  tranapoaiBg  36,  gi»«a  *=— — M- 


WnEn  the  nnknawn  term  ia  divided  by  any  qgantihr;  we 
most  then  maKiply  all  the  terutt  of  the  equation  by  (nat  di- 
Tiior;  which  taket  il  away. 

Thui,  if  -^=3+8  :  then  molt,  by  4,  prea  t  =l«+«w*0. 

And,  if  ~=.«i+«c-d: 

then  by  mult,  a,  itgirei  x  m3ah+Utc — »d. 

AUo,  if  ^-3=6+2: 

Then  by  tranapMing  3.  it  ii  }xs)0. 
And  multiplying  by  6,  it  le  3x=60. 
Lastly,  diriding  by  3  girea     »=ltff- 


DTid  (MttaBBK  nuiT  line  wiili  &•  <m4i  7*at  l«,  u  ia  ft* 
..  II'.  .if  EiurnpCi  I   which  iiTo  *or^  will  ahn^i  bnir  to  ha 

I    J-  Id  prcnouQce  what  paTticnlU'  upBrmlionbe  ttlopMnmoil 


ctflirelj  prodncri. 


FHt  paTUcQlU'  upBrmljaii he  ttlo pmbna oa 
(I ;  alloItiilE  (Iwij*  a  DBCh  line  ror  ucb 
null  J  JBit  uDikr  each  otber,  in  ibe  vnnl 
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RULE  IV. 


'  Wmif  the  unknown  quantity  is  included  in  any  root  or 
surd  ;  transpose  the  rest  of  (he  terms,  if  there  be  any,  by 
Rule  I  ;  then- raise  each  side  to  such  a  power  as  is  denoted 
by  the  index  of  the  surd  ;  viz.  square  each  side  when  it  is 
the  square  root  ;  cub^  each  side  when  it  is  the  cube  root ; 
&c.  which  clears  that  radical 

Tjius,  if  y^x— 3=4  ;  then  transposing  3,  gives  ^x^szj  ; 

And  squaring  both  sides  giyes  a; =49. 

And,  if  y/  2x-|-l6=8  : 
Then  by  squat  ing,  it  becomes  ?a;4- 10^64  j 
And  by  transposing  10,  it  is  2a: =54  ; 
Lastly,  dividing  by  2,  gives  a;s^27. 

Also,  if  a/  Si+4+3=6  : 

^    Then  by  transposing  3,  it  is  1/  3af+4=3  ; 
And  by  cubing,  it  is  3x+4~^7  ; 
Also,  by  transposing  4,  it  is  32c=23  ; 
Lastly,  dividing  by  3,  gives  a:=r7| 


RULE  V. 


Wufiiff  that  side  of  the  equation  which  contains  the  un- 

know  quantity  is  a  complete  power,  or  can  easily  be  reduced 

to  one,  by  rule  1 ,  2,  or  3  :  then  extract  the  root  of  the  said 

.'    power  on  both' sides  of  the  equation  ;  that  is,  extract  the 

square  root  when  it  is  a  square  power,  or  the  cube  root  when 

'  it  is  a  cube,  &c. 

Thus;  if*  «+8ap+l6=36,  or  (a:+4)>ss:36  : 
Than  by  extracting  the  roots,  it  is  xH-43s^  ; 
And  by  transposing  4,  it  is  x=:6-m4=2. 

And  if  3x«  —  1 9=2 1  +36. 
Then,  by  transposing  19.it  is  Zx^^^lb  ; 
And  dividing  by  3,  gives  x'  =26  ; 
And  extracting  the  root,  gives  xsk6. 

Also   if  Jar«— 6=24 
Then  transposing  6  gives-fx'  ""SO; 
Aud  multiplying  by  4,  gives  3x*  =  1S0  ; 
Then  dividing  by  3,  gives  x»2=!40  ; 
Lastly,  extracting  the  root,  gives  «»  v^40=:6.32466d. 

Vol.  I.  31  RULE. 
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RULE  vr. 


Wbbv  there  18   any   analogy  or  proportion,   it  is  to  be 
changed  into  an   equation,  by  multiplying  the  two  extreme 
terms  together,  and  the  two  meaos  together,  and  making  the 
one  product  equal  to  the  other. 
Thus,  if  8a; :  9  :  :  3  :  5. 

Then,  mult,  the  extremes  and  means,  gives  \0x=^i7  ; 

And  dividing  by  10,  gives  x=2  y\. 
And  if  f  X  :  a  :  :  56  :  2c. 

Then  mult,  extremes  and  means  give  fcx=5a6  ; 

And  multiplying  by  2,  gives  3ca:=IOa6  ; 

Lastly,  dividing  by  3c,  gives  x  =  >- — . 

Also,  if  10-x  :  fa;  :  :  3  :    1. 
Then  mult,  extremes  and  means,  gives  10— a:=2.r  ; 
And  transposing  x,  gives  10^3r  ; 
liattly,  dividing  by  3,  gives  3^=car. 


RULE  VU. 


Whkn  the  same  quantity  is  found  on  both  sides  of  an  equa- 
tion, with  the  same  sign,  either  pluse  or  minus,  it  may  be  left 
out  of  both  :  and  when  every  term  in  an  equation  is  either 
multiplied  or  divided  by  the  same  quantity  it  may  be  struck 
out  of  them  all. 

Thus,  if  3x+2a=s2a+*  : 
Then  by  taking  away  2a,  it  is  3x=&. 
And  dividing  by  3,  it  is  x=^6. 

Also  if  there  be  4ax +608^^1  ac. 
Then  striking  out  or  dividing  by  «,  gives  4x+6bs=i7c. 
Then,  by  transposing  66,  it  becomes  4x'=:7c— >66  ; 
And  then  dividing  by  4  gives  x»}c— f  6. 

Again,  if  |»-J=y— ^. 
Then,  taking  away  the  |,  it  becomes  fxs=  V  ; 
And  taking  away  the  3's  it  is  2a:=^  10  ; 
Lastly,  dividing  by  2  gives  x3=5. 

MISCELLANEOUS  EXAMPLEa 

1.  Given  7«—  18=4x+6  ;  to  find  the  value  of  x. 
First,  transposing  18  and  Sx  gives  3x=S4  ; 
Then  dividing  by  3,  gives  x«&8. 

2.  (riven' 


I 
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2.  Given  20->4x->  12—92 —lOx;  to  find  x. 

First  transposing  20  and  12  and  lOtTi  gives  6x3=84  ; 
Then  dividing  by  G,  gives  2;=  14. 

3.  Let  4ax^bb=Sdx'\-9e  be  given  to  find  x. 

First>  by  trans.  66  and  3dx,  it  is  4ax— S<2xss5fr-f>Sc ; 

^                                                            Bb+2c 
Then  dividing  by  4a  —  .^ct,  gives  x«=  t 5-|. 

4.  Let  5x3— 12x=9x+2x«  be  given;  to  find x. 
First,  by  dividing  by  x,  it  is  6x-  I2=f9+2x  ; 
Then  transposing  12  and  20!,  gives  dx=2l  ; 
Lastly,  dividing  by  3,  gives  ;r=7  ; 

5.  Given  9as;»  —  16«&x3  =6ax«+12ax*  ;  to  find  x. 
First,  dividing  by  3ax>,  gives  3x— .6fe=2x+4. 
Then  transposing  66  and  2Xt  gives  x'==66+4, 

6.  Let  -|- — T+  "T—  *  ^*  given,  to  find  it. 

345 

First,  multiplying  bjf  3,  gives  x— jx+f  x=6  : 
Then  mnltiplying  hy  4,  pves  x+V'i  =  24. 
Also  mnltiplying  by  6,  gives  17x=120. 
Lastly,  dividing  by  17,  gives  x^'7^. 

7.  Gi^en-^+4-=i2-^^^;  to  find  *. 

First,  mult,  by  3,  gives  x— 6+|x=36-x+l(k 
Then  transposing  6  and  x,  gives  2x+4«^51  ; 
And  multiplying  by  2,  gives  7x^  102. 
Lastly  dividing  by  7,  gives  x«14^. 

3x 

8.  Let  v^ |«7=elO,  be  given  ;  to  find  x. 

^  4 

First,  transposing  7,  gives  -^}x=s3  ; 
Then  squaring  the  equation,  gives  fx=s9; 
Then  dividing  by  3,  gives  |x=3  ; 
Lastly,  multiplying  by  4,  gives  x=12. 

5oa 

9.  Let  2x+2^aa+x»  =-••-;;==?.  be  given  ;  to  find  x. 

First,  mult,  by  ^/iH^x'^  gives  tx^a^+x*  +2a*+2«» 
Then  trans.   2a>  and  2xS  gives  2xya«+x»=8a»-2«» ; 

Th^D 
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Then  by  squarmg,  it  is  4x«  Xa«+x>=3aa  -2xt«  ; 

Thatii,  4a»««+4ap*=9a«  — 12fl«x«+4x«  ; 

Bj  taking  4x«  from  both  sides,  it  i8  4a"i"=9a*  — I2a«x»  j 

Then  transposing  l2o«x*,  gives  16o«x»,  =9a*  ; 

Dividing  by  a«,give«  16xa=.9a>  ; 

And  dividing  by  16,  gives  x>=V^a«  ; 

I^ttstly  extracting  the  root,  gives  x^fa. 


EXAMPLES  FOR  PRACTICE. 


1^/; 


't*£: 


1.  Given  2x- 6+16=21  ^  to  find  x.  Ana.  x=6. 

2.  Given  9x— 15«=x+6  ;  to  find  x.  Ans.  x=2f. 

3.  Given  8  -Sx+ 12^90 —  6x+4  ;  to  find  x.    Ans.  x^7. 

4.  Given  x+^x— ix=13  ;  to  find  x.  Ans.  x=12. 

6.  Given  3x+4«+2=6x— 4  ;  to  find  x.  Ans.  jr=s4. 

6.  Given  4ax+la— 2=ax  —  bx  ;  to  find  x. 

.  6— a 

Ans.  X  as 


9a+36' 

Ans.  x=:f4. 

Ans.  x^2^. 


7.  Given  i«-iar+i*=4  ;  to  find  x. 

8.  Giran  ^4+x«4— -^x  ;  to  find  x. 

^  m 

9.  Given  4o+xa=— -t—  ;  to  deter,  x.  Ans.  x==  — 2tf. 

4<Xt"X 

10.  Given  ^4tt»+x«=V4fc*+x*  ;  to  find  x. 


Ans.  x=»^ 


^4— 4a* 

2a« 


II.  Given \/«+ -/«»+«' 


4a 


'•2a+x 


;  to  find  X. 


12.  Given 


1 ss26  ;  to  find  x. 

l+2x^l-2x  ' 


Ans.  xss|^a. 


b^a 


Ans.  x^^^ 


IS.  Given  o+x»v'o«+a:v'46*+x»  ;  to  findx. 

Ans.  xas — *.a. 


OF 
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OF  REDUCING  DOUBLE,  TRIPLE,  Ac.  EQUATIONS,  CONTAINING 
TWO,  THREE,  OR  MORE  UNKNOWN  QUANTITIES. 


PROBLEM  L 

To  ExUrminaie  Tmo  Unknown  Quantitus ;  Or,  to  Reduce  the 
TWo  Simple  Eguatiotts  containing  ikenij  to  a  Single  one, 

RULE  L 

Fisv  the  Talae  of  one  of  the  unknowD  letters,  io  terms  of 
the  other  quantities,  id  each  of  the  eqaations,  hy  the  methods 
alrtfady  explained.  Then  put  those  two  values  equal  to  each 
other  for  «  nav  equatioB  with  only  one  unknown  quantity  in 
it,  whose  value  is  to  be  found  as  before. 

Ji%te.  It  IS  evident  that  we  mast  first  begin  to  find  the  va- 
lues of  ibat  letter  which  are  easiest  to  be  found  in  the  two 
proposed  equations. 

EXAMPLES. 


•^^^^"  lS-2l!=13^*^^^°^^""^y• 


17 — 8« 
in  the  ist  equat.  trousp.  3j^  and  div.  by  2,  gives  x= — --— ; 

\4  +  9y 
fn  Hm  Miraoif .  Sy  and  div,  by  5  gii^s  a;ss — — .^  ; 

o 

Putting  Ihete  two  valites  equal,  gives  — -r^^ — 3 —  ? 

Then  mutt,  by  6  and  3,  gives  ?8+4y=8& — \by  ; 

Transposing  28  and  15y,  gives  1%— 57  ; 

And  dividing  by  19,  gives  ^^3. 

And  hence  2:=4. 

Or,  to  do  the  same  by  finding  two  values  of  1/,  thus  : 

17 — 2x 
In  the  1st  equat.  tr.  2a'  and  div.  by  3,  gives  t/= — 5- —  ; 

,      ^  6a; -14 

In  the  2d  tr.  2y  and  14,  and  div.  by  2,  gives  2/= — ^ —  ; 

«     .       ,^  6x— 14     17— 2» 

Putting  these  two  values  equal,  gives  — - — «=  —g""! 

Mult,  by  2  and  by  3,  gives  15x— 42=s34— 4a: : 

Transp. 
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Traosp.  42  and  4x,  gives  1 9x=76  ; 
Drndiog  by  19,  gives  x==4. 
Heoce  y^^sS^  as  before. 

8.  Giyen  |  }*t|j^  | ;  to  find  x  and  j,. 

Ads.  a;=a+^9  and  y=fa — 16. 

3.  Given  Sdr+ys^SS,  and  3y-f-x=18  :  to  find  x  and  y. 

Ans.  X' — C,  and  y=s44 

4.  GiTen  |  J* JU^J^  |  J  to  £nd  x  and  y. 

Ans.  x=6,  and  2|ss3. 

en-        2a;  ,  3y     22        ^  3^?  ,  2y     67    ,    ^  ^ 

6.  Given  —+  .f—  ,  ,  and  -r+-^^TT  ?  *<>  ^^  *  aad  y. 

o        o        O  5        3       16 

Ans.  x=3,  and  y=4. 

6.  Given  a;+2yss,  and  x< — 4y*==d«  ;  to  find  x  and  y. 

«a+d«       ^        •»-<£» 
Ans.  «= — 5 — ,  and  y= — - — . 
*s  4i 

7.  Given  x — 2y=c/,  and  a:  :  y  : :  a  :  6  ;  to  find  x  and  y. 


RULE  II. 


Find  the  value  of  one  of  the  unknown  letters,  in  only  one 
of  the  equations,  as  in  the  former  rule  ;  and  substitute  this 
value  instead  of  that  unknown  quantity  in  the  other  equation, 
and  there  wil]  arise  a  new  equation,  with  only  one  unknown 
quantity,  whose  value  is  to  be  found  as  before. 

JVo/6.  It  is  evident  that  it  is  best  to  begin  first  with  that  let- 
ter  whose  value  is  easiest  found  in  the  given  equations. 

EXAMPLES. 

This  will  admit  of  four  ways  of  solution ;  thus  :  First, 

^  J.     .     ^     -               17— 3y 
In  the  1st  eq.  trans.  3y  and  div.  by  2,  gives  ar= — -^  ; 

X 

This  val.  subs,  for  x  in  the  2d,  gives,  — -=^ — 2y=14  ; 

Mult,  by  2,  this  becomes  86—  16y  — 4i/=28  ; 

Transp. 


•'*^  w 


«     I 


SIMPLE  EQUATIONS.  239 

Transp.  15^^  and  4y  and  28,  gires  67=19^; 
And  dividing  by  19,  gives  3=:::^. 

Then  «:== — ;r-^=4. 

2 

2dly,  in  the  2d  trans.  2y  and  div.  by  6,  gives  0?=-^^^  ; 

5 

This  subst.  lor  x  in  the  1st,  gives — Z  J[+3ys=i7  . 

o 

Mult,  by  6,  gives  28+4y+16y=s86  ; 
Transpos.  38,  gives  19y=s67  ; 
And  dividing  by  1 9,  gives  y=3. 

Then  a:=— 4"— =4,  as  before, 
o 

3dly,  in  the  Ist  trans.  2«  and  div.  by  3,  gives  y=J—^  ; 

34— 4x 
This  subst.  for  y  in  the  2d,  gires,  5x — — =14  ; 

Multiplying  by  3  gives       15x — 34+4xs5s42  ; 

'    Transposing  34,  gives       19«=76  ; 

And  dividing  by  1 9,  gives  x^  4. 

17--2x 
Hence  y=— -~ — =3,  as  before. 


4thly,  in  the  2d  tr.  2y  and  14  and  div.  by  2,  gives  ys= — "^ —  ; 

16x— 42 
This  substituted  in  the  1st,  gives  2x  + =:17  -^ 

Multiplying  by  2,  gives  19x — 42=34  ; 
Transposing  42,  gives  I9x=76; 
And  dividing  by  19,  gives  ap=4. 

Hence  t/= — - — «3,  as  before. 

y  2 

2.  Given  23;+3y=29,  and  3a;—  2y=  11;  to  find  x  and  y. 

Ans.  a; =7,  and  yss5* 

3.  Given  \  ^+y=*  ^H  ;  to  find  «  and  y. 

Ans.  xsssB,  and  y«=6. 

4.  Given 
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4.  Given  }  ^t^^i^'^^  J  ;  to  find  x  aod  y. 

Ads.  x=6,  aDd.y=4. 

5.  Given -^+3^=21,  and  -|-+3x=29  ;  to  findx  and  y. 

Ans.  x=9,  and  ^=6. 

6.  Given  10-|-=-|-4-4,  and^+J-  2=^  -  1  ; 
to  find  X  and  y.  Ans.  xs^S,  and  2f=d- 

7.  Given  x  :  y  :  :  4  :  3,  and  x' — ^y>=£  37  ;  to  find  x  and  y, 

Ans.  X—  4,  and  y  =3. 


RUtE  m. 


Let  the  given  equations  be  so  multiplied,  or  divided,  &c. 
and  by  such  numbers  or  quantities,  as  will  make  the  terms 
which  contain  one  of  the  unknown  quantities  the  same  in 
both  equations ;  if  they  are  not  the  same  when  first  pro- 
posed. 

Then  bf  adding  or  subtracting  the  equations,  according  as 
the  signs  may  require,  there  will  remain  a  new  equation,  with 
only  one  unknown  quantity,  as  before.  That  is,  add  the  two 
equations,  when  the  signs  are  unlike,  but  subtract  them  when 
the  signs  are  alike,  to  cancel  that  common  term. 

^ote.  To  make  two  unequal  terms  become  equal,  as  above, 
multiply  each  term  by  the  co-efficient  of  the  other. 


EXAMPLES. 

^'"^^^  \  2x+ %=  16  S '  *^  ^°^  *  ^^^  y- 

Here  we  may  either  make  the  two  first  terms,  containing 
X,  equal,  or  the  two  2d  terms,  containing  y  equal.  To  make 
the  two  first  terms  equal,  we  most  multiply  the  1st  equation 
by  2,  and  the  2d  by  6 ;  but  two  muke  the  two  2d,  terms  equal, 
we  must  multiply  the  1st  equation  by  5,  and  the  2d  by  3  ;  as 
follows : 

l.By 
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1.  Bjr  making  the  two  first  teiiM  equal : 
Malt,  the  1st  equ.  hy  2,  gives  lOx—  6ya>sl8  ; 

And  malt,  the  2d  hy  5,  giTes  10«+S6yss80 ; 

Sahtr.  the  upper  from  the  ander,  gives     31y=s62  ; 
And  difidinghy  Sly  gives  yss    2. 

Hence,  from   the  1st  given  eqa.  x^=^     f^ss   3. 

o 

S.  By  making  the  two  2d  terms  eqaal : 

Mult,  the   Ist  equat.  by  5,  gives  26x«>16ys45; 

And  mult,  the  2d  by  3,  gives  6«+16yas48  ; 

Adding  these  two,  gives  31x^93  ; 

And  dividing  by  31,  gives  x=s  3  ; 

Hence,  from  the  1st  eqa.  yar.    ^  as  2. 

MISCELLANEOUS  KXAMPIJW. 

1.  Given?^+6y«=21,  and^+6xaS3;   to  find  x 

and  y.  Ans.  jrsB4»  and  yss3. 

«.  Qiv«n?^^+  10a  IS,  and??i?+6«  12  ;  to  find  x 

4  X 

and  y.  Ans.  «ss5,  and  ysS. 

3.  Given^5±f?+4=»  10,  and  ^fll^+laH;  tofind 

O  4  9  D  - 

X  and  y.  Ans.  srssg,  and  ysB4. 

4.  Given  3x4-4y  ss  38,  and  4x  -Sy  b  9  ;  to  find  x  and  y. 

Ans.  X  ss  6,  andy  sb5. 

FROBLCM  0. 

To  ExUnmmaU  Thr€4  or  Moro  Unknown  QuanriltM ;  Or^  to 
Ridvee  the  Simple  EguaUanif  contaiwUig  Aem^  to  u  Single 
one. 

RULE. 

This  may  be  done  by  any  of  the  three  methods  in  the  last 
problem  :  viz. 

I .  After  the  manner  of  the  first  role  in  the  last  problem, 
find  the  value  of  one  of  the  unknown  letters  in  each  of  the 
given  equations  :  next  put  two  of  these  values  equal  to  each 
other,  and  then  one  of  these  and  a  third  value  equal,  and  so 
on  for  all  the  values  of  it ;  which  gives  a  new  set  or  equations. 

Vol.  I.  3«  with 
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with  which  the  •ame  proceN  is  to  be  repeated,  and  so  on  till 
there  is  ooly  one  equation,  to  be  redaced  by  the  mles  for  a 
single  equation. 

3.  Or,  as  in  the  2d  rule  of  the  same  problem,  find  the  va- 
lue of  one  of  the  unknown  quantities  in  one  of  the  equations 
only  ;  then  substitute  this  value  instead  of  it  in  the  other 
equations  ;  which  gives  a  new  set  of  equations  to  be  resolved 
as  before,  by  repeating  the  operation. 

S.  Or,  as  in  the  3d  rule,  reduce  the  equations,  by  multi- 
plying or  dividing  them,  so  as  to  make  some  of  the  terms  to 
agree  :  then,  by  adding  or  subtracting  them,  as  the  signs  may 
require,  one  of  the  letters  may  be  exterminated,  kc.  as 
before. 


EXABdPLES. 


I 


x+  y+  2r^  9 
Given  I  ap4-*y+3rs=16  ^. ;  to  find  x,  y,  and  z. 
x+iy+4z=3\ 


1.  By  the  1st  method  : 
Transp.  the  terms  containing  y  and  z  in  «ach  equa.  gives 

X=    9—    J/-     2", 

x=:21~3y  — 42*; 
Then  putting  the  1st  and  2d  values  equal,  and  the  2d  and  3d 
values  equal,  give 

9—  y^  ar==16— 2y— Sz, 
16  -2y— 3z=21  -  3y— 42- ; 
In  the  Ist  trans.  9,    z,  and  2y,  gives2/=7— 22r ; 
In  the  2d  trans.   16,  3z  and  3^^,  gives  y=5—  z  ; 
I  utting  these  two  equal,  gives  6— 2r=7— 22r; 
Trans.  6  and  2^,  gives  z=2. 
Hence  y=6— ;2r»s3,  and  a:=s9— y — r=ss4. 

2dly.  By  the  2d  method  : 

From  the  1st  equa.  T=9^y"-^  ; 
This  value  of  z  substit.  in  the  2d  and  3d,  gives 
9+  y+22r  =  16, 
9+2y+3z=2l  ; 
In  the  1st  trans.  9  and  2?,  gives  y=7— 2r  ; 
This  substit.  in  the  last,  gives  23-2r=21  ; 
Trans,  z  and  21,  gives  2=2r. 
Hence  again  i/==7  — 22'=3,  and  fl;=9  — y— z=4. 

SdJy.  By 


* 
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3dly.    By  the  3d  method  ;  subtracting  the  ]st  equ.  from 
the  2d,  and  the  2d  from  the  3d,  gives 

y+22r=7, 

Sabtr.  the  latter  from  the  former,  gives  2=2. 
Hence  y5=6— -zssS-,  and  x=9— y— z=a4. 

Cx+  y+  2r=l8) 

2.  Given  I  a:+3y+ 2^=38  >  ;  to  find  re,  y,  and  z. 

Ans.  a;=4,  y=6,  z=8. 
(  a:+ly+i^=27  ; 

3.  Given  <  x+fy+j2r=20  ^ ;  to  find  ar,  y,  and  z. 

Ans.  ap=l,  y=12,  z=eO. 

4.  Given  «— y=2,  a;— z=s3,  and  y+^=9  ;  to  find  «,  y, 
and  z.  Ans.  35=^7  ;  y=6  ;  z=^4. 

L  2x+3y+42r=34  ) 

5.  Given  I  3ap+4y+ 6^=46  \  ;  to  find  x,  y,  and  r. 

(  4x-h6y+8z=ft8  ) 


A  CK>LLECTION  OF  QUESTIONS  PRODUCING  SIMPLE 

EQUATIONS. 


Quest.  1.  To  find  two  nambers,  such,  that  their  sum  shall 
be  10,  and  their  difference  6. 

Let  X  denote  the  greater  number,  and  y  the  less.* 
Then,  by  the  1st  condition  x-f-  y^lO, 
And  by  the  2d     -      -        x  —  y=  6, 
Transp.  y  in  each,  gives      x=:10—  y, 

and  X  •=  6  +  y ; 
Put  these  two  values  equal,  gives  G+y=  10— y ; 
Transpos.  6  and  —  y,  gives  -    2y=:4  ; 
Dividing  by  2,  gives         -      -      y— 2. 
And  hence        .      -       .      -      x^6+y^Q. 


<  la  all  these  aotutions,  u  many  unknoff  n  letters  are  always  used  as  there  are 
uoknown  numbers  to  be  fimnd,  purpeaely  the  better  to  e»ercise  the  modes  of  re- 
ducing the  equations :  avoiding  the  short  ways  of  notation,  which,  tbough  ginng 
a  shorter  solution,  are  for  that  reason  less  useful  to  the  papU,  as  affordiog  less  ex- 
ercise in  prtctisiog  the  several  rules  in  reducing  equations. 

Quest.  2. 
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QocsT.  2.  Divide  100/,  among  a,  b,  c,  so  that  a  maj  have 
20f.  more  than  b,  aod  b  10/.  more  than  c. 
Let  4;ssa's  share,  ysBss's,  and  z^=c^s. 
Then  r+y+''>»  100^ 
««y+20, 
ysrrjr+  f  0. 
In  the  Ut  Bubsttt.  y+M  for  x,  gives  2y+^+20ael00  ; 
In  this  substitnting  z+lO  for  y,  gives  3^+40=100  ; 
Bjr  transposing  40,  gives      -       -         32r=60 ; 
And  dividing  bj  3,  gives       -       -  z=20. 

Hence  y=;r4- 10=30,  and  xss^+SOss  50. 

QvEST.  3.  A  prize  of  500/.  is  to  be  divided  between  two 
persons,  so  as  their  shares  may  be  in  proportion  as  7  to  8  ^ 
required  the  share  of  each. 

Put  »  and  y  for  the  two  shares  ;  then  bj  the  question, 

7  :  8  :  :  X  :  y,  or  mult,  the  extremes 
and  the  means,  7y-:=8x, 

and  x+!^=600  ; 
Transposing  y,  gives  a;=500— y ; 
This  substituted  in  the  Ist,  gives  7y=4000— 8y ; 
By  transposing  8y,  it  is  1^=4000 ; 
By  dividing  by  15,  it  gives  yc=266|  ; 
And  hence  a;»500— ys=233^. 

QjrasT.  4.  What  number  is  that  whose  4tb  part  exceeds  lis 
6th  part  by  10? 

Let  X  denote  the  number  sought. 
Then  by  the  qoestion  {x  *  ^x=?  1 0 ; 
By  mult,  by  4,  it  becomes  X'^^x=!^40  ; 
^  By  mult,  by  5,  it  gives  «s=200,  the  number  sought. 

C^csT.  6.  What  fraction  is  that  to  the  numerator  of  which 
if  1  be  added,  the  value  will  be  ^  ;  but  if  one  be  added  to  the 
denominator,  its  value  will  be  |^  ? 

Let  —denote  the  fraction. 

y 

X+l  X 

Then  by  the  quest. — - — =4,  and  —-: — =4. 

y  y+i    ^ 

The  Ist  mult,  by  2  and  y,  gives  2x+i^y  ; 

The  2d  mult,  by  3  and  y+ 1  is  3x=y+ 1  ; 

The  upper  taken  from  the  under  leaves  x— '2as  ]  ; 

By  transpos.  2,  it  gives  x=^3. 

And  hence  2/=s2x+2=s8  ;  and  the  fraction  is  f . 

Quest.  6. 


SIMPLE  EdUATIONS.  Ub 

C^UKsr.  £>.  A  laboarer  engaged  to  serve  for  30  days  on 
these  cooditions  :  that  for  every  day  he  worked,  he  was  to 
receive  Wd,  bat  for  every  day  he  played,  or  was  absent,  he 
was  to  forfeit  lOd,  Now  at  the  end  of  the  time  he  bad  to  re* 
ceive  jast  20  sbillings  or  240  pence.  It  is  required  to  find 
how  many  days  he  worked,  and  how  many  he  was  idle  ? 

Let  X  be  the  days  worked,  and  y  the  days  idle. 
Then  20x  is  the  pence  earned,  and  lOy  the  forfeits  ; 
Hence,  by  the  question,     -    x+y=^30. 

and  20x— 10^=240  ; 
The  Ist  mult,  by  10,  gives  IOx+lC^s=300  ; 
These  two  added  give   -  30x^640  ; 
This  div.  by  30,  gives   -       a?=18,  the  days  worked  ; 
Hence-     -     -     -    y^SO—x^  12,  the  days  idled. 

Q]7BST.  7.  Out  of  a  cask  of  wine,  which  had  leaked  away^, 
30  gallons  were  drawn  ;  and  then,  being  gaged,  it  appeared 
to  be  half  full  ;  how  much  did  it  hold  ? 

Let  it  be  supposed  to  have  held  x  gallons. 
Then  it  would  have  leaked  away  |x  gallons, 
Conseq.  there  had  been  taken  away  ^x-|~30  gallons. 
Hence^jr=4«-fS0by  the  question. 
Then  mult,  by  4,  gives  2x>=a;4-120  : 
And  transposing  x,  gives  xs=]20  the  contents. 

QjUBST.  8.  To  divide  20  into  two  such  parts,  that  3  times  the 
one  part  added  to  6  times  the  other  may  make  76. 
Let  X  and  y  denote  the  two  parts. 
Then  by  the  question  -         -         ar+  y^20. 

and  3j:+6y=76. 
Mult  the  1st  by  3,  gives      -         -        3a:-f  3y=60  ; 
Subtr.  the  latter  from  the  former  gives,     2y=l6  ; 
And  dividing  by  2,  gives      .         -         .         y=  8. 
Hence,  from  the  1st,     .         -        x=20  — y=J2. 

QjUBST.  y,  A  market  woman  bought  in  a  certain  number 
of  eggs  at  3  a  penny,  and  as  many  more  at  3  a  penny,  and  sold 
them  all  out  again  at  the  rate  of  6  for  two-pence,  any  by  so 
doing,  contrary  to  expectation,  found  she  had  lost  3d,  ;  what 
number  of  eggs  had  she  ? 

Let  x=snamber  of  eggs  of  each  sort. 
Then  will^xsscostof  the  first  sort, 
And  -D-fsscost  of  the  second  sort ; 

But 
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Bat  5:2::  ^x  (the  whole  Dumber  of  eggs)  :  }x  ; 
Heoce  |a:=s  price  of  both  sort^,  at  6  for  2  pence  ; 
Then  by  the  qaestioD  ^x+i^  —  Jx  ^S  ; 
Mult,  by  2,  gives  -      «+|af — Jt«6  ; 
And  mult,  by  3,  gives  bx  -  ^x=*lS  ; 
Also  mult,  by  6,  gives  x^^dO,,  the  number  of  eggiB  of 
each  sort. 

QjUEST.  10.  Two  persons,  a  and  b,  engage  at  play.  Be- 
fore they  begin,  a  has  80  guineas,  and  b  has  60.  After  a 
certain  number  of  gamed  won  and  lost  between  them,  a  rises 
with  three  times  as  many  guineas  as  b.  Q^'iery,  how  many 
guineas  did  a  win  of  b  ? 

Let  X  denote  the  number  of  guineas  a  won. 
Then  a  rises  with  80+ a:, 
And  B  rises  with  eO— x  ; 
Theref  by  the  quest.  80  fx=180— 3x  ; 
Transp.  80  and  .ix,  gives  ^x^'lOO  ; 
And  dividing  by  4,  gives    x*°   S5,  the  guineas  won. 

QUESTIONS  FOR  PRACTICE. 

1.  To  determine  two  numbers  such,  that  their  difference 
may  be  4,  and  the  difference  of  their  squares  64. 

Ads.  6  and  10. 

2.  To  find  two  numbers  with  the$>e  conditions,  viz.  that 
half  the  first  with  a  3d  part  of  the  second  may  make  9,  and 
that  a  Ith  piirt  of  the  first  with  a  6th  part  of  the  second  may 
make  5.  Ans.  8  and  15. 

3.  To  divide  the  number  20  into  two  such  parts,  that  a  3d 
of  the  one  part  added  to  a  fiflh  of  the  other,  may  make  6. 

Ans.  16  and  5. 

4.  To  find  three  numbers  such,  that  the  sum  of  the  1st 
and  2d  shall  be  7.  the  sum  of  the  1st  and  3d  8,  and  ihesum  of 
the  2d  and  3d  9.  Ans.  3.  4,  5. 

5.  A  father,  dying,  bequeathed  his  fortune,  which  was 
2800/.  to  bis  son  and  daughter,  in  this  manner  ;  that  for  every 
half  crown  the  son  might  have,  the  daughter  was  to  have  a 
shilling.     What  then  were  their  two  shares  ? 

Ans.  the  son  2000/.  and  the  daughter  800/. 

6.  Three   persons,  a,   b,  c,  make  a  joint  contribution, 
which  in  the  whole  amounts  to  400/.  :  of  which  sum  b  con- 
tributes 
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tribotes  twice   as  mocb  as  a  aod  20/.  more  ;  and  c  as  much 
as  A  and  b  together.     What  sum  did  each  contribute  ? 

Ads.  a  60/,  b  140/,  and  c  200/. 

7.  A  person  paid  a  bill  of  \00L  tvith  half  guineas  and 
crowns,  usiQg  in  all  202  pieces  ;  how  man^  pieces  were  there 
of  each  sort  ?  Ans.  180  half  guineas,  and  22  crowns. 

8.  Says  a  to  b,  if  you  give  me  10  guineas  of  your  money 
I  shall  then  have  twice  as  nmch  as  you  will  have  lefl :  but 
says  B  to  A,  give  me  10  of  your  guinea8,  and  then  i  shall  have 
3  times  as  many  as  you.     How  many  had  each  ? 

Ans.  A  22,  B  26. 

9.  A  person  goes  to  a  tavern  with  a  certain  quantity  of 
money  in  his  pocket,  where  be  spends  2  shillings  ;  he  then 
borrows  as  much  money  as  he  had  left,  and  going  to  another 
tavern,  he  there  sp^'uds  2  shilliogfl  also  ;  then  borrowing 
again  as  much  money  as  was  led  he  went  to  a  third  tavern, 
where  likewise  he  spent  2  shillings  ;  and  thus  repeating  the 
same  at  a  fourth  tavern,  he  then  had  nothing  remaining. 
What  sum  had  be  at  first  ?  Ans.  3^.  9^. 

10    A  man  with  his  wife  and  child  dine  together  at  an  inn.^ 
The  landlord  changed  1  shilling  for  the  child  ;  and  for  the 
woman  he  charged  as  much  as  for  the  child  and  \  as  much  as 
for  the  man  ;  and  for  the  man  he  charged  as  much  as  for  the 
woman  and  child  together.     How  much  was  that  for  each  ? 

Ans.  The  woman  20c2.  and  the  man  32<f. 

11.  A  cask,  which  held  60  gallons,  was  filled  with  a  mix- 
ture of  brandy,  wine,  and  cyder,  in  this  manner,  viz.  the 
cyder  was '6  gallons  more  than  the  brandy,  and  the  wine  was 
as  much  as  the  cyder,  and  ^  of  the  brandy.  How  much  was 
there  of  each,  Ans.  Brandy  15,  cyder  21,  wine  24. 

12    A  general,  disposing  his  army  into  a  square  form,  finds 
that  he  has  284  men  more  than  a  perfect  square  ;  but  increas- 
ing the  side  by  1  man,  he  then  wants  25  men  to  be  a  complete 
square.     Then  how  many  men  had  he  undei  his  command  ? 
^     .  Ans.  24000. 

13.  What  number  is  that,  to  which  if  3,  5,  and  8,  be 
severally  added,  the  three  sums  shall  be  in  geometrical  pro- 
gression ?  Ans.  1 . 

14.  The  stock  of  three  traders  amounted  to  760/.  the 
shares  of  the  first  and  second  exceeded  that  of  the  third 

by 
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by  340  ;  and  the  sum  of  the  dd  aod  3d  exceeded  the  first  by 
260.     What  was  the  share  of  each  ? 

Ads.  The  Ist  200»  the  2d  300,  the  3d  260. 

16.  What  two  numbers  are  those,  which,  being  in  the  ratio 
of  3  to  4,  their  product  is  equal  to  12  times  their  sum  ? 

Ans.  21  and  28. 

16.  A  certain  company  at  a  tavern,  when  they  came  to 
settle  their  reckoning,  found  that  had  there  been  4  more  in 
company  they  might  have  paid  a  shilling  a-piece  less  than 
they  did  ;  but  that  if  there  had  been  3  fewer  in  company, 
they  must  have  paid  a  shilling  a-piece  more  than  they  did. 
What  then  was  the  number  of  persons  in  company,  what  each 
paid,  and  what  was  the  whole  reckoning  ? 

Ans.  24  persons,  each  paid  7$,  and  the  whole 
reckoning  8  guineas. 

17.  A  jocky  has  two  horses  :  and  also  two  saddles,  the  one 
valued  at  181  the  other  at  31.  Now  when  he  sets  the  better 
saddle  on  the  1st  horse,  and  the  worst  on  the  ^d,  it  makes  the 
first  horse  worth  double  the  2d  :  but  when  he  places  the  bet- 
ter saddle  on  the  2d  horse,  and  the  worse  on  the  first,  it 
makes  the  2d  horse  worth  three  times  the  1st.  What  then 
were  the  values  of  the  two  horses  ? 

Ans.  The  1st  6/.  and  the  2d  91. 

18.  What  two  numbers  are  as  2  to  3,  to  eacb  of  which  if 
6  be  added,  the  sums  will  be  as  4  to  5  ?  Ans.  6  and  9. 

1 9.  What  are  those  two  numbers,  of  which  the  greater  is 
to  the  less  as  their  sum  is  to  20,  and  as  their  difference  is  to 
10  ?  Ans.  16  and  45. 

20.  Wbat  two  numbers  are  those,  whose  difference,  sum, 
aud  product,  are  to  each  other,  as  the  three  numbers  2,  S,  6  ? 

Ans.  2  and  10.    ■ 

21.  To  find  three  numbers  in  arithmetical  progression,  of 
which  the  first  is  to  the  third  as  5  to  9,  and  the  sum  of  all  three 
is  63?  Ans.  15,21,27. 

22.  It  is  required  to  divide  the  number  24  into  two  such 
parts,  that  the  quotient  of  the  less  part  divided  by  the  less, 
may  be  to  the  quotient  of  the  less  part  divided  by  the  greater, 
as  4  to  1.  Ans.  16  and  8. 

23.  A  gentleman  being  asked  the  age  of  his  two  sons, 
answered,  that  if  to  the  sum  of  their  ages  18  be  added, 
the  result  will  be  doable  tbe  age  of  the  elder  ;  but  if  6  be 

taken 
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taken  froaa  the-  dtffereDce  of  their  ages,  the  remaiDcler  will 
be  equal  to  the  age  of  the  younger.  What  then  were  their 
ages?  Ana.  30  and  12. 

24.  To  find  four  numbers  such,  that  the  sum  of  the  1st, 
2d.  and  3d,  shall  be  13 ;  the  sum  of  the  1st,  2d,  and  4th,  15  , 
the  sum  of  the  1st,  3d,  and  4th,  18  ;  and  lastly,  the  sum  of  the 
2d,  3d,  and  4tb,  20.  Ans.  2,  4,  7,  9. 

25,  To  divide  48  into  4  such  parts,  that  the  Ut  increased 
by  3,  the  second  diminished  by  3,  the  third  multiplied  by  3, 
and  the  4th  divided  by  3,  may  be  all  equal  to  each  other. 

Ans.  6,  19,  3,  27. 


QUADRATIC  EQUATIONS, 


Q^AnaATic  Equations  are  either  simple  or  compound. 

A  simple  quadratic  equation,  is  that  which  involves  the 
square  of  the  unknown  quantity  only.  As  ax^  ss6.  And  the 
solution  of  such  quadratics  has  been  already  given  in  simple 
equations. 

A  compound  quadratic  equation,  is  that  which  contains  th 
square  of  the  unknown  quantity  in  one  term,  and  the  first 
power  in  another  term.     As  a:r'-{-6a;s=c. 

All  compound  quadratic  equations,  after  being  properly  re* 
duced,  fiUi  under  the  three  following  forms,  to  which  they 
must  always  be  reduced  by  preparing  them  for  solution. 

I.     x*+iix=b 

2.  X* — ax=^b 

3.  x«— ax     —  ^ 

The  general  method  of  solving  quadratic  equations,  is  by 
what  is  called  completing  the  square,  which  is  as  follows  : 

1 .  Reduce  the  proponed  equation  to  a  proper  simple  form, 
as  usual,  such  a^  the  forms  above  ;  namely,  by  transposing 
all  the  terms  which  contain  the  unknown  quantity  to  on« 
side  of  the  equation*  and  the  known  terms  to  the  other ; 
placing  the  square  term  first,  and  the  single  power  second  ; 

dividioc 
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diridiog  the  equation  by  the  co-efficleQt  of  the  square  or 
first  term,  if  it  has  one,  and  chaoging  the  signs  of  all  the 
tterms,  when  that  tenn  happens  to  be  negative,  as  that  term 
most  always  be  made  positive  before  the  solution.  Then 
the  proper  solution  is  by  completing  the  square  as  follows, 
viz. 

2.  Complete  the  unknown  side  to  a  square,  in  this  man- 
ner, viz.  Take  half  the  co-efficient  of  the  second  term,  and    ^^^ 
square  it ;  which  square  add  (o  both  sides  of  the  equation,    Wf' 
then  that  side  which  contains  the  unknown  qmintity  will  be     --^ 

•  complete  square. 

3.  Then   extract  the  square  root  on  both  sides  of  the 
equation,*  and  the   value  of  the  unknown  quantity  will  be 

determined. 


*  As  the  tquare  root  of  anjr  qaantity  may  be  either  -}•  or  •^,  therofiore  all  quad* 
ntic  eqiiatiom  admit  of  two  aolutions.  Thus  the  square  root  of  +  n'  is  either 
•l-n or — »»  fwi-n  X  +  »  ■"^  — **  X  n  are  each  equal  to  -|-n* .  Bulthe 
aqaaro  root  of  —  n*,  or  ^  ^»^ ,  is  imagiDaiy  or  impossible,  as  neither  -f»»*  "O' 
— »,  when  squared,  gives     -  * 


So,  in  ths  Hmt  ferm.  »'  4-<»  sad,  where  a-f^o  ^s  found  v^  6+ 1  ^^  *  the 
foot  majr  beeither  -f  ^b -f-f ',  or  —  v^6+ia',  ance  either  of  them  being 
multiplied  by  itself  produces  b  +  ja'.  And  this  ambiguity  is  expressed  by  writ- 

mgthe  oncertain  or  doable  sign  ±^  before  «^6-f«ta'  «  thus  aadb  V^4*ta' 
—  ¥«• 


In  this  form,  where  «  a  ^  ^6 4.  ja^  —  Jo,  the  first  value  of  x,  vix.  x  ss  + 

V'fc  4-  ta*  — j^o,  is  always  affirmative  i  for  since  io'  4-6  is  greater  than  -Vo' 

the  greater  sqoare  mnstnecMsarilj  have  the  greater  root  >  therefore  s/b^j^' 

will  alwv*  be  grsntar  than  %r  ia',or  itseqoal  Jajand  ooDsequently  4- v^fi^^^A* 
— ka  will  alwi^  be  offinnative. 


The  second  value,  vis,  ae^*^^b^\a*^^a,  will  always  be  negative,  be- 
cause it  is  composed  of  two  negative  terms.    Therefore  when  x^  +axs=bf  we 

shall  have  c  »  4"  %/^4-  iff'  *"*  i<>  ^  the  affitmative  value  of  ar,  and  «  sa  -f. 
s/^'^ia^  "^o  Am*  the  negative  value  of  «. 

In  the  second  form,  whore  xma  ^Y  b  -f-i''  4-  j-a  the  first  value,  vis.  c  ■: 
-f  ^64-  ^a*  4.  Ja  Is  always  affirmative,  since  it  is  composed  of  two  affirmative 
^ims.    But  the  second  value,  vis.  x = — V^6  4>  i^'  ^  i«h  will  always  be  ne- 
gative J  for  sboe  64-ia*  is  greater  than  i  «*,  therefore  \/6H'i«^  wiU  be 
greater dian  v'i  «*»  ^  *^  ^P"**  i**  *"^  consequently  —  v^>  +  T«*  +  i 
is  always  a  negaUvo  quantilyi.  Ttiertfdre; 
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.  determiD€d»  making  the  root  of  the  known  side  either  -f  or 
— ,  which  will  give  two  roots  of  the  equation,  or  two  valaes 
of  the  unknown  quantity. 

Ab<e,  I.  The  root  of  the  first  side  of  the  equation,  is 
always  equal  to  the  root  of  the  first  term,  with  half  the  co- 
efficient of  the  second  term  joined  to  it ;  with  its  sign,«whe* 
ther  -|-  or  — . 

2.  All  equations,  in  which  there  are  two  terms  including 
the  unknown  quantity,  and  which  have  the  index  of  the  one 
just  double  that  of  the  other,  are  resolved  like  quadratics,  by 
completing  the  square,  as  above. 

Thus,  X*  +ax»  =&,  or  x^^+ax"^  =*,  or  a+air^sai,  are  the 
same  as  quadratics,  and  the  value  of  the  unknown  quantity 
may  be  determined  accordingly. 


Therdbra,  when  »'— ^Ab ea  6,  w  shaii  have  «  aa^  ^64-^*0'  "t*  ^a  ior  th^ 
affirmatife  ralne  of  a  i  and  c=s— \^  b  +\a'  -^^a  for  the  negative  valno  of« ;  «) 
that  in  both  the  fint  and  leoond  fbnns,  the  nnknown  qoantl^  has  alvraja  tjjro  ^r 
lues,  ooe^  which  is  positive,  and  the  othftr  negative. 


But  in  the  third  Ibm,  whevs  «S3  -f*^  j>a'— 6+  ^o,  both  te  values  of  x  vill 
\m  positive  when  ^a*  greater  thin  6.    For  the  fint  value,  vis.  «ea«^^}a'.-. 
tf-io  ^1  then  be  afiinnattve,  being  oonponndof  two  aifirovtive  temk. 


The  seeood  value,  vtf.  xsa^^^ia^-^.b+ia  JBtMammUn 9dt»;  forsince  ^ 
js  greater  than  j^g*»»6,  tberefeie  v'  ia'  or  ia  is  greater  than  \/ia' — b  i  ai^ 
conseqoentlj'^ViA'-^^-'JtA  will  always  be  an  affimaativc  qoandtjr.  So  tha|» 
wheng  ^eotaa  h,  we  shall  have  «=s  -f*  Via'— >  -|-  h^  and  alA>  orM— 
^  ia^-w-^o)-  ^o,  for  the  valaes  of  «,  both  positive. 

Bat  in  this  third  form,  if  6  bo  greater  than  ia^,  the  sulutioa  of  the  proposed 
questioo  will  be  impossible.  For  since  the  square  of  any  quantity  (whether  thstt 
quantity  be  affirmative  or  negative)  is  always  aiBrmative,  the  square  root  of  a 
negative  quantity  is  imposiible,  and  cannot  be  assigned.  Bat  when  6  isgrsater 
Iban  ia* ,  then  ia'— 6  is  a  negative  quantity ;  and  thenfore  its  root  ^j^*-^ 
is  impossible,  or  imaginary*  consequently,  in  that  case,  a»^-|a+  ^^a'_6,  or 
t1^  two  toOU  or  values  of  «,  Aie  both  imppft«lble,  or  imaginary  quantities. 

EXAMms. 


*Wi 
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EXABAPLES. 


1.  GiTeD  x*+4x=60  ;  to  ^u6  t. 

First,  bj  completing  the  sqaare  x>4-4«+4ss64 ; 

^hen  b;^  eitractbgtbe  root,  a;+2=di8  ; 

Then,  transpoe.  2,  gives,  aps=6  or  —  10,  the  two  roots. 

2.  GiveD  x^  —  6x+10ss65  ;  to  find  :e. 

First  trans.  10  gives  x*  —  6r=^bb  ; 
Then  by  complet.  the  sq.  it  is  *»  —  6«+9=64  ; 
And  by  eitr.  the  root,  gives  x— 3=±8  ; 
Then  trans.  3,  gives  x-=b1  I  or  ^  6. 

3.  Given  2x<4-8«  — M=60;  to  find  x. 

First  by  transpos   20,  it  is  2x*  +8x=90  ; 
Then  div*  by  2,  gives  x>4-4xs-46; 
And  by  compl.  the  sq.  it  is  x*  4-4x+4=s49 ; 
Then  eftr,  the  root,  it  is  x+2=:ii7 ; 
And  transp.  2,  gives  x=s5  or  ^9. 

4.  Given  3xs^3x+9s8^;  to  find  x. 

First  div.  by  3.  gives  x«  — x4-3%2| ; 
Then  transpos.  3,  gives  x*— xsb«*|  ; 
And  coBipl.  the  sq.  gives  ar*— x+|ss^ ; 
Then  eztr.  the  root  Kivesx^^ss^^  ; 
And  transp.  i»  gives  xas|  or  f , 

6.  Given  fr>  -..|x+30}ss62},  to  find  x. 

First  by  transpos.  30|,  it  is  )x*— |xsst2J  ; 
Then  mult,  by  2.  gives  x*  —  f xaB444  ; 
And  by  conpl.  the  sq.  it  is  x^<— )x+t^44^  ; 
Then  extr.  the  root,  gives  x-*>^»±6| ; 
And  transp.  ^^  gives  xss7  or  —  6|^. 

6.  Given  ax'— 6x=c;  to  find  x. 

6         c 
First  by  div.  by  (t,  it  is  x*  — >  — ^xas— . ; 

a        a 

Then  compl.  the  sq.  gives  x*  — — x+  — r=* — +-:-r  ; 

a         4a*      a  .  4a" 

b  4ac+6* 

And  extrac.  the  root,  gives  x—  5^==*=^/ — ttj —  ? 

Then  transp.—,  gives  x=±  V      ^^^    +5^. 

7.  Given  x«—2ax'as»6  ;  to  findx* 

First  by  compl.  the  sq.  gives  x^  ^9ax^+a*s^a*+b  ; 

And 


^ 


% 
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And  extract,  the  root,  giyes  «» — ^=:±i/€?+b  • 
Theo  transpos.  a,  ^ves  ap*=±y^a«+64.a  - 
And  eitract.  the  root,  gives  a:=±^o±  v'aTXj, 
And  thus,  by  always  using  similar  words  at  each  line  the 
pupil  Will  resolire  the  following  examples.  ' 


EXAMPLES  FOR  PRACTICE. 

1.  Given  x^  6ar-7=33  ;  to  find  x.  Ans.  a:=lo 

2.  Given  x«— 6x_J0=l4  ;  to  find  x.  ■  Ans  i--ft 

3.  Gjven  6a:.+4;r.90-114  ;  to  findar.  ^ns  IZ^ 
4    Given  1«   ^ix+^^9;  to  find  x.  Ans.  x^l. 

5.  Givej3««^sra:««40:  to  find  x.  Ans   x«« 

6.  Given  l»-l^x=  4  ;  to  find  ^.  Ana'.  x^9 

7.  Given  i^'+ix^i  ;  to  find  x.  Ans.  a.=.727766: 

8.  Given  x^+4x9  =  i2  ;  to  find  x. 

on-  -..  Ans.  x=?/2=r|-269921. 

9.  Given  ar»  +4a:=:a>  +  2  ;  to  find  «. 

Ads.  ic=sy«faatpiB_2.  • 
QUESTIONS  PRODCJCTNG  QUADRATIC  EQUATIONS. 

1.  To  find  two  numbers  whose  difference  is  2,  and  product  80. 

Let  X  and  y  denote  the  two  required  numbers*. 

Then  the  first  condition  gives  x<->.y=2. 

And  the  second  give?  ary=80. 

Then  transp.  y  in  the  I  at  gives  a;=ry-{-2  ; 

This  value  of  orsubstitut.  in  the  2d,  is  y>+2y=80 

Then  comp.  the  square  gives  y^  -|-2y-j-l=81  • 

And  exfrac.  the  root  gives  ^+1=9  ;  ' 

And  transpos.  1  gives  y—B; 

And  therefore  a;=3:y+3:K]0. 


•  Thete  quMtiODa,  like  thowj  in  simpla  cquatioM,  ara  alco  solf«d  by  oiiiir  as 
many  anknown  letters,  as  are  die  numbers  required,  for  the  better  cxereise  mre- 

fS!? •^'^^  Tl  •"^y  '*  ^  "^"^^  nlodes  of  iolmion,  which  would  M 
attord  so  roach  useful  practice. 

2.  To 


r 
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9,  To  divide  the  oamber  14  into  two  such  parts,  that  their 

product  may  be  48. 

Let  K  and  y  denote  the  two  numbers. 
Then  the  1st  condition  gives  x+y^l^, 
And  the  2d  gives  j:yss48. 
Then  transp.  y  in  the  1st  gives  x=14— y  ; 
This  value subst.  forx  in  the  2d,  is  14y->*y':=48  ; 
Changing  all  the  signs,  to  make  the  square  positive,      .d^ 

gives  y3-.14y«-48;  i^ 

'  Then  compl.  the  square  gives  y«  — I4y+49=1  ; 

And  eztrac.  the  root  gives  y^7^±l  ; 
Then  transpos.  7,  gives  ysS  or  6,  the  two  parts. 

3.  Given  the  sum  of  two  numbers  =9,  and  the  sum  of 
their  squares  =b46  ;  to  find  those  numbers. 

Let  X  and  y  denote  the  two  numbers. 

Then  by  the  Ist  condition  a:+y=d* 

And  by  the  «d  x«  +y'  =46- 

Then  transpos.  y  in  the  1st  gives  jc=s9— -y  ; 

This  value  sulist- in  the  2d  gives  B\  ^  \By+fty* z^ib  ; 

Then  transpos.  81,  gives  2y*  — ]8y=s  —36  ; 

And  dividing  by  2  gives  2(>-~9y=  — 18  ; 

Then  compl.  the  sq.  gives  y«  -  9y+y  =f  ; 

And  eztrac  the  root  gives  y-|=db|  ; 

Then  transpos.  |  gives  y=6  or  S,  the  two  numbers. 

4.  What  two  numbers  are  those,  whose  sum,  product,  and 
difference  of  their  squares,  are  all  equal  to  each  other  f 

Let  X  and  y  denote  the  two  numbers-  . 

Then  the  1st  and  2d  expression  give  x+y=ry. 

And  the  1st  and  3d  give  x+y^x'  —  y*. 

Then  the  last  equa.  div.  by  ar+y,  gives  ls=x— y  ; 
^  And  transpos.  y,  gives  y+l^x ; 

This  val.  substit.  in  the  1st  gives  2y-f-l=y'+^  ; 

And  transpos-  2y,  gives   1  =y*  — -y  ; 
.    Then  complet.  the  sq.  gives  f=y'— y+i  ; 

And  extracting  the  root  gives  ly»^6=y— J  ; 

And  transposing  ^  gives  ty/^-ri^^y ; 

And  therefore  .T=y+l=iV^+f. 
And  if  these  expressions  be  turned  into  numbers,  by  ex< 

tracting  the  root  of  6,  &c.  they  give  a:=2*6180  +,  and 
y=l-t>180+.  f 

5.  There  are  four  numbers  in  arithmetical  progression,  of 

whioh 
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wliich  the  product  of  the  two  extremes  is  22,  and  that  of  the 
means  40  ;  what  are  the  numbers  ? 

Let  X  =  the  less  extreme, 

and  y  ==  the  common  difference  ; 

Then  x.  ar+^i  ar+^y,  af+3y,  will  be  the  foar  numbers. 

Hence  by  the  Ist  condition  x"+3x|^=22. 

And  by  the  2d  x«+3xy-f -^y»=40. 

Then  subtracting  the  first  from  the  2d  gives  2yS3sl8  ; 

And  dividing  by  2  gives  y*=s9  ; 

And  extracting  the  root  gives  2^=3.  ~ 

Then  substit.  3  for  y  in  the  1st,  gives  ar>  -f-d»s22  ; 

And  completing  the  sqaare  gives  x'+^+V^^'r^  ' 

Then  extracting  the  root  gives  jt+f  ^V  ; 

And  transposing  f  gives  2=2  tife  least  number. 

Hence  the  four  numbers  are  2,  6,  8,  1 1 . 

6.  To  find  3  numbers  in  geometrical  progression,  whose 
sum  shall  be  7,  and  the  sum  of  their  squares  21. 

Let  Xt  yy  and  Zy  denote  the  three  numbers  sought. 

Then  by  the  1st  condition  xz=^y^ , 

And  by  the  2d  a:+y+z=7, 

And  by  the  3d  «a+y"+«"=21- 

Transposing  y  in  the  2d  gives  *+'2'=»7— y  ; 

Sq.  this  equa.  gives  x^  '\'2xz+z^  +  =^49  -  Hy+y*  ; 

Substi.  ^y«  for  2xz,  gives  x«+2y»-H^>=49^  I4y+y«  ; 

Subtr,  y*  from  each  side  leaves  x^+y^+z^=^49  -  14y  ; 

Putting  the  two  values  of  x*+y*-|-'?' ?  21=49- 14v 

equal  to  each  other,  gives  y 
Then  transposing  21  and  14^,  gives  14^=^28  ; 
And  dividing  by  14,  gives  y=2. 
Then  substit.  2  for  y  in  the  Ist  eqna.  gives  xz^=4. 
And  in  the  4tb,  it  gives  jp+2=6  ; 
Transposing  z  in  the  last,  gives  ar=5— 2r ; 
This  substit.  in  the  next  above,  gives  62:— z»=4; 
Changing  all  the  signs,  gives  z^^  52:=  — 4  ; 
Then  completing  the  square,  gives  z«— 62r+*'=|  ; 
And  extracting  the  root  gives  z  — |a=di| ; 
Then  tranttposing  J  gives  z  and  a;  =  4  and  1,  the' two 

other  numbers  ;     . 
9o  that  the  three  numbers  are  1,  2,  4. 

QUESTIONS  FOR  PRACTICE. 

1 .  What  number  is  that  which  added  to  its  sqaare  makes 

Ao^  Ans.  6. 

■  a.  To 
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2.  To  find  two  Dumbers  aucb,  that,  the  less  may  be  to  the 
greater  as  the  greater  is  to  It^  and  that  the  eum  of  their 
squares  may  be  45.  Ans.  3  and  6. 

3.  What  two  0 ambers  are  those,  whose  differeoce  is  2,  and 
th^  diflfereoce  of  their  cubes  98  ?  Ads.  3  and  5. 

4.  What  two  Dambers  are  those  whose  sum  is  6,  aod  the 
sum  of  their  cubes  7a;  ?  Abs.  2  and  4. 

5.  What  two  numbers  are  those,  whose  product  is  20,  and 
the  difference  of  their  cubes  61  ;  Ans.  4  and  5. 

6.  To  divide  the  number  1 1  into  two  such  parts,  that  the 
product  of  their  squares  may  be  784.  Ans.  4  and  7. 

7.  To  diride  the  number  6  into  two  such  parts,  that  the 
sum  of  their  alternate  quotients  may  be  4|,  that  is  of  the  two 
quotients  of  each  part  divided  by  the  other.       Ans.   1  and  4. 

8.  To  divide  12  into  two  such  parts,  that  their  product  may 
be  equal  to  8  times  their  difference.  Ans.  4  and  8. 

9.  To  divide  the  number  10  into  two  such  parts,  that  the 
square  of  4  times  the  less  part,  may  be  112  more  than  the 
square  of  3  times  the  greater.  Ans.  4  and  6. 

10.  To  tind  two  nun^ers  such,  that  the  sum  of  their  squares 
may  be  89,  and  their  t)um  multiplied  by  the  greater  may  pro- 
duce 104.  Ans.  5  and  8. 

1 1.  What  number  is  that,  which  being  divided  by  the  pro- 
duct of  its  two  digits,  the  quotient  is  5^  ;  but  when  9  is  sub- 
tracted from  it,  there  remains  a  number  having  the  same  digits 
inverted  ?  Ans.  32. 

12.  To  divide  20  into  three  parts,  such  that  the  continual 
product  of  ail  three  may  be  270  and  that  the  difference  of 
first  and  second  may  be  2  less  than  the  difference  of  the 
second  and  third  Ans.  5,  6,  9. 

13.  To  find  three  numbers  in  arithmetical  progression,  such 
that  the  sum  of  their  squares  may  be  56,  and  the  sum  arising 
by  adding  together  once  the  first  and  2  times  the  second  and 
3  times  the  third,  may  amount  to  28.  Ans.  2,  4,  6. 

14.  To  divide  the  number  13  into  three  such  parts,  that 
their  squares  may  have  equal  differences,  and  that  the  sum  of 
those  squares  may  be  75.  Ans.  1,  5,  7. 

15.  To  find  three  numbers  having  equal  differences,  so  that 
their  sum  may  be  12,  and  the  sumof  iheir  fourth  powers  962. 

Ans.  3,  4,  5. 

16.  To  find  three  numbers  having  equal  differences,  and 
such  that  the  square  of  the  least  added  to  the  product  of  the 
two  greater  may  make  28,  but  the  square  of  the  greatest  add- 
ed to  the  product  of  the  two  lets  may  make  44. 

Ans.  2,  4,  6. 
17.  Three 
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17.  Three  merchants,  a,  b,  c,  on  comparing  their  gains 
find,  that  among  them  all  they  have  gained  1444/.  ;  and  that 
b's  gain  added  to  the  square  root  of  a's  made  920/.  ;  but  if 
added  to  the  square  root  of  c's  it  made  912.  What  were 
their  several  gains  ?  Ans.  a  400,  b  900,  c  144. 

1 8.  To  find  three  numbers  in  arithmetical  progression,  so 
that  the  sum  of  their  squares  shall  be  93  ;  also  if  the  first  be 
multiplied  by  3,  the  second  by  4,  and  the  third  by  5,  the  sum 
of  the  products  may  be  66.  Ans.  2, 6,  8. 

19.  To  find  four  numbers  such,  that  the  first  may  be  to  the 
second  as  the  third  to  the  fourth  ;  and  that  the  first  may  be 
to  the  fourth  as  1  to  5  ;  also  the  second  to  the  third  as  5  t6  9  ; 
^nd  the  sum  of  the  second  and  fourth  may  be  20. 

Ans.  3,  5,  9,  Id. 

SO.  To  find  two  numbers  such  that  their  product  added  to 
their  sum  may  make  47,  and  their  sum  taken  from  the  sum  of 
their  squares  may  leave  63.  Ans.  5  and  7. 


RESOLUTION  OP  CUBIC  AND  HIGHER 

EQUATIONS. 


A  Cubic  Equation,  o(  Equation  of  the  3d  degree  or  power, 
is  one  that  contains  the  third  power  of  the  unknown  quantity. 

A  Biquadratic^  or  Double  Quadratic,  is  an  equation  that  con- 
tains the  4th  Power  of  the  unknown  quantity  : 

As  X* — ox^+ft*^— caprsrf. 

An  Equation  of  the  5th  Power  or  Degree,  is  one  that  con- 
tains the  6th  power  of  the  unknown  quantity  : 

As  x«— "Ojf^-f  fcac' — cx»+dxs=9, 

m 

Vol.  I.  34  And 
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And  90  on,  for  all  the  higher  powers.  Where  it  is  to  be 
noted,  however,  that  all  the  powers,  or  terms  io  the  eqaa- 
fioD,  are  supposed  to  be  freed  from  surds  or  fractional  expo- 
nents. 

There  are  many  particular  and  prolix  rules  usually  given 
for  the  solution  of  some  of  the  above-mentioned  powers  or 
equations.  But  they  may  he  all  readily  !>olved  by  the  follow- 
ing easy  rule  of  Double  Position,  sometimes  called  Trial  and- 
error. 

RULE. 

1.  FiWD,  by  trial,  two  numbers,  as  near  the  true  root  as 
you  can,  and  substitute  them  separately  in  the  given  equation, 
instead  of  the  unknown  quantity  ;  and  dnd  how  much  the 
terms  collerted  together,  according  to  their  signs  +  or — ,  dif- 
fer from  the  absolute  known  term  of  the  equation,  marking 
whether  these  errors  are  in  excess  or  defect. 

2.  Multiply  the  difference  of  the  two  numbers,  found  or 
taken  by  trial,  by  either  of  the  errors,  and  divide  the  pro- 
duct by  the^ difference  of  the  errors,  when  they  are  alike, 
but  by  their*sum  when  they  are  unlike  Or  say,  A^  the  dif- 
ference or  sum  of  the  errors,  is  to  the  difference  of  (he  two 
numbers,  so  is  either  error  to  the  correction  of  its, supposed 
number. 

3.  Add  the  quotient,  last  fbund,  to  the  number  belonging  to 
that  error,  when  its  supposed  number  is  too  little,  but  subtract 
it  when  too  great,  and  the  result  will  give  the  true  root 
neaWy. 

4.  Take  this  root  and  the  nearest  of  the  two  former,  or 
any  other  that  may  be  found  nearer  ;  and  by  proceeding  in 
like  manner  as  above,  a  root  will  be  had  HttU  ne«irer  than  be- 

'fore.     And  so  on  to  any  degree  of  exactness  required. 

Note  1.  It  is  best  to  employ  always  two  assumed  nnmbers 
that  shall  differ  fiooi  each  other  only  by  unity  iii  the  last 
figure  on  the  right  hand  .  !)er.ao«e  then  the  difference,  or 
multiplier,  is  only  l.  It  is  also  best  to  use  always  the  least 
error  in  the  above  operation. 

Note  2.  It  will  be  convenient  also  to  begin  with  a  single 
figure  at  first,  trying  several  single  figures  till  there  be  found 

the 
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the  two  nearest  the  truth,  the  ooe  too  little,  and  the  other 
too  great ;  and  in  working  with  them,  find  only  one  more 
figure.  Then  substitute  this  corrected  result  in  the  equation, 
for  the  unknown  letter,  and  if  the  result  prove  too  little, 
substitute  also  the  number  next  greater  for  the  second  sup- 
position ;  but  contrariwise,  if  the  former  prove  too  great, 
then  take  the  next  less  number  for  the  second  suppoaition  ; 
and  in  working  with  the  second  pair  of  errors,  continue  the 
quotient  only  so  far  as  to  have  Ihe  corrected  number  to  four 
places  of  figures.  Then  repeat  the  same  process  again  with 
this  last  corrected  number,  and  the.  next  greater  or  less,  as 
the  case  may  require,  carrying  the  third  corrected  number  to 
eight  figures  ;  because  each  new  operation  commonly  doubles 
the  number  of  true  figures.  And  thus  proceed  to  any  extent 
that  may  be  wanted. 

EXAMPLES. 


Ex.  1.     To  find  the  root  of  the  cubic  equation  x^+x^^f-x 
:100,  or  the  value  of  x  in  it. 


Hece  it  is  soon  found  that 
X  1ie«  between  4  and  6.  An- 
sume  therefore  these  two  num 
berSf  and  the  operation  wilf  be 
as  follows  : 

lat  Sup.  8d.  Sup 

4         -         X         -  ^ 

16         -         x<        -  261 

64         -         x»       -  12r» 


Again,  suppose  4*2  and  4*3  ; 
md  repeat  the  work  as  fol- 


84         -     sums      - 
100    but  should  be. 


15 
10<) 


-16 


errors 


^-on 


the  sum  of  which  is  71 . 
Then  as  71  :  1  :  :  16  :  *2. 
Hence  xs>4*2  nearly. 


lows  : 


Ist  Sup. 
4*2 

17-64    - 
74*088  - 


96*928 
100 


X 

x« 
sums 


2d  Sup. 

-  4*3 

-  18-49 

-  79-607 

102-397 
100 


— 4  072    errors    -f-  2-297 


the  sum  of  which  is  6-%9. 

A*  6  369  :  1  ::  2*297:  0036 

This  taken  from     -     4-300 


leaves  x  nearly  =4*264 


^■•» 


Again> 


t2l)i) 
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Again,  8U[>pose  4-264,  and  4*265,  and  :t'ork  as  follows 
4-264  -         X  •  4-265 

1-8181696         -         X  -  18-190225 

77-626762  -         x  -  77-681310 


99-972448 
100 


Sams 


100-036535 
100 


— 0027652         .      errors      -  +0036636 

the  sum  of  which  is  -064087. 
Then  as  064087  :    001  :  :  -027662  :  0-0004299 
To  this  adding  >  4-264 


gives  X  very  nearly  =4  2644299 

The  work  of  the  example  above  might  have  been  much 
shortened,  by  the  use  of  the  Table  of  Powers  in  the  Arith- 
metic, which  would  have  given  two  or  three  figures  by  in- 
spection. But  the  example  has  been  worked  out  so  particu- 
larly as  it  is,  the  better  to  show  the  method. 

Ex.  2.  To  find  the   root  of  tlie  equation  x^ — 15a:«  +63x'   * 
«  60,  or  the  value  of*  in  it. 

Here  it  soon  appeaes  that  x  is  very  little  above  1 . 


Suppose  therefore  1-Oand  M 
and  work  as  follows  : 


1-0  - 


M 


63-0  - 
-16 
1 

49      - 
50 


6Sx 
-16x» 


■3     . 


69*3 
—1815 
1-331 


sums 


62-481 
60 


— 1      -    errors    -     +2-48  i 

3*481  sum  of  the  errors. 
As  3-481  :  1  :  :  1  :  -03  correct. 

100 


Again,  suppose  the  two  num- 
bers 1-03  and  1-02,  &c.  as 
follows  : 
1-03     -  X  -  102 

64-89     -       6Sa:  64-26 
—  16-9135  —  16a:«  -15-6060 
1-092727       ar'    1  061208 


50069227  sums  49-715208 
50  60 


+-069227  errors— 284792 
•284792 


Hence  x=sl-03  nearly 


As  -354019  :  -01  :  :  -069227  : 

-0019566 
This  taken  from     1-03 


leaves  x  nearly  ==  1-02804 


Note  3, 
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Note  5.  Every  equation  has  as  many  roots  as  it  contains 
dimensioDS,  or  as  there  are  nnits  in  the  index  of  its  highest 
power.  That  is,  a  simple  eqaation  has  only  one  yalae  of  the 
root ;  but  a  quadratic  equation  has  two  values  or  roots,  a  cu- 
bic equation  has  three  roots,  a  biquadratic  equation  has  four 
roots,  and  so  on. 

And  when  one  of  the  roots  of  an  equation  has  been  found 
by  approximation,  as  above,  the  rest  may  be  found  as  follows. 
Take,  for  a  dividend,  the  given  equation,  with  the  known 
term  transposed,  with  its  sign  changed,  to  the  unknown  side 
of  the  equation;  and.  for  a  divisor,  take  x  minus  the  root 
just  found.  Divide  the  said  dividend  by  the  divisor,  and  the 
quotient  will  be  the  equation  depressed  a  degree  lower  than 
the  given  one. 

Find  a  root  of  this  new  equation  by  approximation,  as 
before,  or  otherwise,  arid  it  will  be  a  second  root  of  the  ori- 
ginal equation.  Then,  by  means  of  this  root,  depress  the 
second  equation  one  degree  lower,  and  from  thence  find  a 
third  root,  and  so  on,  till  the  equation  be  reduced  to  a  quad- 
ratic; then  the  two  root  of  this  being  found,  by  the  method 
of  completing  the  square,  they  will  make  up  the  remainder 
of  the  roots.  Thus  in  the  foregoing  equation,  having  found 
one  root  to  be  1  04^804,  connect  it  by  minus  with  x  for  a  divi- 
sor, and  the  eqaation  for  a  dividend,  &c,  as  follows  : 

X  -  1-02804)  x'  -  \bx^  +  63a;  -  60  (x«  -  13-97196x  + 

48-63627  =  -0 

Then  the  two  roots  of  this  quadratic  equation,  or  —  — — 
X*— 13«97196x  =-48-63627,  by  completing  the  square,  are 
6-67663  and  7*39643,  which  are  also  the  other  two  roots  of 
the  given  cubic  equation,    ^o  that  all  the  three  roots  of  that 
equation,  viz.  x'  —  16x*+63x  =  60. 

^'^^  ]'?!ft?l  )  and  the  sum  of  all  the  roots  is   found  to  be 

'         A'iV^'Ail  >^«   b«'ng   eq^-**  *o  the  co-efficient  of  the 
and  7-JH04J  Vgj  ^^^^  ^^  ^^^  equation,  which  the  sum  of 

, , .  r.ntu.r.  \  the  roots  always  ought  to  be,  when  they  are 

sam  I  O'OtJUUO  i  pjgjjj 

* 

Note  4.  It  is  also  a  particular  advantage  of  the  foregoing 
rule,  that  it  is  not  necessary  to  prepare  the  equation,  as' for 
other  rules,  by  reducing  it  to  the  usual  final  form  and  state  of 

equations. 
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eqaatione.  Because  the  mle  may  be  applied  at  oDce  to  ao 
UDrediiced  equation,  though  it  be  eyer  so  much  embarrassed 
bj  surd  and  compound  (juaotities.  As  Id  the  following  ex- 
ample : 

Ex.  3.  Let  it  be  required  to  find  the  root  x  of  the  equation 

^Tl4x«  —^r«  +20)^^+  y'liiSx'— (x»+24)«  =  1 14,  or  the 
value  of  OP  10  U. 

By  a  few  trials,  it  is  soon  found  that  the  ? alue  of  x  is  but 
little  above  7.  Suppose  therefore  first  that  x  is  =  7,  and  then 
x=8. 


First,  when  «=s7. 

Second »  when 

47-906     - 
65-384     - 

^144ar» — (x«+20)»     - 

V'196xa-.(«a+24)a     - 

the  sums  of  these 
the  true  number 

the  two  errors 

• 

0-710  :  0-2  nearly 

7-9 

46-476 
69283 

113  290     - 
114000     - 

116-769 
114000 

—0  710     . 
+  1-769     - 

+  1-769 

As  2-469  :  1  :  : 

Therefore  #==7-2  nearly 

Suppose  again  xp=7-2,  and  then,  because  it  turns  out  too  great, 
suppose  X  also  =  7- 1 ,  &c.  as  follows  : 


Supp.  x=7-2 

, 

Supp.  x=7-l 

47-990     - 

• 

-    66-402     . 

^144x»-(ia+203»      - 

v/l96ir«— (a:«+24)»     - 

the  som9  of  these 
the  true  number 

the  two  errors 

47-973 
66-904 

114-392     . 

114-000     - 

113-877 
114000 

+0-392    - 
0-123 

—01 23 

As 
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As  *515  :  -1    :  :  -123  :  *024  the  correctioa, 

7- 100  add 


Therefore  x=^l^\2'l  nearly  the  root  reqmred. 

JVbte  5.  The  same  rule  also  amon^  other  more  difficult 
forms  of  equation,  succeeds  rerjr  well  in  what  are  called 
exponential  ones,  or  those  which  have  an  unknown  quantity 
in  the  exponent  of  the  power  ;  al^  in  the  following  example  ;. 

Ex.  4.     Tq  tind  the  value  of  x  in  the  exponential  equatitm 

a;^ss=IOO. 

For  more  easily  resolving  such  kinds  of  equations,  it  is 
convenient  to  take  the  logarithmf*  of  them,  and  then  compute 
the  terms  by  means  of  a  table  of  logarithms.  Thus,  the  lo- 
garithms of  the  two  sides  of  the  present  equation  are  xX  log. 
of  x=2  the  log.  of  100.  Then,  by  a  few  trials,  it  is  soon 
perceived  that  the  value  of  x  is  somewhere  between  the  two 
numbers  3  and  4,  and  indeed  nearly  in  the  middle  between 
them,  hut  rather  nearer  the  latter  than  the  former.  Taking 
therefore  first  xs£3-6,  and  then  s3*6,  and  working  with  the 
logarithms,  the  operation  will  be  as  follows  : 

First  Supp.  x:=3*5  Second  Supp.         3*6 

Log  of  3-6=  0-644068  Log.  of  3-6  =sO-556303 

then  3-5Xlog.  3-5=^1  -9042^8  then 3-6 X log.  3-  6=  2002689 
the  true  number  2000000         the  true  number  2*000000 


error,  too  little,  — -095765 

•002689 


error,  too  great+  002H89 


*098451  sum  of  the  errors.  Then, 


As '098461  .*•!::  -002689  :  0*00273  the  correction 

taken  from  3-60000 


leaves     -     3-60727=x  nearly.'* 

Ex.  5.  To  find   the  value  of  x  in  the   equation  x'  +  lOx* 

+  5x— 260  Alia.  x  =  4- 1179867. 

Ex.  6    To  find  the  value  of  x  in  the  equatioi)  x^  -  2x^60. 

Ana.  3-8b48864. 


•  By  repeating  (he  operations  writh  a  larger  table  of  logarithms,  we  find  xo 
S  "9728503354.   Ed. 

Ex.  7. 
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Ex.  7.-  To  find  the  value  of  a- io  the  equation  x^+2x^  — 
23  x=70.  Ans.  x=5'  1 3467. 

£z.  8.  To  find  the  value  of  x  in  the  equation  x^—  17xs  + 
54^=360.  An«.  a;=  14  95407. 

Ex.  9.  To  find  the  value  of  x  in  the  equation  x^  —  3x*  — 
76x=l0000.  An.  xt=  10-^609. 

Ex  10.  To  find  the  value  of  x  in  the  equation  Sx*  —  16x  -f- 
40x>— 30xss  -1.  Ang  r=l  284724. 

Ex.  11.  To  find  theviilue  of  x  in  the  equation  x«4  ?x«  + 
3«»+4x«+6x=6432l.  Ana.  x=«8  414465. 

Ex.  12.  To  find  the  value  of  x  in  the  equation  x  «» 
123456789.  Ans.  x=: 8 '6400268. 

Ex.  13.  Given  2x-7x»  +  nx»—3x=sn.  to  find  X. 
Ex.  14.  To  find  the  value  of  x  in  the  equation 

(ar»— t^x+l)*— (x3— 4xr^x+3Va;)*=^56. 

Ana.  a:=sl8-360877. 


To  resolve  Ckibic  Equations  by  Cardenas  Rale,  * 

Though  the  foregoing  general  method .  by  the  application 
of  Double*  Position,  be  the  readiest  way,  in  real  practice,  of 
finding  the  roots  in  numbers  of  cubic  equations,  as  well  as  of 
all  the  higher  equations  universally,  we  may  here  acfd  (he  par- 
ticular method  commonly  called  Garden's  Rule,  for  resolving 
cubic  equations,  in  case  any  person  should  choose  occasionally 
to  employ  that  method. 

The  form  that  a  cubic  equation  must  necessarily  have  to 
be  resolved  by  this  rule,  is  this,  viz.  z^+az^b,  that  is, 
wanting  the  second  term,  6r  the  term  of  the  2d  power  r*  . 
Therefore,  after  any  cubic  equation  has  been  reduced  down 
to  its  final  usual  form,  x^+px*  +  yx  ==  r,  freed  from  the 
CO- efficient  of  its  first  term,  it  will  then  be  necessary  to  take 
away  the  2d  term  px*  ;  which  is  to  be  done  in  this  manner  : 
Take  |p,  or  ^  of  the  co-efficient  of  the  second  term,  and 
annex  it  with  the  contrary  sign  to  another  unknown  letter 
z,  thus  2'— l^p  ;  then  substitute  this  for  x,  the  unknown  letter 
in  the  original  equation  x^  +  px'  +  qx^r,  and  there  will 
result  this  reduced  equation  z^  -ih  az^b,  of  the  form  proper 
for  applying  the  following,  or  Garden's  rule.  Or  take  6=^a, 
and  d=^^,  by  which  the  reduced  equation  takes  this  form  z^ 
—.3c  z  =:2rf. 

Then 
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Then  sabatitate  the  ylue  of  c  and  d  in  this 

form  z-^d+^^W+c^)  +  yd-y/(d'+c»), 

or  z  =  V^+T/fd^T^)  _  -—=7  r-^ 

and  the  value  of  the  root  z,  of  the  reduced  equation  z'^+tu 
-B,  will  be  obtained.  Lastly,  take  i=z~ip,  which  will 
give  the  value  of.,  the  required  root  of  the  o4^i'„riequ.tTon 
x*+px'  i-qx=r,  first  proposed.  ^ 

«,-  *  root  of  this  equation  being  thus  obtained,  then  de- 
pressing the  original  equation  one  degree  lower.  aAer  the 
manner  described  p.  860  and  i6i,  the  other  two  riote  of  that 

Sua  Son  *  ""'"*'  ^^  "**'^''  "^  "•"  '*«'"«"«  «»«*»™«« 


•quHtioD 

Aoie.     When  the  co-efficient  o,  or  c,  ia  negative,  and  c«  is 

^eatcr  than  d',  this  is  called  the  irreducible  case,  because 

men  tbe  solution  cannot  be  generally  obtained  by  this  rule. 
M.    10  find  the  roots  of  the  equation  a:*  — bx^-f  lOa:  =  8 
Kirst,  to  take  away  the  td  term,  its  co-efficient  being— 6* 

Its  3d  part  IS  ^2  ;  put  therefore  ar=^+2,  then  * 

x3=z3+6r«  4- 12Z+8 

+  IOx=  +10^+20 

thercf.  thesnmr'    *     —2^4-4=8 
or^'     *      -2z=4 
Here  then  a= — 2,  6=4,  €= — |.  d^2. 

Thercf.  t/.fl[+v^a+c»)=i/4+^(4— ,^)= 

and  i/rf-.^(rf^  +^0= V«^aA^^)«1/2=VW« 
V^—y  ^3=0-42266 
then  tbe  sum  of  thes^e  two  is  the  value  of  r=2. 
Hence  x  ==  2r-f-2  =  4,  one  root  of  x  in  the  eq.  x«-6x«4. 
lOx  =  8.  1  *  -r 

To  find  the  two  other  roots,  perform  the  division,  &c.  as  in 
p.  2U],  thus  : 

J  «-4)x3  ~  6x«  +  10x-8(xa  -2x+2=:0 

x»— 4x« 


-2x«  +  lOx 
-«ap«+  8x 

2x— t 
2x-8 
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Hence  ap*— 2xae— 2,  or  a;*— 2a:+l  =  - 1.  and  «— 1==± 
^  —  I  ;  a;=  1+  v^  —  1  or  =  I — y^—  1 ,  thft  two  odier  sought. 
Ex.  2.  To  find  the  roots  of  a:'— 9x=+28a;=30. 

Ans.  a:=3,  or  nra+v'-"  ^ »  ^'^  "-^  —  %/  —  1 . 
Ex.  3.  To  find  the  roote  of  a;3-.7x«  +  14x=20. 

Ans.  j;=5,  or  =1-1-^—3,  or  =1—^—3. 


OF  SIMPLE  INTEREST* 


As  the  interest  of  any  sum,  for  any  times  is  directly  pro- 
t>ortioDal  to  the  principal  sum,  and  to  the  time ;  imrefore  the 
interest  of  1  pound,  for  1  year,  heing  multiplied  by  any  given 
principal  sum,  and  by  the  lime  of  its  forbearance,  in  years 
and  parts,  will  give  its  interest  for  that  time.  That  is,  if  there 
be  put 

r  =  the  rate  of  interest  of  1  pound  per  annum » 
p  s=  any  principal  sum  lent. 
i  s=  the  time  it  is  lent  for,  and 

a  =  the  amount  or  sum  of  principal  and  interest  ;  then 
is  prt  =  the  interest  of  the  sum/),  for  the  time  r,  and  conseq. 
p+prt  or»X(l+r<)=a,  the  amount  for  that  time. 

From 'this  expression,  other  theorems  <:ao  easily  be  de- 
duced, for  finding  any  of  the  quantities  abovie  mentioned  : 
which  theorems  collected  together,  will  be  as  below. 
1st,  «=p4.pr<,  the  amount, 

Sd,  p  *=7j7-  ,  the  prmipal, 

3d,  r  =  ?^,  the  rate> 
pt 

4th,  t  =  ^^.  the  time. 
pr 

For  Example,  Let  it  be  required  to  find,  in  what  time 
Any  principal  sum  will  double  itself,  at  any  rate  of  simple  in- 
terest. 

In  this  case,  we  must  use  the  first  theorem,  a  ^  p  +  prt^ 
in  which  the  amount  a  must  be  made  s=  2p,  or  double  the 
principal,  that  is,  p+fH  =  f^,  drpW  =  p,  orW  «  J  ;  and 

hence  i  =  — . 

r 

Here, 


\ 


\ 


\ 
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'Here,  r  beiDg  the  intereft  of  1/.  for  I  year,  it  follows,  that 
the  doubling  at  simple  interest,  is  equal  to  the  quotient  of 
any  sum  divided  by  its  interest  for  1  year.  So,  if  the  rate  of 
intt^rest  be  5  per  cent,  then  100-7-6=20,  is  the  time  of 
doubling  at  that  rate. 

Or  the  4th  theorem  gives  at  once 

^-a-^p     ^p'^p     2*- i       1 

t^si — i-ss-L — £:= -s —   the  same  as  before. 

pr  pr  r         r 
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BcsiDBft  the   quantities  concerned    in    Simple  loterett 
namely, 

p  s  the  principal  sum, 

f  ss  the  rate  on  interest  of  U.  for  1  year, 

a  ss  the  whole  amount  of  the  principal  and  interest, 

t  SB  (he  time, 
there  is  another  quantity  employed  in  Compound  Interest, 
viz.  the  ratio  of  the  rate  of  interest,  which  is  the  amount  of 
!/•  for  1  time  of  paiyment,  and  wjiich  here  let  be  denoted  by 
R.  viz. 

Rss:]4.r,  the  amount  of  XL  for  1  time. 
Then  the  particular  amounts  for  the  several  times  may  be 
thus  computed,  viz.     As  1/.  is  to  its  amount  for  any  time,  so 
is  any  proposed  principal  sum,  to  its  amount  for  thelSlme  time; 
that  is,  as 

11.  :  R  :  :  p       :  pR,    the  Ist  year's  amount, 

H.  :  It  :  :  pR    :  pR* ,  the  "^d    year's  amount, 

I/.  :  R  :  :  pR^  :  joR',  the  3d,  year's  amount, 

and  so  on. 
Therefore,  in  general.  pR^^a  is  the  amount  for  the  i  year, 
or  t  time  of  payment.     Whence  the  following  general  theo» 
rems  are  deduced : 

Is,  a^s^pR*^  the  amount, 

8d,  p=5— ,  the  principal, 

3d,  R:^:^^,  the  ratio, 
p 

,,.     ^     log.  of  a  -  loe.  of  p 

From 


' 
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From  which,  any  one  of  the  quantities  may  be  tbund»  when 
the  rest  are  giyen. 

As  to  the  whole  interest,  it  is  found  by  barely  subtracting 
the  principal  p  from  the  amount  a. 

Example,  Suppose  it  be  required  to  find,  in  how  many 
years  any  principal  sum^will  double  itself,  at  any  proposed 
rate  of  compound  interest. 

In  this  case  the  4th  thebiem  must  be  employed,  making 
a=2p  ;  and  then  it  is, 

log,  q— log./>  _log.  2/>~  log.  P«_>og»  g 

log.  R  log.  R  los.  R' 

So,  if  the  rate  of  interest  be  5  per  cent,  per  annum  ;   then 

R=l+'05=1*05  ;  and  hence 

log.  2         -SOIOSO      _  ^^^^ 
1=,—^-—^— —---=:  14-2067  nearly  ; 
log.  1  05      02 II 89  -^  ' 

that  is,' any  sum  doubles  itself  in  14}  years  nearly,  at  the  rate 

of  5  per  cent,  per  annum  compound  interest. 

Hence,  and   from   the    like  question   in    Simple   Interest, 

aboTe  given,  are  deduced  the  times  in  which  any  sum  doubles 

itself,  at  several  rates  of  interest,  both  simple  and  compound  ; 

viz. 


i 


At  1 

'  At  Smp.  Int. 

At  Comp.    Int. 

2 

in    60 

in  35  0028 

H 

40 

28-0701 

3 

3H 

23-4498 

3* 

per  cent,  per  annum 

284 

20- 1488 

4 

interest,    W.   or  any 

26      Kj 

17-6730  Kj 

H 

.      other  sum,  will 

82f    2 

15-7473  2 

6 

double   itself  in  the 

20      3 

14  2067  3 

6 

following  years. 

16f 

ll.f'957 

7 

14f 

lu-2448 

8 

m 

90065 

9 

Hi 

804.^2 

10   J 

L       10 

7-2725       1 

The 
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The  following  Table  will  very  much  facilitate  calculations 
of  compound  interest  on  any  sum,  for  any  number  of  years, 
at  f  arious  rates  of  interest. 


\ 


The  amount  of  H.  in  any  number  of  years* 


\ 


^ 


H   I 


1.0350 
10712 
1.1087 
1.1475 
I  1877 
I  '2293 
1-272J 
1-3168 
•36-29 
1-4106 
14600 
1.5U1 
15640 
1.6187 
1.6753 
1.7340 
i.7947 
1.8575 
1  9225 
1.9898 


1.0400 
i.0816 
1.1249 
1.1699 
1.2167 
1.2653 
1  3159 
1.3686 
1.4233 
1.4802 
1.5895 
1.6010 
1.6651 
1.7317 
1.8009 
1.8730 
1.9+79 
2.025B 
2.1068 
2.1911 


1.0450 

1.0920 

1.1412 

1.1925 

1.2462 

1. 1^023 

1.3609 

1.4221 

1.486li 

1.5530! 

I  6229, 

1.6959 

1.7722 

1.8519 

1.9353 

2.0224 

2.1134 

2.2085 

2.3079 

2.4117 


1.0500  1.0600 
1.1025  1.1236 


1.1576 
1.2155 
1.2763 
1.3401 
1.4071 
1.4775 
1.551  ; 
1.6289 
1.7103 
1 .7959 
1.8856 
1-9799 
2.0789 
2.1829 
2.2920 
2.4066 
2.5270 


1.1910 
1.2625 
1.3382 
1.4185 
1.60)6 
1.5939 
1.6895 
1.7909 
1.8983 
2.0122 
2.1329 
2.2609 
2.3966 
2.54U4 
2.6928 
2.8543 
/3.0256 


2  6533|3.2071 


-  The  use  of  this  Table,  which  contains  all  the  powers,  Rt, 
to  the  20th  power,  or  the  amounts  of  U.  is  chiefly  to  calcu- 
late the  interest,  or  the  amount  of  any  principal  sum,  for  any 
time,  not  more  than  20  years. 

For  example,  let  it  he  required  to  find,  to  how  muoh  £23/. 
will  amount  in  15  years,  at  the  rate  of  5  per  cent,  per  annum 
compound  interest. 

In  the  table,  on  the  line  15,  and  in  the  column  5  per  cent, 
is  the  amount  of  1/.  viz.  -         -         3.0789 

.   this  multiplied  by  the  principal  523 


gives  the  amount 
or 
and  therefore  the  interest  is 


1087.2647 
1087/.  5«.  3id. 
564/.  59.  sld. 


Note  1.  When  the  rate  of  interest  is  to  be  determined  to 
any  other  time  than  a  year  ;  as  suppose  to  ^  a  year,  or  ^  a 
year,  &c  ;  the   rules  are  still  the   same  ;  but  then  t  will 


express 
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•xpreu  that  time,  and  a  mast  be  taken  the  amount  for  that 
time  alio. 

Note  2.  When  the  compound  interest,  or  amount*  of  any 
sum,  18  required  for  the  part»  of  a  year  ;  it  may  be  determin- 
ed in  the  following  manner  : 

l#l.  For  any  time  which  is  some  aliquot  part  of  a  year  :  — 
Find  the  amount  of  1/.  for  1  year,  as  before  ;  then  that  root 
of  it  which  is  denoted  by  the  aliquot  part,  will  be  the  amount 
of  \l.  This  amount  being  multiplied  by  the  principal  sum, 
will  produce  the  amoupt  of  the  given  sum  as  required. 

2</.  When  the  time  is  not  an  aliquot  part  of  a  year  :— Re- 
duce the  time  into  days,  and  take  the  366th  root  of  the  amount 
of  ]/.  for  1  year,  which  will  give  the  amount  of  the  same  for 
1  day.  Then  raise  this  amoupt  to  that  power  whose  index  is 
equal  to  the  number  of  days,  and  it  will  be  the  amount  for 
that  time.  Which  amount  being  multiplied  by  the  principal 
sum,  will  produce  the  amount  of  the  aum  as  before.--- And  in 
these  calculations,  the  operation  by  logarithms  will  be  very 
useful. 


OF  ANNUITIES. 

Annuity  is  a  term  used  for  any  periodical  income, 
arising  from  money  lent,  or  from  house^^,  l.inds,  salaries, 
pensions,  &t.  payable  from  time  to  time,  but  mostly  by  an- 
nual payments. 

Annuities  are  divided  into  those  that  are  in  Possession, 
and  those  in  Keversion  :  the  former  meaning  such  as  have 
commenced  ;  and  the  latter  such  as  will,  not  be^in  till  some 
particular  event  has  happened,  or  till  afler  sume  certain  time 
has  elapsed^ 

When  an  annuity  is  forborn  for  some  years,  or  (he  pay- 
ments not  made  for  that  time,  the  annuity  is  said  to  be  in  Ar- 
rears 

An  annuity  may  also  be  for  a  certain  number  of  years  ; 
or  it  may  be  without  any  limit,  and  then  it  is  called  a  Perpe- 
tuity. 

The   Amount  of  an  annuity,  forborn  for   any  number  of 
years,  is  the  sum  arising  from  the  addition  of  all  the  annui- 
ties for  that  number  of  years,  together  with  the  interest  due 
upon  each  after  it  becomes  due. 

The 
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The  Present  Worth  or  Value  of  an  annuity,  is  the  price  or 
sum  which  ought  to  be  given  for  it,  supposing  it  to  be  bought 
off  or  paid  all  at  once. 

Let  «=Btbe  annuity,  pension,  or  yearly  rent ; 
ft = the  number  of  years  forbom,  or  lent  for  ; 
R=the  amount  of  I/,  fori  year  ; 
m^^the  amount  of  the  annuity  ; 
vs=it8  Talue,  or  its  present  worth. 

Now,  1  being  the  present  ralne  of  the  sum  r,  by  propor- 
tion the  present  yalne  of  any  other  sum  a,  is  thus  leund  : 

as  R  :  1  :  :  a  :  -  the  present  value  of  a  due  1  year  hence. 

In  like  manner  —   is  the  present  value  of  a  due  2  years, 

CL     CL  a     a     tf 

hence  ;  for  tt  :  1  :  :  ^^r  — -.     So  also  —-,  --,  -—,  to.   will  be 

'  rf*    R«  R»     R*     R»' 

the  present  values  of  a,  due  at  the  end  of  3,  4,  6,  &c. 
years  respectively.     Consequently  the  sum  of  all  these,  or 

nued  to  n  terms,  will  be  the  present  value  of  all  then  years' 
annuities.  And  the  value  of  the  perpetuity,  is  the  sum  of 
the  series  to  infinity. 

But  this  series,  it  is  evident,  is  a  geometrical  progression, 

having  —  both  for  its  first  term  and  common  ratio,  and  the 

number  of  its  terms  n  ;  therefore  the  sum  v  of  all  the  terms, 
or  the  present  value  of  all  the  annual  payments,  will  be 

i-ix-L 

V  ^  —^ X  a,or— j^-j-Xjjs 

1 

R 

When  the  annuity  is  a  perpetuity  ;  n  being  infinite,  rb  is 
fldso  infinite,    and  therefore  the  quantity  -^  becomes  >^  0, 

R 

therefore r  X—^alsos^O;  consequently  the  expression  then 

becomes 
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becomes  barely  v= ;  that  is,  any  annuity  divided  by  the 

interest  of  1/.  for  1  year,  gives  the  v«tlae  of  the  perpetuity. 
So,  if  the  rate  of  interest  be  6  percent. 

Then  100a  -^  5  =  20a  is  the  value  of  the  perpetuity  at  5 
per  cent :  Also  lOOa  -7-  4  ==  26a  is  the  value  of  the  perpe- 
tuity at  4  per  cent:  And  lOOa  -r-  ^  =33^a  is  the  value  of  the 
perpetuity  at  3  per  cent :  and  so  on. 

Again,  because  the  amount  of  W.  in  n  years  is  k",  its 
increase  in  that  time  will  be  ro— I  ;  but  its  interest  for  one 
•ingle  year,  or  the  annuity  answering  to  that  increase,  it 
R—  I  ;  therefore  as  r^  1  is  to  r"—  1,  so  is  a  to  m  ;  that  is, 

m^s X  a.     Hence,   the  several  cases  relating  to  An- 

R—  I 

Doities  in  Arrear,  will  be  resolved  by  the  following  equa- 
tion : 

R-1 

m= X  a=T?R" 

R—  1 

R  —  1    ,  a      m 
v= _X— »--; 

•  R 1        R"        r" 

R— I    ,,  R-  1    . 

Xfii= -X-DR"  ; 


RO  — 1  R-1 

iTiR— m-|-a 

,     * — ^~" 

log.  Ill  —  log.  V 

log.  R  log.  R  ' 

,  log.  m— log.  V 

Log.  R=  -*_-_%_  ; 
—  /I  1   X  o 

In   this  last  theorem,  r   denotes  the  present  value  of  an 

annuity  in  reversion,  after  p  yean,  or  not  commencing  till 

aAer  the  first  p  years,   being  found  by  taking  the  difference 

.    ,  X.  .        R"— 1     a       .  hP — 1       a    - 

Detween  the  two  values r-X-  and X — ,  forn  years 

R  — 1      R         R — 1       rp  -^ 

and  p  years. 

But  the  amount  and  present  value  of  any  annuity  for  any 
numbers  of  years,  up  to  2J,  will  be  most  readily  found  by  the 
two  following  tables  .- 


TABLE 
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TABLE  L 

The  Amount  of  an  Annuitj  of  1/.  at  Compound  Interest 

Yrs. 
1 

at  3perc  ■ 

3^  pore,  4per  c. 

4|p  perc. 
1.0000 

5  per  c.  j 

6  perc. 

1.0000 

l.OOOO      1.0000 

1.0000 

1.0000 

2 

9.0300 

9.0350;     9.0400 

^0450 

9.0500 

9.0600 

3 

3.U9U9 

3.1069 

3.1916 

3.1370 

3.1595 

3.1836 

4 

4.1836 

4.9149 

4.9465 

49789 

43101 

43746 

5 

5.3091 

5.3695 

5.4163 

5.4707 

5.5956 

5.6371 

6 

6.4684 

6.5509 

6.6330 

6.7169 

6.8019 

6.H753 

7 

7.6695 

7.7794 

7.8983 

8.0199 

8.1490 

8.3938 

■  8 

8.8993 

9.0517 

9.9149 

9.3800 

9.5191 

9.8975 

9 

10.1591 

10.3685 

10.5898 

10.8091 

11.0966 

11.4913 

10 

11.46d» 

11.7314 

1^.0061 

19.9889 

12.5779 

13.1808 

U 

19L807> 

13.1490 

14.4864 

13.8419 

142068 

14.9716 

13 

14.1990 

.4.6090 

15.0^8 

15.4640 

15.9171 

16.8699 

Id 

15.6178 

16.1130   16  6968 

17.1599 

17.7130 

18.8891 

14 

17.0863 

17.6770    18.9919 

18.9391 

I9.5:'86 

91.0151 

15 

18.5989 

19.^57    90.3936 

90JB41 
99.fl  93 

91.578b* 

93.9760 

16 

9a  1569 

90.9710 

91.8945 

93.6575 

95.6796 

17 

91.7616 

99.7050 

93.6^75 

94.7417, 

95.8404 

98.2199 

18 

93.4141 

94.4997 

<25.6454 

96.8551 

28.1394 

3a9057 

J9 

95.1169 

96.3579 

97.6719 

99.0636 

30.5390 

337600 

90 

96.8704 

98.9797 

99  7781     31.3714 
31.9699    33.7831 

33.0660 

36.7856 

[21 

!tf.6765 

30.9695 

35.7193| 

39.9997 

TABLE  IL     The  present  Value  of  an 

Annuity  of  17. 

Yrs. 

1 

atSperc 

a9ra9 

3jf  perc 

4per  c. 

4^  perc. 
0.9569 

5  perc. 

,6  perc. 

J 

a9669 

0.9615 

a9594 

>      a9434 

8 

1.9136 

1*8997 

1.8861 

1.8797 

1.8594 

>      1.83S4J 

d 

9.8986 

2.8016 

9.7751 

9.7490 

9L7933 

9.673C 

4 

a7l7l 

3.6731 

3.6999 

3.5875 

3.5460 

3.4651 

5 

45797 

4.5151 

44618 

4.3900 

4.0296 

49194 

6 

6.4179 

5.3986 

5J2491 

5.1570 

5.0757 

49173 

7 

6.9303 

6.1145 

6.0090 

5.8997 

5.7864 

5.5824 

8 

7.013" 

6.6740 

67397      6.5959 

6.4639 

6.9098 

9 

7.7861 

7.6077 

7.4353      7.9688 

7.1078 

6.8017 

10 

8.5309 

8.3166 

8.1109 

7.9197 

7.7'il7 

7.3601 

11 

9.9596 

9.0116 

8.7605 

8.5989 

8.3054 

7.8869 

19 

9.9540 

9.6633 

9.385. 

9.1186 

8.8633 

8.3838 

13 

ia6350 

10.3097 

9.9857 

9.6899 

9.3936 

8.8597 

14 

11.9961 

10.99)5 

ia5fi31 

10.9998 

9.8986 

9.2950 

15 

11  9379 

11.5174 

11.1184 

10.7396 

ia3797 

9.7193 

16 

19.5611 

19.0941 

11.6593 

11.9340 

ia8378 

10.1059 

17 

13.1661 

19L6513 

19.1657 

11.7079 

11.9741 

10.4773 

18 

13^535 

13.1897 

19.65:  »d 

13.1600 

11.6896 

10.8976 

19 

14.3938 

13.7098 

13.1339 

I9.5.<33 

19.0853 

11.1581 

90 

14.H775     14.91941 

14590) 

13.0079 

19  4699 

11.4699 

91      15.4150}  14  6980<   14.09991 

ia4047i 

19  8919 

11.7641 
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Tojind  the  Amouni  of  any  annuity  forbom  a  certain  number  of 

years. 

Take  oat  the  amoaot  of  \L  from  the  first  tahle,  for  the 
proposed  rate  aod  time  ;  then  multiply  it  hy  the  given  annui- 
ty ;  and  the  product  will  be  the  amount,  for  the  game  number 
of  years,  and  rate  of  interest.— And  the  converse  to  find  the 
rate  or  time. 

Exam,  To  find  hoiv  much  an  annuity  of  SOL  will  amount  to 
in  20 years,  at  3|  percent,  compound  interest. 

On  the  line  of  '^0  years,  and  in  the  column  of  8^  per  cent. 
stands  28*2797,  which  is  the  amount  of  an  annuity  of  W.'for 
the  20years.  Then  28.2797  X  60gives  1413986/ =>  1413/. 
]9f.  ad.  for  the  answer  required. 

Tojind  the  present  Value  of  any  annuity  for  any  number  of 
years. — Proceed  here  bj^the  2d  table,  in  the  same  manner  as 
above  for  the  1st  table,  and  the  present  worth  required  will 
be  found. 

Exam.  1.  To  find  the  present  value  of  an  annuity  of  502. 
which  is  to  continue  20  years,  at  S^  per  cent. — By  the  table, 
the  present  value  of  U.  for  the  given  rate  and  time,  is 
14-2124;  therefore  14*3124  X  60—710  62L  or  710/.  12s. 
4d,  the  present  value  required. 

Exam,  2.  To  find  the  present  value  of  an  annuity  of  20/. 
to  commence  10  years  hence,  and  then  to  continue  for  1 1 
years  longer,  or  to  terminate  2 1  years  hence,  at  4  per  cent, 
interest. — In  such  cases  as  this,  we  have  to  find  the  difierence 
between  the  present  values  of  two  equal  annuities  for  the 
two  given  times  ;  which  therefore  will  be  done  by  subtracting 
the  tabular  value  of  the  one  period  from  that  of  the  other, 
and  then  multiplying  by  the  given  annuity.  Thus, 
tabular  value  for  21  years  14*0292 
ditto  for     -     -     10  years    8*]  109 

the  difference  6.9183 
multiplied  by  20 

gives    -   -    118  366/. 

or    -    -    -    118/.  7s.  3^c/.  the  answer. 


END  OF  THE  ALGEBRA. 
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DEFINITIONS. 


1.  A.  POINT  is  that  which  has  position, 
bot  DO  magnitude,  nor  dimensiiM  ;  neither 
length,  breadth,  nor  thickness. 

2.  A  Line  is  length,  without  breadth  or  thick- 
ness. 

3.  A  Surface  or  Superficies,  is  an  extensioo 
or  a  figure,  of  two  dimensions ,  length  and 
breadth  ;  but  without  thickness. 

I  4.  A  Bodj  or  Solid,  is  a  figure  of  three  di- 
mensions, namelj,  length,  breadth,  and  depth, 
or  thickness.  « 

5.  Lines  are  either  Right-,  or  cunred,  or 
Mixed  of  these  two. 

6.  A  Right  Line,  or  Straight  Line,  lies  all  in 
the  same  direction,  between  its  extremities  ;  and 
is  the  shortest  distance  between  two  points. 

When  a  line  is  mentioned  simply,  it  means  a 
Right  line. 

7.  A  Curre  continually  changes  its  direction 
between  its  extreme  points. 

8.  Lines  are  either  Parallel,  Oblique,  Per- 
pendicular, or  Tangential. 

9.  Parellel  Lines  are  always  at  the  same  per- 
pendicular distance  ;  and  they  nerer  meet  (hough 
ever  so  far  produced. 

10.  Oblique  lines  change  their  distance,  and 
would  meet,  if  produced  on  the  side  of  the 

least  distance. 

« 

11.  One  line  is  Perpendicular  to  another, 
when  it  inclines  not  more  on  the  one  side  than 

the 
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the  oiher,  or  when  the  angles  od  both  sides 
of  it  are  equal. 

12.  A  Hoe  or  circle  is  Taogential,  or  a 
Tangent  to  a  circle,  or  other  curve,  when  it 
touches  it,  without  cutting,  when  both  are  pro- 
duced. 

13.  An  Angle  is  the  inclination  or  opening 
of  two  lines,  having  different  directions,  and 
meeting  in  a  point. 

14.  Angles  are  Right  or  Oblique,  Acote  or 
Obtuse. 

15.  A  Right  Angle  is  that  which  is  made  by 
one  line  perpendicular  to  another.  Or  when 
the  angles  on  each  side  are  equal  to  one  an- 
other, they  are  right  angles. 

16.  An  Oblique  Angle  is  that  which  is   mad« 
by  two  oblique  lines  ;  and  is   either  Jets  or 
greater  than  a  .right  angle. 

17.  An  Acute  Angle  is  less  than  a  right 
angle. 

18.  An  Obtuse  Angle  is  greater  than  a  right 
angle. 

19.  Superficies  are  either  Plane  or  Curved, 

20.  A  Plane  Superficies,  or  a  Plime,  is  that  with  which 
a  right  line  may  every  way  coincide.  Or,  if  the  line  touch 
the  plane  in  two  points,  it  will  touch  it  in  every  point.  But, 
if  not,  it  is  curved. 

21.  Plane  figures  are  bounded  either  by  right  lineeor 
carves. 

22-  Plane  figures  that  are  bounded  by  right  linaa  have 
names  according  to  the  number  of  their  sides,  or  of  their 
angles  ;  for  they  have  as  many  sides  as  angles  ;  the  least 
number  being  three. 

23.  A  figure  of  three  sides  and  angles  is  called  a  Triangle. 
And  it  receives  particular  denominations  from  the  relatioos  of 
its  sides  and  angles. 

24.  An  Flquilateral  Triangle  is  that  whose 
three  sides  are  all  equal. 


I 


A 


25.  An  Isosceles  Triangle  is  that  which  has 
two  Hides  equal. 

26.  A 
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86.  A  Scalene  Triangle  is  that  whose  three 
sides  are  all  unequal. 

27.  A  Right-angled  Triangle  is  that  which 
has  one  right-angle. 

28.  Other,  trianglee  are  Oblique-angled,  and 
are  either  Obtuse  or  Acute. 

29.  An  Obtuse-angled  Triangle  has  one  ob- 
tuse an|;le. 

30.  An  Acute-angled  Triangle  has  all  its 
three  angles  acute. 

31.  A  figure  of  Four  sides  and  angjjes*  is 
called  a  Qjuadrangle,  or  a  Quadrilateral. 

32.  A  Parallelogram  is  a  quadrilateral  9^hic)i 
has  both  its  pairs  of  opposite  sides  parallel. 
And  it  takes  the  following  particul^  names, 
yiz.  Rectangle,  Square,  Rhombas,  Rhomboid. 

33.  A  Rectangle  is  a  parallelogram  having  a 
right  angle. 

34.  A  sqnare  is  an  equilateral  rectangle  ; 
having  its  length  and  breadth  equal 

36.  A  Rhomboid  is  qn  oblique-angled  paral- 
lelogram. 

36.  A  Rhombus  is  an  equilateral  rhomboid  ; 
having  all  its  sides  equal,  but  its  angles  ob- 
lique. 

37.  A  Trapezium  is  a  quadrilateral  which 

hath  not  its  opposite  sides  parallel. 

t 

38.  A  Trapezoid  has  onl  j  one  pair  of  oppo- 
site sides  parallel. 

39.  A  Diagonal  is  a  line  joining  any  two  op- 
posite angles  of  a  quadrilateral. 


/ 


J 


/7 


40.  Plane  Bgures  that  have  more  than  four  sides,  are,  in 
general,  called  Polygons :  and  they  receive  other  particular 
names,  according  to  the  number  of  their  sides  or  angles, 
Thus, 

41.  A  Pentagon  is  a  polygon  of  five  sides  ;  a  Hexagon,  of 
six  sides;  a  Heptagon,  seven;  an  Octagon,  eight;  a  Nona- 
gon,  nine ;  a  Decagon,  ten  ;  an  Undecagon,  eleven  ;  and  a 
Dodecagon,  tweWe  sides. 

42.  A 
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42.  A  Regular  Polygon  has  all  iU  tides*  and  all  its  angles 
eqoal. — If  they  are  not  both  eqoal,  the  polygon  is  irregular. 

43.  An  Equilateral  Triangle  is  also  a  Regular  Figure  of 
three  sides,  and  the  Square  is  one  of  four,  the  former  being 
also  called  a  Trigon,  and  the  latter  a  Tetragon. 

44.  Any  figure  is  equilateral,  when  all  its  sides  are  equal ; 
and  it  is  equiangular  when  all  its  angles  are  equal.  When 
both  these  are  equal,  it  is  a  regular  ^;ure. 

45.  A  Circle  is  a  plain  figure  bounded  by 
a  curre  line,  called  the  Circumference,  which 
is  erery  where  equidistant  from  a  certain 
point  within,  called  its  Centre. 

The  circumference  itself  is  often  called  a 
circle,  and  also  the  Periphery. 

46.  The  Radius  of  a  circle  is  a  line  drawn 
from  the  centre  to  the  circumference. 


47.  The  Diameter  of  a  circle  is  a  line 
drawn  through  the  centre,  and  terminating  at 
the  circumference  on  both  sides.  . 


48.  An  Arc  of  a  circle  is  any  part  of  the 
circumference. 


49.  A  Chord  is  a  right  line  joining  the  ex- 
tremities of  an  arc. 


50.  A  Segment  is  any  part  of  a  circle  bound- 
ed by  an  arc  and  its  chord. 

51 .  A  semicircle  is  half  the  circle,  or  a  seg- 
ment cut  off  by  a  diameter. 

The  half  circumference  is  sometimes  called 
the  Semicircle. 

52.  A  Sector  is  any  part  of  a  circle  which 
is  bounded  by  an  arc,  and  two  radii  drawn  to 
its  extremities. 

53.  A  Quadrant,  or  Quarter  of  a  circle,  is  a 
sector  having  a  quarter  of  the  circumference 
for  its  arc,  and  its  two  radii  are  perpendicular 
to  each  other.  A  quarter  of  the  circumference 
is  sometimes  called  a  Quadrant. 


V^' 
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64.  The  Height  or  Altitude  of  a  figure  is 
a  perpendicular  let  fall  from  an  angle,  or  its 
yertex,  to  the  opposite  side,  called  the  base. 

56.  In  a  right  angled  triangle,  the  side  op- 
posite the  right  angle  is  called  the  Hypothe- 
nase  ;  and  the  two  other  sides  are  called  the 
Leg5,  and  sometimes  the  Base  and  Perpendi- 
cular. 

66.  When  the  angle  is  denoted  by  three 
letters,  of  which  one  stands  at  the  angular 
point,  and  the  other  two  on  the  two  sides, 
that  which  stands  at  the  angular  point  is  read 
in  the  middle.  Thus  the  angle  contained  by 
the  lines  BA  and  AD  is  called  the  angle  BAD 
or  DAB. 

57.  The  circumference  of  every  circle  is 
supposed  to  be  divided  into  360  equal  parts, 
called  Degrees  :  and  each  degree  into  60 
Minutes,  each  minute  into  60  Seconds,  and 
80  on.  Hence  a  semicircle  contains  1 80  de- 
arees,  and  a  quadrant  90  degrees. 

58.  The  Measure  of  an  angle,  is  an  arc  of 


any  circle  contained  between  the  two  lines  X'^^'vr 


which  form    that  angle,  the  angular   point  ;     v^  ] 

being  the  centre  ;  and  it  is  estimated  by  the  V  / 

number  of  degrees  contained  in  that  arc. 

59.  Lines,  or  chords,  are  said  to  be  Equi- 
dutant  from  the  centre  of  a  circle,  when 
perpendiculars  drawn  to  them  from  the  cen- 
tre are  equal. 

60.  And  the  right  line  on  which  the  Great- 
er Perpendicular  falls,  is  said  to  be  farther 
from  the  centre. 

61.  An  Angle  in  a  segment  is  that  which 
is  contained  by  two  lines,  drawn  from  any 
point  in  the  arc  of  the  segment,  to  the  two 
eitremities  of  that  arc. 

62.  An  Angle  On  a  segment,  or  an  arc,  is  that  Which  is 
contained  .by  two  lines,  drawn  from  any  point  in  the  opposite 
or  supplemental  p»rt  of  the  circumference,  to  the  eitremi- 
ties of  the  arc,  and  containing  the  arc  between  them. 

63.  An  angle  at  the  circumference,  is  that  /^'T-^'^ 
whose  angular  point  is  any  where  in  the  cir-  /    /  \    ' 
Gomference.     And  an  angle  at  the  centre,  is  f  A^nA  ! 
that  whose  angular  point  is  at  the  centre.  V^*^      > 

64.  A  — ^ 
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64.  A  right-lined  6gttre  is  Inscribed  in  a 
circle,  or  tbe  circle  Circamscribes  it»  when 
all  the  angular  points  of  the  figure  are  in  the 
circumference  of  the  circle. 

65.  A  right-lined  figure  Circuinscribeg  a 
circle,  or  the  circle  is  Inscribed  in  it,  when 
all  the  sides  of  tbe  figure  touch  the  circum- 
ference of  tbe  circle. 

66.  One  right-lined  figure  is  inscribed  in 
another,  or  the  latter  Circumscribes  the  for- 
mer, when  all  the  angular  points  of  the  for- 
mer are  placed  in  the  sides  of  the  latter. 

67.  A  Secant  is  a  line  that  cots  a  circle, 
lying  partly  within,  and  partly  without  it. 


68.  Two  triangles,  or  other  right-lined  figures,  ar^  said  to 
be  mutually  equilateral,  when  all  tbe  sides  of  tbe  one  are 
equal  to  the  corresponding  ^ides  of  the  other,  each  to  each  : 
and  they  are  said  to  be  mutually  equiangular,  when  tbe  an- 
gles of  the  one  are  respectively  equal  to  those  of  tbe  other. 

69.  Identical  figures,  are  such  as  are  both  mutually  equi- 
lateral and  equiangular  :  or  that  have  all  the  sides  and  all  the 
angles  of  the  one,  respectively  equal  to  all  the  sides  and  all 
the  angles  of  the  other,  each  to  each  ;  so  that  if  tbe  one 
figure  were  applied  to,  or  laid  upon  the  other,  all  the  sides  of 
the  one  would  exactly  fall  upon  and  cover  all  the  sides  of  the 
other  ;  the  two  becoming  as  it  were  but  one  and  the  same 
figure. 

70.  Similar  figures,  are  those  that  have  all  the  angles  of  the 
one  equal  to  all  the  angles  of  the  other,  each  to  each,  and  the 
sides  about  the  equal  angles  proportional. 

71.  the  Perimeter  of  a  figure,  is  the  sum  of  all  its  sides  ta- 
ken together. 

72.  A  Proposition,  is  something  which  is  either  proposed  to 
be  done,  or  to  be  demonstrated,  aud  is  either  a  problem  or  a 
theorem. 

73.  A  Problem  is  something  proposed  to  be  done. 

74.  A  Theorem  is  something  proposed  to  be  demonstrated. 

75.  A  Lemma,  is  something  which  is  premised,  or  demon- 
strated, in  order  to  render  what  follows  more  easy 

10.  A  Corollary,  is  a  consequent  truth,  gained  immediately 
from  some  preceding  truth  or  demonstration. 

77.  A  Scholium,  is  a  remark  or  observation  made  upon 
something  going  before  it.  AXIOMS. 
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I.  Things  which  are  equal  to  the  same  thing  are  equal  to 
each  other. 

8.  Wheu  equals  are  added  to  equals,  the  wholes  are  equal. 

5.  Wheo  equals  are  taken  from  equals,  the  remainders  are 
equal. 

4.  When  equals  are  added  to  uneqnals,  the  wholes  are  un- 
equal. 

6.  Wheu  equals  are  taken  fifpm  unequals  :  the  remainders 
are  unequal. 

6.  Things  which  are  double  of  the  same  thing,  or  equal 
things,  are  equal  to  each  other. 

7.  Things  which  are  haWes  of  the  same  thing,  are  equal. 

8.  Every  whole  is  equal  to  all  its  parts  taken  together. 

9.  Things  which  coincide,  or  fill  the  same  space,  are  iden- 
tical, or  mutually  equal  in  all  their  parts. 

10.  All  right  angles  are  equal  to  one  another. 

I I .  Angles  that  have  equal  measures,  or  arcs  to  the  same 
radius^  are  equal. 


THfX>RSM  I. 


Ir  two  Triangles  have  Two  Sides  and  the  Included  Angle 
in  the  one,  equal  to  Two  Sides  and  the  Included  Angle  in 
the  other,  the  Triangles  will  be  Identical,  or  equal  in  all 
respects. 

In  tlie  two  triangles  abc,  dbf,  if  C  F 

the  side  ac  be  equal  to  the  side  df, 
and  the  side  bc  equal  to  the  side  ef, 
and  the  anale  c  equal  to  the  angle  r  ; 
then  will  uie  two  triangles  be  iden-  -n   n 

tical,  or  equal  in  all  respects.  -^  B   1/ 

For  conceive  the  trian^e  abc  to  be  applied  to,  or  placed 
on,  the  triangle  def,  in  such  a  manner  that  the  point  c  may 
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coincide   with  the  point  f,   and  the  side  ac  with  the  side  df, 
which  is  equal  to  k. 

Then,  since  the  angle  f  is  equal  to  the  angle  c  (by  hyp.), 
the  ^ide  bc  will  fall  on  the  side  ef.  Also,  because  ac  is 
equal  to  of,  and  bc  equal  to  ef  (by  hyp.),  the  point  a  will 
coincide  with  the  point  d,  and  the  point  a  with  the  point  &  ; 
consequently  the  side  ab  will  coincide  with  the  side  de* 
Therefore  the  two  triangles  are  identical,  and  have  all  their 
other  corresponding  parts  equal  (ax  9),  namely  the  side  ab 
equal  to  the  side  ne,  the  angle  a  to  the  angle  d,  and  the 
angle  b  to  the  angle  e.     q,,  e.  d. 

THEOREM  If. 

When  Two  Triangles  have  Two  Angles  and  the  included 
Side  in  the  one,  equal  to  Two  Angles  and  the  included  Side 
in  the  other,  the  Triangles  are  Identical,  or  have  their  other 
sides  and  angle  equal. 

Let  the  two   triangles  abc,  def,  q  Jf 

have  the  angle  a  equal  to  the  angle 
D,  the  angle  b  equal  to  the  angle  .e, 
and  the  side  ab  equal  to  the  side  de  ; 
then  these   two   triangles  will  be  .  -n   t* 

identical.  A.  D   D 

For,  conceive  the  triangle  abc  to  be  placed  on  the  triangle 
def,  in  such  manner  that  the  side  ab  may  fall  exactly  on  the 
equal  side  de.  Then,  since  the  angle  a  is  equal  to  the  angle 
D  (by  hyp.),  the  side  ac  must  fall  on  the  side  df  ;  and,  in 
like  manner,  because  the  angle  b  is  equal  to'  the  angle  e,  the 
side  bc  must  fall  on  the  side  bf.  Thus  the  three  sides  of  the 
triangle  abc  will  be  exactly  placed  on  the  three  sides  of  the 
triangle  def  :  consequently  the  two  triangles  are  identical 
(ax.  9),  having  the  other  two  sides  ac  bc,  equal  to  the  two 
DF,  EF,  and  the  remaining  angle  c  equal  to  the  remaining 
angle  f.     ci.  e.  d. 

THEOREM  in. 

In  an  Isosceles  triangle,  the  Angles  at  the  Base  are  equal. 
Or,  if  a  Triangle  have  Two  Sides  equal,  their  Opposite 
Ai  gles  will  also  be  equal. 

|f  the  triangle  abc  have  the  side  ac  equal  to 
the  side  bc  :  then  will  the  angle  b  be  equal  to 
the  angle  a. 

For,  conceive  the  angle  c  to  be  bisected,  or 
divided  into  two  equal  parts  by  the  like  cd,  mak- 
ing the  angle  acd  equal  to  the  angle  bcd. 
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Then,  the  two  triangles  acd,  bcd,  have  two  sides  and  the 
contained  angle  of  the  one,  equal  to  tvvo8ide6  and  the  contain- 
ed angle  of  the  other,  viz.  the  side  ac  equal  to  bo,  the  angle 
ACD  equal  to  bcd,  and  the  side  cd  common  ;  therefore  these 
two  triangles  are  identical,  or  equal  in  all  respects  (th.  1)  ;  and 
consequently  the  angle  a  equal  to  the  angle  b.     ^.  r.  d. 

CoroL  1.  Hence  the  line  which  bisects  the  verticle  angle  of 
an  isosceles  triangle,  bisects  the  base,  and  is  also  perpendicu- 
lar to  it. 

CoroL  2.  Hence  too  it  appears,  that  every  equilateral  tri-' 
angle  is  also  equiangular,  or  has  all  its  angles  equal. 

THEOREM  IV. 

.  Wbbn  a  triangle  has  Two  of  its  Angles  equal,  the  Sides  Op- 
posite to  them  are  also  equal. 

If  the  triangle  abc,  have  the  angle  a  equal 
to  the  angle  b,  it  will  also  have  the  aide  aC 
6qaal  to  the  side  bc. 

For,  conceive  the  side  ab  to  be  bisected  in 
the  point  d,  making  ad  equal  to  db  ;  and  join 
DC,  dividing  the  whole  triangle  into  the  two  tri- 
angles acd,  BCD.  Also,  conceive  the  triangle 
acd  to  be  turned  over  upon  the  triangle  bcd» 
so  that  AD  may  fall  on  bd. 

Then,  because  the  line  ad  is  equal  to  the  line  db  (by  hyp.), 
the  point  a  coincides  with  the  point  b,  and  the  point  d  with 
the  point  d.  Also,  hecaase  the  angle  a  is  equal  to  the  angle 
b  (by  hyp.)  the  line  ac  will  fall  on  the  line  bc,  and  the  eitre- 
mity  c  of  the  side  ac  will  coincide  with  the  extremity  c  of  the 
side  bc,  because  dc  is  common  to  both  ;  consequently  the 
side  AC  IS  equal  to  bc.     q.  e.  d.^ 

Carol,  Hence  every  equiangular  triangle  is  also  equilate- 
1^1. 
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When  Two  Triangles  have  all  the  Three  Sides  in  the  one 
equal  to  all  the  Three  sides  in  the  other,  the  Triangles  are 
Identical,  or  have  also  their  Three  Angles  equal,  each  to  each; 

Let  the  two  triangles  abc,  abd, 
have  their  three  sides  respectively 
equal,  viz.  the  side  ab  equal  to  ab, 
AC  to  AD,  and  bc  to  bd  ;  then  shall 
the  two  triangles  be  identical, or  have 
their  angles  equal,  viz  those  angles 


*  This  df  monstrotioa  of  Theorem  iv.  does  net  appt^ar  to  me  to  be  cunclusive. 

EDITOR. 


that 
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that  are  opposite  to  the  equal  sides  ; 
namely,  the  ana^  bag  to  the  angle 
BAD,  the  angle  mc  to  the  angle  abd, 
and  the  angle  .c  to  the  angle  d. 

For»  conceive  the  two  triangles  to 
be  joined  together  by  their  longest 
eqaal  sides,  and  draw  the  line  en. 

Then,  in  the  triangle  acd,  because  the  side  ac  is  equal  to 
AD  ^by  hyp.},  the  angle  acd  is  equal  to  the  angle  adc  (th.  3). 
In  like  manner,  in  the  triangle  bcd,  the  angle  bod  is  equal 
to  the  angle  bdc,  because  the  side  bc  is  equal  to  bd.  Hence 
then,  the  angle  acd  being  equal  to  the  angle  adc,  and  the 
angle  bcd  to  the  angle  bdc,  by  equal  additions  the  sum  of  the 
two  angles  acd»  bcd,  is  equal  to  the  sum  of  the  two  adc, 
BDC,  (ax.  2),  that  is,  the  whole  angle  acb  equal  to  the  whole 
angle  adb. 

Since  then,  the  two  sides  ac,  cb,  are  equal  to  the  two 
sides  AD,  DB,  each  to  each,  (by  hyp.),  and  their  containl&d 
angles  acb,  abd,  also  equal,  the  two  triangles  abc,  abd.  are 
identical  (th.  1),  and  have  the  other  angles  equal,  vis.  the 
angle  bac  to  the  angle  bad,  and  the  angle  abc  to  the  angle  abd. 

^.  E.  D. 

THEOREM  VI. 

When  one  Line  meets  another,  the  Angles  which  it  makes 
on  the  Same  Side  of  the  other,  are  together  equal  to  Two 
Right  Angles. 

Let  the  line  ab  meet  the  line  cd  :  then  will 
the  two  angles  abc,  abd,  taken  together,  be 
equal  to. two  right  angles. 

For,  6rst,  when  the  two  angles  abc,  abd, 
are  equal  to  each  other,  they  arc  both  of    C        B       jb 
them  right  angles  (def.  16.) 

Bat  when  the  angles  are  unequal,  suppose  bc  drawn  per- 
pendicular to  CD.  Then,  since  the  two  angles  ebc,  bbi),  are 
right  angles  (def.  16),  and  the  angle  bbd  is  equal  to  the  two 
angles  eba,  abd,  together  (ax.  8),  the  three  angles,  ebc,  eba, 
and  ABD,  are  equal  to  two  right  Angles. 

But  the  two  angles  ebc,  eba,  are  together  equal  to  the  an* 
g^e  ABO  (ax.  8).  Consequently  the  two  angles,  abc,  abd,  are 
also  equal  to  two  right  angles.     ^.  b.  d. 

Gbro/.  1.  Hence  also,  conversely,  if  the  two  angles  abc, 
abd,  on  both  sides  of  the  line  ab,  make  up  together  two 
right  abgleSi  Uien  cb  and  bs  form  one  continued  right  line 

Carol. 
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Cwolr  2.  Hence,  all  the  angles  wlncb  can  be  made,  at  any 
point  B,by  any  notnber  of  lines,  on  tb^rHaine  si4e  of  tte 
right  line  gd,  are,  when  taken  all  together ,  equal  lo  \me  right 
angles. 

CoroL  3.  And,  as  all  the  angles  that  can  be  made  on  the 
other  side  of  the  line  en  are  also  eqnal  to  two  rr^t  angles  ; 
therefore  all  the  angles  that  can  be  made  qoite  round  a  point 
B,  by  any  number  of  lines,  are  equal  to  four  right  angjles. 

Carol.  4.  Hence  also  the  whole  circumfer- 
ence of  a  circle,  being  the  sum  of  the  mea- 
sures of  all  the  angles  that  can  be  made  about 
the  centre  f  (def.  57),  is  the  measure  of  four 
right  angles.  Consequently,  a  semicircle,  or 
180  degrees,  is  the  measure  of  two  right  an* 
gles  ;  md  a  quadrant,  or  90  degrees,  the  measure  of  one  right 
angle. 

.    THEOREM  VII. 

When  two  Lines  intersect  laach  other,  the  Opposite  Angletf 

are  eqnal. 

Let  the  two  lines  ab,  co,  intersect  in   " 
the  fiotnt  E{  then  will  the  angle  abc  be 
equal  to  the  angle  bed,  and  the  angle  ard 
equal  to  the  angle  ckb. 

For,  since  the  line  ck  meets  the  line  ab, 
the  two  angles  a£c,  bec,  taken  together, 
are  equal  to  two  right  angles  (th.  6). 

In  like  manner,  the  line  be,  meeting  the  line  cd,  makes  the 
two  angles  bbc,  bed,  equal  to  two  right  angles. 

Therefore  the  sum  of  the  two  angles  aec,  bbc,  is  equal  to 
the  sum  of  the  two  bec,  bed  (ax.  1). 

And  if  the  angle  bec,  which  is  common,  be  taken  away  from 
both  these,  the  reoiaining  angle  aec  will  be  equal  to  the  re- 
maining angle  bed  (ax.  3). 

And  in  like  manner  it  may  be  shown,  that  the  angle  abd  is 
equal  to  the  opposite  angle  bec. 

THEOKEM  VIII. 

When  One  Side  of  a  triangle  is  produced,  the  Ootward 
Angle  is  Greater  than  «ither  of  the  two  Inward  Opposite 
Angles. 

Let 
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Let  ABC  be  a  triangle,  having  the 
aide  AB  produced  to  d  ;  then  will  the 
outward  angle  cbd  be  greater  than 
either  of  the  inward  opposite  angles  a 
or  c. 

For,  conceive  the  side  bc  to  be  bi- 
sected io  the  point  e,  and  draw  the  line 
AE  producing  it  till  ef  be  equal  to  ae  : 
and  join  bf. 

Then,  since  the  two  triangles  abc,  bef,  have  the  sid« 
AE  s=  the  side  bf,  and  the  side  ce  ss  the  side  be  (by  suppos.) 
and  the  included  or  opposite  angles  at  e  also  equal  (th.  7), 
therefore  those  two  triangles  are  equal  in  all  respects 
(th.  1),  and  have  the  angle  c  =  the  corresponding  angle 
EBF.  But  the  angle  cbd  is  greater  than  the  angle  ebf  ;  con- 
sequently the  said  outward  angle  cbd  is  also  greater  than  the 
angle  c. 

In  like  m^ner,  if  cb  be  produced  to  o,  and  ab  be  bisected, 
it  may  be  shown  that  the  outward  angle  abo,  or  its  equal  can, 
is  greater  than  the  other  angle  a. 

THEOREM  IX. 

The  Greater  Side,  of  every  Triangle,  is  opposite  to  the 
Greater  Angle  ;  and  the  Greater  Angle  opposite  to  the  Great- 
er Side. 

Let  ABC  be  a  triangle,  having  the  side 
ab  greater  than  the  side  ac  ;  then  will  the 
angle  acb,  opposite  the  greater  side  ab,  be 

greater  than  the  angle  b,  opposite  the  less  

side  AC  A  D3 

For,  on  the  greater  side  ab,  take  the 
part  AD  equal  to  the  less  side  ac,  and  join  cd.  Then,  since 
BCD  is  a  triangle,  the  outward  angle  adc  is  greater  than 
the  inward  opposite  angle  b  (th.  8).  But  the  angle  aco 
is  equal  to  the  said  outward  angle  adc,  because  ad  is  equal 
to  AC  (th.  3).  Consequently  the  angle  acd  also  is  greater 
than  the  angle  b.  And  since  the  angle  acd  is  only  a  part  of 
ACB,  much  more  must  the  whole  angle  acb  be  greater  than 
the  angle  b.     q.  e.  d. 

Again,  conversely,  if  the  angle  c  be  greater  than  the  angle 
B,  then  will  the  side  ab,  opposite  the  former,  be  greater  than 
the  side  ac,  opposite  the  latter. 

For,  if  ab  be  not  greater  than  ac,  it  must  be  either 
equal  to  it,  or  less  than  it.     But  it  cannot  he  equals   for 

then 
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then  the  angle  c  would  be  equal  to  the  angle  b  (th.  3),  which 
it  is  not,  \xy  the  supposition.  Neither  can  ii  be  less,  for  then 
the  angle  c  would  be  less  than  the  angle  b  ,  by  the  former  part 
of  this  ;  which  is  also  contrary  to  the  supposition.  The  side 
AB,  then,  being  neither  equal  to  ac,  nor  less  than  it,  mast  ne- 
cessarily be  greater.     ^.  e.  d. 

THEOREM  X. 

The  Sum  of  any  Two  Si/es  of  a  Triangle  is  Greater  than 

the  Third  Side. 

Let  ABC  be  a  triangle  ;  then  will  the 
sum  of  any  two  of  its  sides  be  greater 
than  the  third  side,  as  for  instances,  ac 
+  CB  greater  than  ab. 

Fur,  produce  ac  till  cd  be  equal  to  cb, 
or  AD  equal  to  the  sum  of  the  two  Ac-f* 
cb  ;  and  join  bd  :  — Then,  because  cd  is  j£^  ^ 

equal  to  cb  (by  constr.).  the  angle  d  is  equal  to  the  angle  cbd 
(th.  3).  But  the  angle  abd  is  greater  than  the  angle  cbd, 
consequently  it  most  also  be  greater  than  the  angle  d.  And, 
since  the  greater  side  of  any  triangle  is  opposite  to  the  greater 
angle  (th.  9),  the  «ide  ad  (of  the  triangle  abd)  is  greater  than 
the  side  ab.  But  ad  is  equal  to  ac  and  cd,  or  ac  and  cb, 
taken  together  (by  constr.)  ;  therefore  ac+cb  is  also  greater 
than  AB.     d  B.  D. 

Corol.     The  shortest  distance  between  two  points,  is  a  sin- 
gle right  line  drawn  from  the  one  point  to  the  other. 

THEOREM  XI. 

Trc  Difference  of  any  Two  Sides  of  a  Triangle  is  Less  than 

the  Third  Side. 

Let  ABC  be  a  triangle  ;  then  will  the 
difference  of  any  two  sides,  as  ab — ac, 
be  less  than  the  third  side  bc. 

For,  produce  the  less  side  ac  to  d, 
till  AD  be  equal  to  the  greater  side  ab,    * 
so  that  CD  may  be  the  difference  of  the 
two  sides  ab«»ac  ;  and  join  bd.     Then,  A.  B 

because  ab  is  equal  to  ab  (by  constr.),  the  opposite  angles  d 
and  ABD  are  equal  (th.  3).  But  the  angle  cbd  is  less  than  the 
angle  abd,  and  consequei^tly  also  less  than  the  equal  angle  d. 
And  since  the  greater  tide  of  any  triangle  is  opposite  to  the 

greater 
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grater  angle  (th.  9)»  the  side  co  (<^  the  triangle  bcd)  is  less 
thaa  the  side  bc.     4.  e.  o. 

THEOREM  XII. 

Wbcr  a  Line  Intersects  two  Parallel  Lines,  it  makes  the 
Alternate  Angles  Eqaal  to  each  other. 

Let  the  line  ef  cut  the  two  parallel 
lines  AB,  CD  :  then  will  the  angle  aev  he 
equal  to  the  alternate  angle  kfd. 

For  if  they  are  not  equal,  one  of  them 
most  he  greater  than  the  other  ;  let  it 
be  EKD  for  instance  which  is  the  greater 
if  possible  ;  and  conceive  the  lineFB  to 
be  drawn  ;  cutting  off  the  part  or  angle  bfb  equal  to  the  an- 
gle ABF  ;  and  meeting  the  line  ab  in  the  point  b. 
.  Then ,  since  the  outward  angle  abf,  of  the  triangle  bbf,  is 
greater  than  the  inward  opposite  angle  bfb  (th.  8}  ;  and  since 
these  two  angles  also  are  equal  (by  the  constr.)  it  follows^ 
that  those  angles  are  both  equal  and  unequal  at  the  same  time : 
which  is  impossible.  Therefore  the  angle  bfd  is  AOt  unequal 
to  the  alternate  angle  aef»  that  is»  they  are  equal  to  each 
other,     q.  e.  d. 

Corol^.  Right  lines  which  are  perpendicular  to  one,  of  two 
parallel  lines,  are  also  perpendicular  to  the  other. 

THEOREM  XIII. 

When  a  line,  cutting  Two  other  Lines,  makes  the  Al- 
ternate Angles  Equal  to  each  other,  those  two  Lines  are  Pa« 
rallel. 

Let  the  line  ef,  cutting  the  two  lines 
ab,  CD,  make  the  alternate  angles  abf, 
DFE,  equui  to  each  other  ;  then  will  ab 
be  parallel  to  cd. 

For  if  they  be  not  parallel,  let  some 
other  line,  as  fo,  be  parallel  to  ab. 
Then,  because  of  these  parallels,  the 
angle  aef  is  equal  (^  the  alternate  angle  efg  (th.  13).  But 
the  angle  af.f  is  equal  to  the  angle  s-tD  (by  hyp.).  There- 
fore the  angle  efo  is  equal  to  the  angle  bfo  (ax.  I)  ;  that  is, 
a  part  is  equal  to  the  whole,  which  is  impossible.  There- 
fore no  line  but  cd  can  be  parallel  to  ab.     <t.  b.  d. 

CoroL  Those  lines  which  are  perpeodicolar  to  the  same 
line,  are  parallel  to  each  other. 

THEOREM 
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THEOREM  XIV. 

WifBN  a  Line  cuts  two  Pnrnllel  Line«,  the  Outvfard  Atigle 
is  Equal  to  the  Inward  Opposite  one,  on  the  Same  Side  ;  and 
the  two  Inward  Angles,  on  the  Same  Side,  equal  to  two  Right 
Angles. 

Let  the  line  ef   cut  the   two  parallel  H 

lines  AB,  CD  ;  then  will  the  outward  angle     j^         q/        -r 
BOB   be  equal   to    the  inward    opposite  7         ' 

angle  onn,  on  the  same  side  of  the   line  / 

BF ;  and  the  two  inward  angles  bob,  ghv,     q'     ^71t  !D 

taken  together,  will  be  equal  to  two  right  / 

angles*  F 

For,  since  the  two  lines  ab  cd,  are  parallel,  the  angle  aoh 
is  eqnal  to  the  aKemate  angle-  ohd,  (th.  12).  Bat  the  ao^le 
AOB  is  eqoal  to  the  opposite  an|^€  bob  (th.  7).  Therefore 
tb«  angle  bob  is  also  equal  to  the  angle  ohd  (ax.  1).    q.  e.  d. 

Again,  because  the  two  adjacent  angles  bob,  bgr,  are  to« 
gether  eqnal  to  two  right  angles  (th.  6)  ;  of  which  the  angle 
BOB  has  been  shown  to  be  equal  to  the  angle  ghd  ;  therefore 
the  two  angles  bob,  grd,  taken  together,  are  also  equal  to 
two  right  aogles. 

Corol.  1 .  And,  conyersely,  if  one  line  meeting  two  other 
Imes,  make  the  angles  on  the  same  side  of  it  equal,  those  two 
lines  are  parallels. 

Corol,  i.  If  a  line,  cutting  two  other  lines,  make  the  sum 
of  the  two  inward  angles,  on  the  same  side,  less  than  two 
right  angles,  those  two  lines  will  not  be  parallel,  hut  will  odeet 
each  other  when  produced. 

THECtfltM  XV. 

Thosb  Lines  which  are  Parallel  to  the  Same  Lin^,  ate 

Parallel  to  each  othef . 

Let  the  Lines  ab,  cd,  be  each  of 

them  parallel  to  the  line  ef  ;   then  a         .    G         y% 

shall  the  lines  ab,  cd,  be  parallel  to  j 

each  other.  C ■  j    —  -jy 

For,  let  the  line  gi  be  perpendicular       j^  '  "p 

to  BP.  Then  will  this  line  be  also  per-  ^ 

pefidicular  16  both  the  lines  ab,  en,  (corol.  th.  It)  and   con<^ 
sequently  the  two  lines  ab,  cd,  are  parallels  (corol.  th.   13)* 

Vor.!  I.  38  THEOREM 
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THEOREM  XVI. 

When  one  Side  of  a  triangle  is  produced,  the  Oatward 
Angle  is  eqaal  to  botb-the  Inward  Opposite  Angles  taken  to- 
geuer. 

Let  the  aide,  ab,  of  the  triangle 
ABC,  be  produced  to  d  ;  then  will  the 
outward  angle  cbd  be  equal  to  the 
sum  of  the  two  inward  op|>o^ite  an* 
gles  A  and  c. 

For,  conceive  be  to  be  drawn  pa- 
rallel to  the  side  ac  of  the  triangle.  Then  bc,  meeting  the 
two  parallels  ac,  bs,  makes  the  alternate  angle^^  c  and  cbb 
equal  (th.  12).  And  ad,  cutting  the  same  two  par.illeK  ac, 
BE,  makes  the  inward  and  outward  angles  on  the  •«aroe  ^ide,  a 
and  kbd,  equal  to  each  other  (th.  14^.  Therefore,  by  equal 
additions,  the  sum  of  the  two  angles  a  and  c,  is  equal  to  the 
ram  of  the  two  cbe  and  ebd,  that  is,  tothe  jvbole  angle  cbd 
(by  ax.  2).     «.  b.  d« 

THEOREM  XVII. 

In  any  Triangle,  the  sum  of  all  the  Three  Angles  is  equal  to 

Two  Right  Angles. 

Let  ABC  be  any  plane  triangle  ;  then 
tbesum  of  the  three  angles  a  +  b  +  c 
is  equal  to  two  right  angles. 

For,  let  the  side  ab  be  produced  to  d. 
Then  the  outward  angle  cbd  is  equal 
to  the  sum  of  the  two  inward  opposite 
angles  A+c  (th.  16).  To  each  of  these  equals  add  the  in- 
ward anf^e  b,  then  will  the  sum  of  the  three  inward  angles 
A-f-B+c  be  equal  to  the  sum  of  the  two  adjacent  anglen  abc 
-j-cBD  (ax.  2).  But  the  sum  of  these  two  last  adj  xent  an- 
^es  is  equal  to  two  right  angles  th.  6).  Theri-fore  also  the 
gum  of  the  three  angles  of  the  triangle  a-J-b+c  is  equal  to 
two  right  angles  (ax.  1).     <^.  e.  d. 

CoroL  1.  If  two  angles  in  one  triangle,  be  equal  to  two 
angles  in  another  triangle,  the  third  angles  will  also  be  equal 
(ax.  3),  and  the  two  triangles  equiangular. 

Corol.  2.     If  one  angle  in  one  triangle  be  equal  to  one  an- 

^ein  another,  the  sums  of  the  remaining  angles  will  abo  be 

equal  (ax.  3). 

Corol. 
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CoroL  3.  If  one  angle  of  a  triangle  be  right,  the  saoi  of 
the  other  two  will  bIao  be  equal  to  a  right  angle,  and  each  of 
them  singly  will  be  acute,  or  less  than  a  right  angle. 

CoroL,  4.  The  two  least  angles  of  every  triangle  are  acute, 
or  each  less  than  a  right  angle. 

THEOREM  XVin. 

Iir  any  Qtiadrangle.  the  sum  of  all  the  Four  Inward  Angles,  if 

equal  to  Four  Right  Angles. 

Let  ABCD  be  a  quadrangle  ;  then  the 
sum  of  the  fo44r  inward  angles,  a-|-b-(-cH* 
D  is  equal  to  four  right  angles. 

Let  the  diagonal  ac  be  drawn,  dividing 
the  quadrangle  Into  two  triangles,  abc,  ado. 
Then,  because  the  sum  of  the  three  an- 
gles of  each  of  these  triangles  is  equal  to 
two  right  angles  (th  17)  ;  it  follows,  that  the  sum  of  all  the 
anglei*  of  both  trtanii;leK,  which  makeup  the  four  angles  of  the 
quadrangle,  must  be  equal  to  four  right  angles  (az.  9^.  ^.  b.  b. 

Cord.  1 .  Hence,  if  three  of  the  angles  be  right  ones,  the 
fourth  will  also  be  a  right  angle. 

Corol.  ?.  And  if  the  sum  of  two  of  the  four  angles  be 
equal  lo  two  right  angles,  the  sum  of  the  remaining  two  will 
also  be  equal  to  two  right  angles. 

THEOREM  XIX. 

In  any  figure  whatever,  the  Sum  of  alLthe  Inward  Angles, 
taken  together,  is  equal  to  Twice  as  many  Right  Angles, 
wanting  four,  as  the  Figure  has  Sides. 

Let  ABCDC  be  any  figure ;  then  the 
sum  of  all  its  inw^d  angles.  a4-b+C'1~ 
D-(-E,  is  equal  to  twice  as  many  right  an- 
gles, wanting  four,  as  the  figure  has  sides. 

Tor,  from  auy  point  p,  within  it,  draw 
lines  FA«  PB,  PC,  &.c.  to  all  the  angles, 
dividing  the  polygon  into  as  many  tri- 
angles as  it  has  sides.  Now  the  sum  of  the  three  angles  of 
each  of  these  triangles,  is  equal  to  two  right  angles  (th.  17)  ; 
therefore  the  sum  of  the  angles  of  all  the  triangles  is  equal 
to  twice  as  many  i  ight  angles  as  the  figure  has  sides.  Bot 
the  sum  oi  all  the  angles  about  the  point  p,  which  are  so 

maify 
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tnaoy  of  the  angles  of  the  triaDgle?,  but  no  part  of  the  in- 
ward  angles  of  the  polygon,  is  equal  to  four  right  angles 
(corol.  3,  (li.  6),  and  must  be  deducted  out  of  the  former  9um. 
Hence  it  follows  that  the  sum  of  all  (he  inward  nnglen  of  the 
polygon  alone  a+b  +  c+i>+e,  is  equal  to  twice  as  many  right 
angles  as  the  figure  has  sides,  wanting  the  said  four  right  an- 
gles.*    ^.  E.  D. 

THEX>R£M  XX. 

Whkw  every  Side  of  any  Figure  is  produced  oof,  the  Sum 
of  all  the  Outward  Angles  thereby  m.ide,  is  equal  to  Four 
Uight  Anglos. 

L^t  A,  B,  c.  &c.  be  the  outward 
lingoes  of  any  polygon,  nicule  by  pro- 
du(3ng  all  the  sides  ;  then  will  the  sum 
A+B+c+to+K,  of  all  those  outward 
UDgles,  Ve  equal  to  tour  right  angles. 

For  ev>ery  ope  of  these  outward  au- 
gleS|  together  with  its  adjacent  inward 
Ungle,  make  up  two  right  angles,  as  a 
^a  equal  to  (wo  right  angles,  being 
the  two  angles  made  by  one  line  meeting  another  (th.  6)« 
And  there  being  as  many  outward,  or  inward  angles,  as  the 
figure  has  sides  :  therefore  the  sum  of  all  the  inward  and  out- 
ward angles,  is  equal  .totwice  as  many  right  angles  as  the 
figure  has  sides.  But  the  sum  of  all  the  inward  angles,  with 
four  right  angles,  is  equal  to  twice  us  many  right  angles  as  the 
figure  has  sides  (th.  19).  Therefore  the  sum  of  all  the  in- 
ward and  all  the  outward  angles;  is  equal  to  the  sum  of  all  the 
inward  aisles  and  four  right  angles  (by  ax.  1).  From  each  of 
these  take  away  all  the  inward  angles,  and  there  remata  all 
the  outward  angles  equal  to  four  right  angles  (by  ax.  3). 

THE0REM  XXI. 

A  PfiAPfiRDlct7LAR  is  the  Shortest  Line  that  can  be  drawn 
from  a  OiTen  Point  to  an  Indefinite  Line.  And,  of  any  other 
Lines  drawn  from  the  same  Point,  those  that  are  Nearest  the 
Per^ndicuiar  are  less  than  thos^e  More  Remote. 

If  AB,  AC)  AD,  ^.  be  lines  drawn  from 
the  given  point  a,  to  the  indefinite  tine  de, 
of  which  AB  is  perpendicular.  Then  shall 
the  perpendicular  a  a  be  less  than  ac,  and 
ic  less  than  at>.  &c. 

For  the  angle  b  being  a  right  one,  (he 


V  This  demonstration  dues  not  apply  to  all  rectilineal  figures.    Ed. 
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eugle  c  is  acute  (by  cor.  3,  th.  17),  and  tberelbre  less  than 
tbe  aogleB.  But  the  less  angle  of  a  triangle  is  subtended  by 
the  less  side  (tb.  9).  Therefore  the  side  ab  is  less  than  tbe 
side  AC. 

Again,  the  angle  acb  being  acute,  as  before,  the  adjacent 
angle  ago  will  be  obtuse  T  by  tb.  6)  ;  consequently  the  angle 
D  is  acute  (corol.  3,  th.  17;,  and  therefore  is  le>*s  than  the  an- 
gle c.  Anil  siiice  the  less  side  is  opposite  to  the  less  angle, 
therefore  the  side  ac  is  less  than  the  side  ad.     ^.  e.  d. 

Corol,  A  perpendicular  is  the  least  distant  of  a  given  point 
from  a  hue. 

THEOREM  XXn. 

The  Opposite  Sides  and  Angles  of  any  Parallelogram  are 
equal  to  each  other  ;  and  the  Diagonal  divides  it  into  two 
Equal   I'riangles. 

Let  ABCD  be  a  parallelogram,  of  which 
the  diagonal  is  bd  ;  then  will  its  opposite 
sides  and  angles  be  equal  to  each  other, 
and  tbe  diagonal  bo  will  divide  it  into  two 
equal  parts,  or  triangles. 

For,  since  the  sides  ab   and  dc  are  pa* 
FBllel,  as  also  the  sides  ad  and  bc  (defin. 
32),  and  the  line  bd  meets  them  ;  therefore  the   alternate 
angles  are  equal  (th.  W),  namely,  tbe  angle  abd  to  the  angle 
cdb,  and  the  angle  adb  to  the  angle  cbd.     Hence  the  two  tri- 
angles, having  two  angles  in  the  one  equal  to  two  angles  in  the 
other,  have  also  their   third   angles  equal   (cor.  1,  tb.  17), 
namely,  the  angle  a  equal   to  the  angle  c,  which  are  two  of 
tbe  opposite  angles  of  the  parallelogram. 

Also,  if  to  the  equal  angles  abd,  cdb,  be  added  the  equal 
a&gles  cBo,  adb,  the  wholes  will  be  equal  (ax.  S),  namely,  tbe 
opposite  angles  of  tbe  parallelogram.  ^.  e.  d. 

Again,  since  tbe  two  triangles  are  mnlually  equiangular, 
and  have  a  side  in  each  equal,  >iz.  the  common  side  bd  ;  there- 
fore the  two  triangles  are  identical  (th.  2),  to  equal  in  all 
respects,  namely,  the  side  ab  equal  to  the  opposite  side  do, 
and  ad  equal  to  the  opposite  side  bc,  and  the  whole  triangle 
ABD  equal  to  the  whole  triangle  bcd.  ^»  e.  d. 

Corol. 
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CoroL  1.  Hence,  if  one  angle  of  a  parallelogram  be  a  right 
angle,  all  the  other  three  will  also  be  right  angles,  and  the 
parallelogram  a  rectangle. 

CoroL  2.  Hence  also,  the  sum  of  any  two  adjacent  angles 
of  a  parallelogram  is  equal  to  two  right  angles. 

THEOREM  XXIII. 

Every  C^u ad ri lateral,  whose  Opposite  Sides  are  equal,  is  a 
Parallelogram,  or  has  its  Opposite  Sides  Parallel. 

Let  ABCD  be  a  quadrangle,  having  the 
oppoi^ite  sides  equal,  namely,  the  side 
AB  equal  to  DC.  and  ad  equal  to  bc  ;  then 
shrill  these  equal  flides  be  aUo  parallel,        _  _ 

and  the  figure  a  parallelogram.  ^  ^ 

For,  let  the  diagonal  bd  be  drawn. 
Then,  the  triangles,  abd,  cbd,  being  mutually  equilateral  (by 
hyp.)  they  are  aUo  mutually  equiangular  (th.  5),  or  have 
their  corresponding  angles  equal  ;  consequently  the  opposite 
sides  are  parallel  (th.  13; ;  viz.  the  side  ab  parallel  to  pc,  and 
AD  parallel  to  bc,  and  the  figure  is  a  parallelogram.  ^  -e«  d. 

THEOREM  XXIV. 

* 

^THOf<E  Lines  which  join  the  Corresponding  Extremes  of 
two  Equal  and  Parallel  Lines,  are  themselves  Equal  and  Pa- 
rallel. 

Let  AB,  DC,  be  two  equal  and  parallel  lines  ;  then  will  the 
lines  ad,  bc,  which  join  their  extremes,  be  also  equal  and  pa- 
rallel.    [See  the  fig.  above.] 

For,  drnw  the  diagonal  bd.  Then,  because  ab  and  dc  are 
parallel  by  hyp.)  the  angle  abd  is  equal  to  the  alternate  an- 
gle bdc  (th.  it).  Hence  then,  the  two  triangles  having  two 
sides  and  the  contained  angles  equal,  viz.  the  side  ab  equal  to 
the  side  dc,  and  the  side  bd  comnM>n,  and  the  contained  angle 
ABD  equal  to  the  contained  angle  bdc  they  have  the  remaining 
sides  and  angles  also  respectively  equal  (th.  1)  ;  consequent- 
ly AD  is  equal  to  bc,  and  also  parallel  to  it  (th.  12)»     q.  b.  d. 

• 

THEOREM  XXV. 

Parallklograms,  as  also  Triangles,  standing  on  the  Same 
Base,  and  between  the  Same  Parallels,  are  equal  to  each 
other. 

Let 
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Let  ABCD,  ABEF«  be  two  parallelo- 
grams, and  ABC,  ABF,  two  triangles, 
standiDg  on  the  same  base  ab,  and  be- 
tween the  same  parallels  ab,  de  .  then 
will  the  parallelogram  abcd,  be  equal 
to  the  parallelogram  abkk,  aitd  the  tri- 
angle ABC  eqa««l  to  the  triangle  abf. 

For  since  the  line  oe  cnts  t%%o  parallels,  af,  be,  and  the 
two  AD,  Bc,  it  mtikes  the  an^le  e  eqiirti  to  the  hu^Ih  akd.  and 
the  single  o  equal  Co  the^angle  bce  (th.  \4)  ;  the  two  tri-ins^les 
ADF,  bce,  are  therefore  equiangulrir  (cor.  K  th.  f7);  and  hay- 
ing the  two  correspondini;  Aides,  ad,  bc,  equHl  (th.  ^2),  being 
opposite  sides  of  a  pa  rd  I  e  log  ram,  these  two  triangles  are 
identical,  or  equal  in  all  respects  (th.  ^).  If  each  of  th<*se 
equ^l  triangles  then  be  taken  from  the  whole  space  abed, 
there  will  remain  the  parallelogram  abbf  in  tht*  one  case, 
equal  to  the  paralleloj^rara  abcd  in  the  other  (by  ax.  3). 

Also  the  triangles  abc,  abf.  on  the  same  base  ab,  and  be- 
tween the  same  pardllels,  are  equal,  being  the  halves  of  the 
said  equal  parallelograms  (th   '^t)      q,.  b   o. 

Cftrol,  1.  Parallelograms,  or  triangles,  having  the  same 
base  and  altitude,  are  equal.  For  the  altitude  is  the  same  as 
the  perpendicular  or  distance  between  the  two  parallels, 
which  is  every  where  equal,  by  the  definition  of  parallels 

Corol  2.  Parallelograms,  or  triAngle$>,  having  equal  bases 
and  altitudes,  are  equal.  For,  if  the  one  fitfure  be  applied 
with  its  base  on  the  other,  the  baseK  will  coincide  or  be  the 
same.^  because  they  are  equal  :  and  so  the  two  figures^  hav- 
ing the  same  base  and  altitude,  are  equal. 

THEOREM  XXVr.    ' 


If  a  Parallelogram  and  a  Triangle  stand  on  the  Same 
Base,  and  between  the  Same  Parallels,  the  Parall*  logram  will 
be  Double  the  Triangle,  or  the  Triangle  Half  the  Parallelo- 
gram. 

Let  ABCD  be  a  parallelogram,  and  abe, 
a  triangle,  on  the  same  base  ab,  and  between 
the  same  parallels,  ab,  dk  ;  then  will  the  pa- 
rallelogram ABCD  be  double  the  triangle  abe, 
or  the  triangle  half  the  parallelogram. 


For,  draw  the  diagonal  ac  of  the  paral- 
lelogram, dividing  it  into  two  equal  parts 
(tl^.  22).     Then  because  the  triangles  abc. 


A      B 


ABE, 
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ABB,  on  the  same  base,  aod  between  the  same  parallels,  are 
eqaal  (th.  26)  ;  and  because  the  one  triangle  abc  ia  half  the 
parallelogram  abcd  (Ih.  28),  the  other  eqnul  triangle  abe  is 
also  equal  to  half  the  same  parallelogram  abcd.     q.  e.  d. 

Corol.  1 .  A  triangle  is  equal  to  half  a  parallelogram  of  the 
same  base  and  altitude,  because  the  altitude  is  the  perpendi- 
cular distance  between  the  par;«llfls  which  is  every  where 
equal,  by  the  definition  of  (larHlleU. 

Corol  2.  If  the  base  of  a  parallelogram  be  half  that  of  a 
triangle,  of  the  same  altitude,  or  the  ha!*e  of  the  triangle  be 
double  that  of  the  parallelc^ram,  the  two  figures  will  be  equal 
to  each  other. 

THEOREM  XXVII. 

Rectjlkglbs  that  are  contained  by  Cquid  Lines,  are  Equal 

to  each  other. 

LetBD,  FH,  be  two  rectangles,  having         D C  H 

the  sides  ab,  bc,  equal  to  the  sides  ef,  fo, 
each  to  each  ;  then  will  the  rectangle  bo 
be  equal  to  the  rectangle  fh. 

For,  draw  the  two  diagonals  ag,  eg, 
dividing  the  two  parallelograms  each  into 
two  equal  parts.  Then  the  two  triangles  abc,  efo,  are  equal 
to  each  other  (th.  1),  because  they  have  two  sides  ab,  bc, 
and  the  contained  angle,  b,  equal  to  the  two  aides  ef,  fo,  and 
the  contained  angle  f  (by  hyp.).  But  these  equal  triangtea 
are  the  halves  of  the  respective  rectangles.  And  because  the 
halves,  or  the  triangles,  are  equal,  the  wholes,  or  the  rect^ 
angles,  db^  hf,  are  also  equal  (by  az.  6).     a*  b-  n. 

Corol,  The  squares  on  equal  lines  are  also  equal ;  for 
every  square  is  a  species  of  rectangle. 

THEORSaU  XXVIII. 

The  Complements  of  the  parallelograms,  which  are 
about  the  diagonal  of  any  Parallelogram,  are  equal  to  each 
other. 

Let  AC  be  a  parallelogram,  bd  a  dia-  T> G 

gonal,  BiF  parallel  te  ab  or  dc,  and  oih 
parallel  to  ad  or  bc,  making  ai,  ic  com- 
plements to  the  parallelograms  eo,  hf,  _ 
which  are  about  the  diagonal  db  :  then            j^  -y^ 
will  the  complement  ai  be  equal  to  the 

complement  tc.  '  . 

^  For, 
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For,  since  the  diagonal  db  bisects  the  three  parallelograms 
ACt  Eo,  HF,  (th.  2S)  ;  therefore,  the  whole  triangle  dab  being 
eqaal  to  the  whole  triangle  dcb,  and  the  parts  dei,  ihb,  re- 
spectively equal  to  the  parts  doi,  ifb,  the  remaining,  parts  ai, 
ic,  must  also  be  equal  (by  ax.  3).     (i.  e.  d. 


THEOREM  XXIX. 


A  Trapezoid,  or  Trapezium  having  two  Sides  Parallel,  is 
equal  to  Haifa  Parallelogram,  whose  Base  is  the  Sum  of  those 
two  Sides,  and  its  Altitude  the  Perpendicular  Distance  be- 
tween them. 


C  H 


Let  abcd  be  the  trapezoid,  having  its 
two  sides  ab,  dc,  parallel ;  and  in  ab  pro- 
duced take  BE  equal  to  dc,  so  that  ae  may 
be  the  sum  of  the  two  parallel  sides  ; 
produce  dc  also,  and  let  ef,  gc,  bh,  be 
all  three  parallel  to  ad.  Iben  is  af  a 
paralleltigram  of  the  same  altitude  with  the  trapezoid  abcd, 
having  its  base  ae  equal  to  the  sum  of  the  parallel  sides  of 
the  trap4*zoid  ;  and  it  is  to  be  proved  that  the  trapezoid  abcd 
IB  equal  to  half  the  parallelogram  af. 

Now,  since  triangles,  or  parallelograms,  of  equal  bases  and 
altitude,  are  equal  (corol.  2,  th.  25),  the  parallelogram  do  is 
equal  to  the  parallelogram  he,  and  the  triangle  cob  equal  to 
the  triangle  chb  ;.  consequently  the  line  bc  bisects,  or  equally 
divides,  the  parallelogram  af,  and  abcd  is  the  hdlf  of  it. 


Q.  E.  D. 


THEOREM  XXX. 


2)      G  H  C 


The  Sum  of  all  the  Rectangles  contained  under  one  Whole 
Lint,  and  the  several  Parts  of  another  Line,  any  way  divided, 
18  Equal  to  the  Rectangle  contained  under  the  Two  Whole 
Lines. 

Let  AD  be  the  one  line,  and  ab  the 
other,  divided  into  the  parts  ae,  ef,  fb  ; 
then  will  the  rectangle  contained  by  ad 
and  AB,  be  equal  to  the  sum  of  the  rect- 
angles  of  ab  and  ae,  and  ad  and  EF,and 
AD  and  FB  :  thus  expressed,  ad  .  ab  xs  v    -u^  "n 

ad  .  AE+AD  .  EF+Ab  .  FB.  A.         E      T  B 

For,  make  the  rectangle  ac  of  the  two  whole  lines  ad,  ab  ; 
and  draw  eg,  fh,  perpendicular  to  ab,  or  parallel  to  ad.  to 
which  they  are  equal  (ih.  22).  Then  the  whole  rectangle 
AC  is  made  up  of  all  the  other  rectangles  ag,  eh,  fc.     But 
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these  rectaoglei  are  contained  by  ad  and 

AE,  Eo  and  KF,  FH  and  fb  ;  which  are  equal 
to  the  rectangles  of  ad  and  ae,  ad  and  bf, 
AD  and  fb,  because  ad  is  equal  to  each  of 

the  two,  Ko,  FH.     Therefore  the  rectangle v^ 

AD  .  AB  is  equal  to  the  sum  of  all  the  other  A.       J£    *  JS 
rectangles  AD  .  ae,  ad  .  ef,  ad  .  fb.  *.  e.  d. 

CoroL  If  a  right  line  be  divided  into  any  two  parts  ;  the 
square  on  the  whole  line,  is  equal  to  both  the  rectangles  of 
the  whole  line  and  each  of  the  parts.  • 

THEOREM  ZXXI. 

The  Square  of  the  Sum  of  two  Lines  is  greater  that  the 
Sum  of  their  Squares,  by  1'wice  the  Rectangle  of  the  said 
Lines.  Or  the  Square  of  a  whole  Line,  is  equal  to  the 
Squares  of  its  two  Parto,  together  with  Twice  the  Rectangle 
of  those  Parts. 

Let  the  line  ab  be  the  sum  of  any  two 
lines  AC,  CB  :  then  will  the  square  of  ab  be 
equal  to  the  squares  of  ac,  cb,  together  with 
twice  the  rectangle  of  ag  .  cb.  That  is, 
ab*s=ac*+(^b*-|-2ac  .  CB. 

For,  let  ABDE  be  the  square  on  the  sum        A       G  B 
or  whole  line  ab,  and  acfo  the  square  on 
the  part  ac.     Produce  cf  and  op  to  the  other  side  at  a  and  r. 
'  From  the  lines  ch,  oi,  which  are  equal,  bein|(  each  equal 
to  the  sides  of  the  square  ab  or  bd  (th.  22),  take  the  parts 
gf,  of,  which  are  also  equal,  being  the  sides  of  the  square 

AF,  and  there  remains  ph  equal  to  fi,  which  are  also  equal  to 
Dii,  Di,  being  the  opposite  sides  of  a  pamllelogram.  Hence 
the  figure  hi  is  equilateral :  and  it  has  all  its  angles  right  ones 
(corol.  l,th.  W)  ;  it  is  therefore  a  square  on  the  line  fi,  or 
the  square  of  its  equal  cb.  Also  the  figures  bf,  fb,  are  equal 
to  two  rectangles  under  ac  and  cb,  because  gf  is  equal  to  ac, 
and  FH  or  fi  equal  to  cb.  But  the  whole  square  ad  is  made 
up  of  the  four  figures,  viz.  the  two  squares  af,  fd,  and  the 
two  equal  rectangles  ff,  fb.  That  is,  the  square  of  ab  is 
equal  to  the  squares  of  ac,  cb,  together  with  twice  the  rect- 
angle of  AC,  CB.     q.  E.  D. 

Corol.  .Hence*  if  a  line  be  divided  into  two  equal  parts  ;  the 
square  of  the  whole  line,  will  be  equal  to  four  times  tlie 
aquare  of  half  the  line. 

THEOREM 
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THEOREM  XXXII. 


Tbb  Square  of  the  Difference  of  two  Lines,  is  less  than 
the  Sam  of  their  Squares,  by  Twice  the  Rectangle  of  the 
•aid  Lines. 

Let  AC,  Bc,  be  any  two  lines,  and  ab 
their  difference  :  then  will  the  sqnare  of  ab 
be  less  than  the  squares  of  ac,  bc,  by  twice 
:the  rectangle  of  ac,  and  bc.  Or,  ab'=ac* 
+BC*  .Sac  .  bc. 


Kl 


For  let  ABDB  be  the  square  on  the  dif- 
ference AB,  and  Acro  the  square  on  the 
line  AC.     Produce  ed  to  h  ;    also  produce 
DB  and  Hc,  and  draw  ki,  making  bi  the  square  of  the  other 
liae  BC. 

Now  it  is  visible  that  the  square  ad  is  less  than  the  two 
squares  af,  bi,  bythe  two  rectangles  kf,  di.  But  of  is  equal 
to  the  one  line  ac,  and  qe  or  fh  is  equal  to  the  other  line  bc  ; 
consequently  the  rectangle  bf,  contained  under  eo  and  gf,  is 
equal  to  the  rectangle  of  ac  and  bc. 

Again,  fh  being  equal  to  ci  or  bc  or  dh,  by  adding  the  com- 
mo9  part  ac,  the  whole  hi  will  be  equal  to  the  whole  fc,  or 
equal  to  ac  ;  aud  consequently  the  figure  di  is  equal  to  the 
rectangle  contained  by  ac  and  bo* 

Hence  the  two  figures  ef,  di,  are  two  rectangles  of  the 
two  lines  ac,  bo  ;  and  consequently  the  square  of  ab  is  less 
than  the  squares  of  ac,  bc,  by  twice  the  rectangle  of  ac  .  bc 


q.  B.  D. 


THEOREM  XXXm. 


The  Rectangle  under   the  Sum  and    Difference  of  two 
Lines,  is  equal  to  the  Difference  of  the  Squares  of  those 
"Lines. 

Let  AB,  AC,  be  any  two  unequal  lines  ; 
then  will  the  difference  of  the  squares  of 
AB  AC,  be  equal  to  a  rectangle  under  their 
sum  and  difference.     That  is. 


K  D 


AB*— AC?=5AB+AC  .  AB— AC. 

For,  let  ABDB  be  the  square  of  ab,  and 
ACFO  the  square  of  ac.  Produce  db  till  bh 
be  equal  to  ac  ;  draw  hi  parallel  to  a b  or 
BD,  and  produce  fc  both  ways  to  i  and  k. 

Then  the  difference  of  the  two  squares  ad,  af,  is  evi- 
dently 
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deotly  the  two  rectangles  ef,  kb.  Bot  the  rectangles  ef,  bi« 
are  equal,  being  contained  under  equal  lines  ;  for  bk  and 
BH  are  each  equal  to  ac,  and  ge  is  equal  to  cb,  being  each 
equal  to  the  difference  between  ab  and  ac,  or  their  equals 
AS  and  AG.  Therefore  the  two  ef,  kb,  are  equ  «1  to  the  two 
CB,  Bi,  or  to  the  v>'hole  klh  ;  and  consequently  kh  is  equal  to 
the  difference  of  the  squares  ad,  af.  Hut  kh  is  a  rectangle 
contained  by  dh,  or  the  sum  of  ab  and  ac,  and  by  ko,  or  the 
difference  of  ab  and  ac.  Therefore  the  difference  of  the 
squares  of  ab,  ac,  is  equal  to  the  rectangle  under  their  sum 
and  difference,     q.  e.  d. 


THEOREM  X3CXIV. 

In  any  Right-angled  Triangle,  the  square  of  the  Hypothe- 
Duse,  is  equal  to  the  Sum  of  the  Squares  of  the  other  two 
Sides. 

Let  ABC  be  a'  right-angled  triangle, 
haying  the  right  angle  c  ;  then  will  the 
square  of  the  hypothenuse  AB,be  equal 
to  the  sum  of  the  squares  of  the  other 
two  sides  ac,  cb.  Or  ab*  =  ac*  + 
mc«. 

For,  on  ab  describe  the  square  ae, 
and  on  ac,  ob,  the  squares  ag,  bh  ; 
then  draw  ck  parallel  to  ad  or  be  ;  and 

join  AI,  BF,  CD,  CE. 

Now,  because  the  line  ac  meets  the  two  co,  cb,  so  as  to 
make  two  right  angles,  these  two  form  one  straight  line  ob 
(corol.  1,  th.  6).  And  because  the  angle  fac  is  equal  to  the 
angle  dab,  being  each  a  right  angle  or  the  angle  of  a  square  ; 
to  each  of  these  equals  add  the  common  anele  bac,  so  will  the 
whole  angle  or  sum  fab,  be  equal  to  the  whole  angle  or 
sum  CAD.  But  the  line  fa  is  equal  to  the  line  ac,  and  th^ 
line  AB  to  the  line  ad,  being  sides  of  the  same  square  ;  so  that 
the  two  sides  fa,  ab,  aud  their  included  aigle  fab.  are  equal 
to  the  two  sides  ca,  ad,  and  the  contained  angle  cad  each  to 
each  ;  therefore  the  whole  triangle  afb  is  equal  to  the  whole 
triangle  acd  (th.  1). 

But  the  square  ag  is  double  the  triangle  afb,  on  the  same 
base  FA,  and  between  the  same,  parallels  fa,  gb  (th.  26)  ;  in 
like  manner,  the  psrallelogram  ak  is  double  the  triangle  acd, 
on  the  same  base  ad,  and  between  the  same  parallels  ad,  ck. 
And  since  the  doubles  of  equal  things  are  equal,  (by  ax.  6)  ; 
therefore  the  square  ag  is  equal  to  the  parallelogram  ak. 

In 
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In  like  manner,  the  other  square  bh  is  proVed  eqnal  to  the 
other  parallelogram  bk.  Consequently  the  two  squarei*  ao 
and  BH  together,  are  equal  to  the  two  parallelograms  ak  and 
BK  together,  or  to  the  whole  square  as.  That  19,  the  sum  of 
the  two  squares  00  the  two  leu  sides,  is  equal  to  the  square 
on  the  greatest  side.     a.  £•  n. 

CoroL  t.  Hence,  the  nquare  of  either  of  the  two  less  sides, 
is  equal  to  the  difference  of  the  squares  of  the  hypothenuse 
and  the  other  side  (ax.  3)  ;  or,  eqn;il  to  the  rectangle  con- 
tained by  the  sum  and  difference  of  the  said  hypolhenube  and 
other  side  (th.  33). 

Carol'  2.  Hence  aUo,  if  two  right-angled  triangles  have 
two  sides  uf  the  one  equal  to  two  corresponding  sides  of  the 
other  ;  their  third  sides  will  also  be  equal,  and  the  triangle 
identical. 


THEOREM  XXXV. 

In  any  Triangle,  the  Difference  of  the  Squares  of  the  two 
Sides,  is  equal  to  the  Pifference  of  the  Squares  of  the  Seg- 
ments of  the  Ra<-e,  or  of  the  two  Lines,  or  Distances,  includ- 
ed between  the  Eitremes  of  the  Base  and  the  Peipendicular. 

Let  ABC  be  any  triangle,  having  %^  Q 

CD  perpendicul  ir  to  ab  ;  then  will 
the  difference  of  the  i^quares  of  ac, 
Bc,  be  equ^l  to  the  difference  of  the 
squares  of  ad,  bd  ;  that  is,  ac' — 
BC»=AD«-BD>.  A      BD    A      JDB 

For,  since  ac|  is  equal  to  ad«  +cd»  >      ,^    ^^  ^. 
and  BC*  w  equal  to  bd»^-cd-  J      ^  "^  ' 

Theref.  the  difference  between  ac*  and  bc*,  ^ 

is  equal  to  the  difference  between  ad*-|-cd* 

and  bd*  -J-cd', 
or  equal  to  the  difference  between  ad*  and  bd*, 
by  taking  away  the  common  square  cd*.  <i.  s.  D. 

Corol,  The  rectangle  of  the  sum  and  difference  of  the  two 
side^  of  any  triangle,  is  equal  to  the  rectangle  of  the  sum  and 
difference  of  the  distances  between  the  perpendicular  and  the 
two  extremes  of  the  base,  or  equal  to  the  rectangle  of  the 
base  and  the  difference  or  sum  of  the  segments,  according  aB 
the  perpendicalar  falls  within  or  without  the  triangle. 

That 
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That  is,  AC  >f-  bc  *  ac  —  bc^ad  "^  bd  .  ad—  bd 

Or,  AC  +  BC  .  AC  —  BC  »  AB  .  AD  ^-  BD  ID  the  2d  ^gure. 

Aod  AC  +  BC  *  AC  —  BC  =K  AB  .  AD  +  DB  io  the  Ist  figure. 

THEOREM  XXXVI. 

Ih  any  Obtuse-angled  Triangle,  the  Square  of  the  Side 
sabtending  the  obtuse  Angle,  is  Gceater  than  the  Sum  of  the 
Squ.ire§  of  the  other  two  Sides,  by  Twice  the  Rectangle  of 
Che  base  and  the  Distance  of  the  Perpendicular  from  the  Ob- 
tuse Angle. 

Let  ABC  be  a  triangle,  obtuse  angled  at  b,  and  cd  p^pendi- 
cular  to  AB  ;  then  will  tbe  square  of  ac  be  greater  than  the 
squares  of  ab,  bc,  by  twice  the  rectan^^le  of  ab,  bd.  '  That  is, 
AC'  =abs  -i-BC*  -f-^AB  .  BD.     bee  tbe   Ist  fig*  above,  or  below. 

For,  since  the  square  of  the  whole  line  ad  is  equal  to  the 
squares  of  the  parts  ab,  bd,  with  twice  tbe  rectangle  of  the 
same  parts  ab,  bd  (th.  31)  ;  if  to  each  of  these  equals  there 
be  added  the  square  of  cd,  then  the  squares  of  ad,  cd,  will  be 
equal  to*  the  squares  of  ab,  bd,  cd,  with  twice  the  rectan- 
gle of  ab,  bd  (by  ax.  2). 

But  the  squares  of  ad,  cd,  are  equal  to  the  square  of  ac  ; 
and  the  squares  of  bd,  cd,  equal  to  the  square  of  bc  (th.  34)  ; 
therefore  the  square  of  ac  is  equal  to  tbe  squares  of  ab,  bc» 
together  with  twice  the  rectangle  of  ab,  bd*     ^.  b.  d. 

THEOREM  XXXVII. 

In  any  Triangle,  the  Square  of  the  Side  subtending  an 
Acute  Angle,  is  Less  than  the  Squares  of  the  Base  and  the 
other  Side,  by  Twice  the  Rectangle  of  tbe  Base  and  the  Dis- 
tance of  the  Perpendicular  from  the  Acute  Angle. 


Let  ABC  be  a  triangle,  baling 
the  angle  a  acute,  and  cd  perpen- 
dicular to  AB ;  then  will  the  ^quare 
of  BC,  be  less  than  the  squaref^  of 
AB.  AC,  by  twice  the  rectangle  of 

AB,  AD.       That  is,  BC««AB»  +AC« 
— -iAB  .  AD 


A.    B  D   A.    DB 

For, 
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Far,  in  fig.  1,  ac«  it »  bc»+ab*+2ab  .  bd  (th.  36). 
To  each  of  these  equak  add  the  square  of  ab, 
then  is  ab»+ac*=bc«+2ab»+2ab  .  bd  (ai.  2), 
.  or  3SBC*-f  2a8  .  AD  (th.  30). 

<l.  E.  D. 

AgaiDy  io  fig.  2,  AC*  is  =  ad'-|-i>c*  (th.  34). 
And  ab>=ad>-|-i>b^+2ad  .  db  (th.  61). 
Tberef.  AB>+Ac»  =  BD«+Dc«+2Ai>a+2AD  .  BD  (ax.  2), 

OP  -=BC»  +  11!aD«+«AD  .  DB  (th.  34), 

or  stbc'+Sab  .  AD  (th.  30).  q.  b.  d. 

THEOREM  XXZVIII. 

In  anj  Triangle,  the  Double  of  the  Square  of  a  Line  drawn 
from  the  Vertex  to  the  Middle  of  the  Base»  together  with 
Double  the  Square  of  the  Half  Base,  is  equal  to  the  Sum  of 
the  Squares  of  th^  other  Two  Sides. 

Let  ADC  be  a  triangle,  and  cd  the  line 
drawn  from  the  vertex  to  the  middle  of  y 

the  base  ab,  diyiding  it  into  two  equal 
parts  ad,  db  ;  then  will  the  sum  of  the 
squares  of  ac,  cb,  be  equal  to  twice  the 

sum  of  the  squares  of  cd,  bd  ;  or  ac'+  "^ ^—^ — ^ 

cb»=2cd»+2db«.  -A.      D  K  B 

For,  let  CE  be  the  perpendicular  to  the  baxe  ab.  Then,  since 
(by  th  36)  ac'  exceeds  the  sum  of  the  two  nqoares  ad*  and 
CD*  (or  BD*  and  cd*)  by  the  double  rectangle  3ad  .  ob  (or 
2bd  .  de)  ;  and  ^mce  (bj  th.  57)  bc*  is  less  than  'the  same 
^um  by  the  i«aid  double  rectangle ;  it  is  manifest  that  both  ac' 
and  Bc*  together  must  be  equal  to  that  sam  twice  taken  ;  the 
excess  on  the  one  part  making  the  defect  on  the  other. 

^«  B*  D. 
THEOREM  XXZOL 

Ik  an  Isosceles  Triangle,  the  Square  of  a  Line  drawn  from 
the  Vertex  to  any  Point  in  the  Base,  together  with  the  Rect- 
angle of  the  Segments  of  the  Base,  is  equal  to  the  Square  of 
one  of  the  Equal  Sides  of  the  'Iriaugle. 

Let  ABO  be  the  isosceles  triangle,  and 
CD  a  line  drawn  from  the  vertex  to  any  C 

point  D  in  the  base  :  then  will  the  square 
of  AC,  be  equal  to  the  square  of  cd,  to- 
gether with  the  rectangle  of  ad  and  db. 
That  is,  ac*=cd"4-ad  .  db. 

For, 


c 
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For,  let  CB  bisect  the  vertical  angle ;  then  will  it  abo 
bisect  the  base  ab  perpendicularly  making  ae^eb  (cor.  1. 

th.  3). 

But,  in  the  triangle  acd,  obtuse  angled  at  d,  the  square 
j^c«  is'=  CD«  +  AD» +j;Ar_DB  (th.  36), 

or  =  CD*+AD  .   AP+^HE    (th.  30), 

or  =  CD*  +AD  .  AE  +  PE, 

or  =  CD*+AD  .   BE  +  I>E» 

or  sss  CD*^*AD  •  DE« 

a.  E.  D.         ADS     B 

THEOREM  XL. 

1m  any  Parallelogram,  the  two  Diagonals  Bisect  each  other  j 
and  the  Sum  of  their  Squares  i^  equal  to  the  Sum  of  the 
Squares  of  all  the  Four  Sides  of  the  Parallelogram. 

Let  ABGD  be  a  parallelogram,  whose 
diagonals  intersect  each  other  in  e  ;  then 
will  AE  be  equal  to  rc.  and  be  to  ed; 
and  the  sum  of  the  squares  of  ag,  bd, 
will  be  equal  to  the  sum  of  the  squares 
of  AB,  Bc,  CD,  DA.      ihat  is, 

AE=^EC,  and  BE^ED, 
and  AC3+BD«=--AB«+BC«+CD«+DA». 

For,  the  triangles  aeb,  dkc,  are  equiangular,  because  thejr 
have  the  opposite  angles  at  e  equal  (th.  7),  and  the  two  lines 
AC,  BD,  meetingthe  parallels  ab,  dc.  make  the  angle  bar  equal 
to  the  angle  dce,  and  the  angle  abe  equal  to  the  angle  cdb, 
and  the  fide  ab  eqtial  to  the  side  dc  (th.  22)  ;  therefore  these 
two  triangles  are  identical,  and  have  their  corresponding  sides 
equal  (th.  2),  viz.  ae=eg,  and  be=:ed. 

Again,  since  ac  is  bisected  in  e,  the  sum  of  the  squaree 
AD»+DC»=2AEa+2i>E^  (th   38). 

In  like  manner,  AB»+Bc>=2AE«+2BEa  or  2de3. 
Theref.  AB«+Bc»+CDa+DA*=4AE«+4DKa  (aic.  2). 

But,  because  the  square  of  a  whole  line  is  equal  to  4  times 
the  square  of  half  the  line  (cor.  th.  31),  that  is,  Aca=s4AE«, 
and  bd*=4de*. 

Theref.  ab*+bc»+cd>+da»=ac3+bo«  (ax.  1). 

Q.  E.  D. 
THEOREM 
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THBOREM  XU. 

If  a  Line,  drawn  through  or  £roiD  the  Centre  of  a  Circle, 
Bisect  a  Chord,  it  will  be  Perpeiuiicolajr  to  it ;  or  if  it  be  Per- 
pendicular to  the  Chord,  it  will  ftisect  bpth  the  Chord  apd 
the  arc  of  the  Chord. 

Let  AB  be  any  chord  io  a  circle,  aod  cd 
a  line  drawn  from  the  centre  c  to  the 
chord.  Then,  if  the  chord  be  bisected  in 
the  point  d,  cd  will  be  perpendicular  to  ab. 

For,  draw  the  two  radii  ca,  cb.  Then, 
the  two  triangles  acd,  bcd,  having  ca  equal 
■to  cB  (def.  45),  and  cd  comn^on,  also  ap 
equal  to  bd  (by  hjpp.) ;  they  have  all  the  three  side-  of  the 
<9iie,  «qual  to  all  the  three  tides  of  live  other,  and  so  Jiave 
(their  aQgl€3  also  equal  (tb.  5).  Heocfe  tlieq,  the  ao^e  adc 
being  equal  to  the  angle  boc;  these  angles  are  right  angles, 
and  Uie  line  cd  is  perpendicular  to  ab  (def.  11). 

Again,  if  cd  be  perpendicular  to  ab,  then  will  the  chord  ab 
be  bisected  nt  the  point  d,  or  have  ac  equal  to  db  ;  and  the 
arc  ae;b  bisected  in  the  point  e,  or  have  ab  equal  eb. 

For,  having  drawn  ca,  cb,  as  before.  Then  in  «the  triao- 
gle  ABC,  because  the  aide  ca  is  equal  to  the  side  cb,  their  op- 
posite angles  a  and  a  are  also  equal  (th.  3).  Hence  thea,  in 
the  two  triangles  acd,  bcd,  the  an^e  a  is  eq«al  to  the  angle  b, 
and  the  angles  at  d  are  equal  (def  11);  therefore  their  third 
angles  are  also  equal  (corol.  1,  th.  17).  And  having  the  .side 
CD  common,  they  have  also  the  side  ad  equal  to  the  side  db 
(th.  «). 

Also,  since  the  angle  ace  is  equal  ,to  fhe^atigle  bcb,  the  arc 
AB,  which  measures  the  former  (def.  57),  is  equal  to  the  a^ 
bb,  which  measures  the  latter,  since  et^ual  ^ngUs  must  b.a]re 
equal  measures. 

Curd.  Hence  a  line  -bisecting  any  chord  at  right  angles, 
passes  through  the  centre  of  the  circle. 

THEOREM  XLn. 

If  More  than  Two  Equal  Lines  can  be  drawf  from  aoy 
Point  within  a  Circle  to  the  CircqipieteDce,  that  PoAnt  will  >e 
the  cenM^e. 

Vol.  1.  40  Let 
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Let  ABC  be  a  circle,  aod  d  a  point 
within  it :  then  if  any  three  lines,  da, 
DB,  DC,  drawn  from  the  point  d  to  the 
circnmference,  be  equal  to  each  other, 
the  point  d  will  be  the  centre. 

For,  draw  the  chords  ab,  bc,  which 
let  be  bisected  in  the  point  k,  f,  and 
join  DB,  dp. 

Then,  the  two  triangles,  dak,  dbe,  have  the  side  da  eqoal 
to  the  side  db  by  supposition,  and  the  side  ae  equal  to  the  side 
EB  bj  hypothesis,  also  the  side  de  common  :  therefore  these 
two  triangles  are  identical,  and  have  the  angles  at  e  eqaal  to 
each  other  (th.  6)  ;  conseauently  db  is  perpendicular  to  the 
middle  of  the  chord  ab  (del.  11),  and  therefore  passes  through 
the  centre  of  the  circle  (^orol.  Ih.  41). 

In  like  manner,  it  may  be  shown  that  df  passes  through  the 
centre.  Consequently  the  point  d  is  the  centre  of  the  circle^ 
and  the  three  equal  lines,  da,  db,  dc,  are  radii.  ^.  b.  d. 

THEOREM  XLIIL 

If  two  Circles  touch  one  another  Internally,  the  Centres  of 
the  Circles,  and  the  Point  of  Contact  will  be  all  in  the  Same 
Right  Line. 

Let  the  two  circles  abc,   ade,  touch  A. 

one  another  internally  in  the  point  a  ; 
then  will  the  point  a  and  the  centres  of 
those  circles  be  all  in  the  same  right 
line. 

For,  let  f  be  the  centre  of  the  circle 
ABC,  through  which  draw  the  diameter 
AFC  Then,  if  the  centre  of  the  other 
circle  can  be  out  of  this  line  ac,  let  it  be  supposed  in  some 
other  point  as  g  ;  through  which  draw  the  line  fo  cutting  the 
two  circles  in  b  and  d. 

Now  in  the  triangle  afg,  the  sum  of  the  two  sides  fg, 
oA  is  greater  than  the  third  side  af  (th.  10),  or  greater  than 
its  equal  radius  fb.  From  each  of  these  take  away  the 
common  part  fo,  and  the  remainder  oa  will  be  greater 
than  the  remainder  ob.  But  the  point  o  being  supposed 
the  centre  of  the  inner  circle,  its  two  radii,  oa,  qd,  are 
equal  to  each  other ;  consequently  gd  will  also  be  greater 
than  oB.     But  ade  being  the  inner  circle,  od  is  necessarily 

less 
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lets  than  ob.  So  that  od  is  both  greater  and  leis  than  qb  ; 
which  iff  absurd.  CoDseqaeotly  the  centre  o  cannot  be  out 
of  the  line  afc.     ^.  s.  d. 


THEOREM  XLIV. 

Ir  two  Circles  Toach  one  another  Externally,  the  Centres 
of  the  Circles  and  the  Point  of  Contact  will  be  all  in  the  Same 
Right  Line. 

Let  the  two  circles  abc,  ade,  toach  one 
another  externally  at  the  point  a  ;  then  will 
the  point  of  contact  a  and  the  centres  of  the 
two  circles  be  all   in  the  SHme  right  line. 

For,  let  F  be  the  centre  of  the  circle  abc, 
through  which  draw  the  diameter  afc,  and 
produce  it  to  the  other  circle  at  b.  Then,  if 
the  centre  of  the  other  circle  adb  can  be  out 
of  the  Hue  fe,  let  it,  if  possible,  be  supposed 
io  some  other  point  as  o  ;  and  draw  the  lines 
Ao,  FB,  DO,  cutting  the  two  circles  in  b  and  d. 

Then,  in  the  triangle  afo,  the  sum  of  the  two  sides  af, 
AO,  is  greater  than  the  third  side  fo  (th.  10).  But,  f  and  g 
beiof  the  centres  of  the  two  circles,  the  two  radii  ga,  od, 
are  equal,  as  are  also  the  two  radii  af,  fb.  Hence  the  sum 
of  OA,  AlP,  is  equal  to  the  sum  of  gd,  bf  ;  and  therefore  this 
latter  sum  also,  gd,  bf,  is  greater  than  gf,  which  is  absurd. 
Consequently  the  centre  o  cannot  be  out  of  the  line  ef. 

q.  e.  d. 

THEOREM  XLV. 


Anv  Chords  in  a  Circle  which  are  Equally  Distant  from  the 
Centre,  are  Equal  to  each  other  ;  or  if  they  be  Equal  to  each 
other,  they  will  be  Equally  Distant  from  the  Centre. 

Let  ABy  CD,  be  any  two  chords  at  equal 
distances  from  the  centre  o  ;  then  will 
these  two  chords  ab,  cd,  be  equal  to  each 
other.^ 

For,  draw  the  two  radii  ga,  gc,  and 
the  two  perpendiculars  ge,  gf,  which  are 
the  equal  distances  from  the  centre  o. 
Then,  the  two  right-angled  triangles, 
OAE,  ocF,  having  the  side  ga  equal  the  side  oc,  and  the  side 
OB  equal  the  side  gf,  and  the  angle  at  b  equal  to  the  angle 

at 
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at  p,  therefore  the  two  triftDgtefl,  oa«, 
aer,  «re  identical  (cor.  2,  th.  34),  and 
have  the  line  ab  equal  the  line  or. 
But  AB  19  the  double  of  ae,  and  cd  is 
the  double  of  of  (th.  41);  therefore 
AB  is  equal  tocD  (by  ax.  6).  ^.  e.  !>• 

Ajrain,   if  the  chord   ab   be  equ.*l   to 
the  cliord  cd  :  then  will   their  distances  from  the  centre,  OE, 
OF,  afeo  be  equal  to  each  other. 

For,  since   ab  is  equal  cd   by  supposition,   the  fcalf  AB  w 

equal  the  half  cr.     Also  the   radii  oa,  oc,  bemg  eq^ial,  as 

well  Hs  the  right  angles  e  and  f,  therefore  the  third  sides  are 

eaual  (cor.  2,  th,  34)  or  the  distance  oe  equal  the  distance  or. 

^       ^  ^.  B.  ©• 


THEOREM  XLVI. 

A  Line  Perpendicular  to  the  Extremity  of  a  Radius,  is  a 

Tangent  to  the  Circle. 

Let  the  line  adb  be  perpendicular  to  the 
radius  cd  of  a  circle  ;  then  shall  ab  touch 
the  circle  in  the  point  d  only. 

For,  from  any  oth^r  point  e  in  the  line 
ab  draw  cfe  to  the  centre,  cutting  the  cir- 
cle in  F. 

Then,  because  the  angl^"  d,  of  the  triangle  cdb,  is  a  right 
angle,  the  angle  at  e  is  acute  (tb.  17,  cor.  ^),  and  cooseqaeat* 
ly  less  than  the  angle  d.  But  the  greater  side  is  always  oppo- 
site to  the  greater  angle  (th.  9  ;  therefore  the  side  ce  is  great- 
er than  the  side  cd,  or  greater  than  its  equal  cf.  Hence  the 
point  E  is  without  the  circle  ;  and  the  same  for  every  other 
point  in  the  line  ab.  Consequently  the  whole  line  is  withoot 
the  circle,  and  meets  it  in  the  point  d  only. 


THOREM 
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Wbbn  a  Line  is  a  Tangent  to  a  Circle,  a  Raditn  dt'atm  to  the 
Point  of  Contact  is  Perpendicalar  to  the  Tangent. 

Let  the  line  ab  touch  the  circumference  of  a  circle  at  the 
point  o  ;  then  will  the  radius  cd  be  perpendicular  to  the  tanr 
gent  AB.     [See  the  lust  figure.] 

For,  the  line  ab  being  wholly  withojiit  the  ^ircnmlerence 
except  at  the  point  d.  eiery  other  lin<>y  as  «k  firawti  itom 
the  centre  c  to  the  line  ab,  must  paaa  out  of  the  circle  ta  as* 
rife  at  this  line.  The  line  cd  ia  therefore  the  shortest  tbot^ 
can  be  drawn  from  the  point  c  to  theiine  ab,  and  coase<|neBtp 
\y  rth.  Si)  it  is  perpendicular  to  that  line. 

Corol.  Hence,  converselj,  a  line  drawn  perpendicular  to  a 
tangent,  at  the  point  of  contact,  passes  through  the  centre  of 
the  circle. 

THEOREM  XLVni. 

TfiE  Angle  formed  by  a  Tangent  and  Chord  ia  Measured  by 

Half  the  Arc  of  that  Chord. 

Let  AB  be  a  tangent  to  a  circle,  and  cd 
a  chord  drawn  from  the  point  of  contact 
c ;  then  is  the  ai^le  bcd  meflBvred  by  half 
the  arc  cfd,  and  the  angle  acd  measured 
by  half  the  arc  cod. 

For,  draw  the  radius  sc  to  the  point  of 
contact,  and  the  radius  ef  perpendicular 
to  the  chord  at  h. 

Then,  the  radius  ef,  be  ng  perpendicular  to  the  chord  co, 
bisects  the  arc  cfd  (th.  41).     Therefore  cf  is  half  the  a^ 

CFD. 

In  the  triangle  ceh  ,  the  angle  h  being  a  right  One,  the  sum 
of  the  two  remaining  angles  e  and  c  is  equal  to  a  right  angl6 
(corol.  S,  th.  17),  which  is  equal  to  the  apgle  bck,  because 
the  radius  ce  is  perpendicular  to  the  tangent.  From  each  of 
theae  equals  take  away  the  common  part  or  angle  c,  and  there 
remains  the  angle  %  equal  to  the  angle  bcd.  But  the  angle  e 
is  measured  by  the  arc  cf  (def.  67),  which  is  the  half  of  cfd  ; 
therefore  the  equal  angle  bcd  must  also  have  the  same  mea- 
sure, namely,  half  the  arc  cfd  of  the  chord  cd. 

Again, 
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Again,  the  line  ocr,  being  perpendicular 
to  the  chord  cd,  biiects  the  arc  cob,  (th. 
41).  Therefore  co  ia  half  the  arc  cod. 
Now,  aince  the  line  cb,  meeting  fo,  makea 
the  aum  of  the  two  angles  at  b  equal  to 
two  right  angles  (th.  6),  and  the  line  cd 
makes  with  ab  the  sum  of  the  two  angles 
at  c  equal  to  two  rigM  angles  ;  if  from 
these  two  equal  sums  there  be  taken  away  the  parta  or  anglea 
cxn  and  bch  which  hare  been  proved  equal,  there  remains 
the  angle  cbo  equal  to  the  angle  ach.  But  the  former  of 
these,  CEO,  being  an  angle  at  the  centre,  is  measured  by  the 
arc  CO  (def.  57)  ;  conaequenfly  the  equal  angle  acd  must  also 
have  the  same  measure  co,  which  is  half  the  arc  cod  of  the 
chord  CD.     q.  E.  d. 

Corol.  1-  The  sum  of  two  right  angles  is  measured  by 
half  the  circumference.  For  the  two  angles  bcd,  acd,  which 
make  up  two  right  angles,  are  measured  by  the  arcs,  cf,  co» 
which  make  up  half  the  circumference,  fq  being  a  diameter. 

Carol.  2.  Hence  also  one  right  angle  must  have  for  its 
measure  a  quarter  of  the  circumference,  or  90  degrees. 

THEOREM  SUX. 


Air  Angle  at  the  Circumference  of  a  Circle,  is  measured  by 

Half  the  Arc  that  subtends  it. 

Let  bac  be  an  angle  at  the  circumference  ; 
it  has  for  its  measure,  half  the  arc  bc  which 
subtends  it. 

For,  suppose  the  tangent  de  passing 
through  the  point  of  contact  a.  Then,  the 
angle  dac  being  measured  by  half  the  arc 
ABC,  and  the  angle  dab  by  half  the  arc  ab 
(th.  48)  ;  il  follows,  by  equal  subtraction,  that  the  difference, 
or  angle  bac,  must  be  measured  by  half  the  arc  bc,  which  it 
stands  upon.     ^«  e.  d. 
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THEOREM  L. 

All  Angles  in  the  Same  Segment  of  a  Circle,  or  Standing  «n 
the  Same  Arc,  are  eqiial  to  each  other. 

Let  c  and  obe  two  angles  in  the  same 
segment  ai  db  or,  which  is  the  same  thing, 
standing  on  the  supplemental  arc  au.b  ;  then 
will  the  angle  c  be  equal  to  the  angle  d. 

For  each  of  tjiese  angles  is  measured  by 
half  the  arcAEs  ;  and  thus,  having  equal 
measures,  they  are  equal  to  each  other 
(ax.  11). 

THEOREM  LI. 

An  Ang^e  at  the  Centre  of  a  Circle  is  double  the  Angle  at  the 

Circumference,  when  both  stand  on  the  Same  Arc. 
.    Let  c  be  an  angle  at  the  centre  c,  and  d 
an  angle   at  the  circumference,  both  stand* 
ing  on  the  same  arc  or  same  chord  ab  :  then 
will  the  angle  c  be  double  of  the  angle  d, 
or  the  angle  d  equal  to  half  the   angle  c. 
For,  the  angle  at  the  centre  c  is  measur- 
ed by  the  whole  arcASB  {def,  67) « and  the 
angle  at  the  circumference  d  is  measured  by  half  the   same 
arc  AEB  (th.  49)  ;  therefore  the  angle  d  is  only  half  the  angle 
c,  or  the  angle  c  double  the  angle  d. 

THECAEMLH. 

An  Angle  in  a  Semicircle,  is  a  Right  Angle. 

If  ABC  or   ADC  be  a  semicircle  :  then  D 

any  angle  o  in  that  semicircle,  is  a  right 
angle. 

For,  the  angle  d.  at  the  circumference, 
is  measured  by  half  the  arc  abc  (th.  49), 
that  IS  by  a  quadrant  of  the  circumference, 
But  a  quadrant  is  the  measure  of  a  right  ^ 

angle  (corol.  4,  Ih.  6  ;  or  coroL  2,  th.  48),    Therefore  the 
angle  d  is  a  right  angle. 
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TH£OREM  LUX. 

Ttfs  Aogk  i(>ra»ed  bj  a  Taogeot  iQ  »  Circle,  aad  a  Chord 
drawn  frovi  dke  f  oJAt  of  Contact,  is  Equal  to  tbe  Angle  in  the 
Alternate  Segment. 

If  AB  be  a  tangent,  and  ac  a  chord,  and 
D  any  angle  in  the  alternate  aegneat  adc  ; 
then  will  the  angle  v  be  <eq«al  to  (the  anxle 
»Ac  made  bj  the  lai^ent  and  chord,  of  Xh« 
arc  ABC. 

For  the  angle  p,  at  the  ^ircumfeceoce* 
if  measared  by  half  the  arc  abc  (th.  4ii)  ; 
and  the  angle  bac,  made  by  the  tangent  and  chord,  ia  also 
measnred  by  the  same  half  arc  akc  (th.  48)  ;  therefore  these 
two  angles  are  equal  (as.  11). 

THfX>REM  JUV. 

The  Spm  of  any  Two  Opposite   Angles  of  a  ^.^adn^qgle  In- 
scribed in  a  Circle,  is  Equal  tu  Two  Right  Aogl^s. 

Let  A^cn  be  any  quadrilateral  ioscribed 
ill  -a  cir<^e  ;  then  shall  the  sum  of  the  two 
opposite  angles  a  and  c,  or  b  and  p,  Jbe 
equal  to  two  right  angles. 

For  tbe  angU  a  is  measured  by  half  the 
«^rc  DCB,  which  it  stands  on,  and  the  angle 
c  by  half  the  arc  dab  (th.  49)  ;  thecefore 
the  sum  of  the  two  angles  a  and  c  is  measured  by  half  the 
sum  of  these  two  arcs,  that  i^,  by  half  the  circumference. 
But  half  the  circumference  is  the  measure  of  two  right  an- 
gles (corol.  4,  th.  6)  ;  therefore  the  sum  of  the  two  opposite 
angles  a  and  c  is  equal  two  right  angles,  in  like  manner 
it  is  shown  that  the  sum  of  Ihe  other  two  oppeaite  angles,  o 
and  By  is  equal  to  two  right  angles-  .    ^*  ^*  <>• 

THEOREM  LV. 

If  any  Side  of  a  Aoadrangle,  Inscribed  in  a  Circle,  he 
Produced  out,  the  Outward  Angle  will  be  eqaal  to  th«  Inward 
opposite  Aqgle. 

if  the  side  ab,  of  the  quadrilateral  a^cp, 
inscribed  in  a  circle,  be  produced  to  b  ;  the 
outward  angle  dae  will  be  equal  to  the  in- 
ward opposite  angle  c. 

For, 
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For,  the  sum  of  the  two  adjaceot  angles  da£  and  dab  is 
equal  to  two  right  angles  Tth.  6)  ;  and  the  sum  of  the  two 
opposite  angles  c  and  daa  is  also  equal  to  two  right  angles 
(th.  54)  ;  therefore  the  former  sum,  of  tKe  two  angles  dae 
and  DAB,  is  equal  to  the  latter  sum,  of  the  two  c  and  dab 
(ax.  1).  From  .each  of  these  equals  taking  away  the  common 
angle  dab,  there  remains  the  angle  dae  equal  the  angle  c. 

Q.  E.  D* 
THEOREM  LVI. 

Any  Two  Parallel  Chords  Intercept  equal  Arcs. 

Let  the  two  chords  ab,  cd,  be  parallel : 
then  will  the  arcs  ac,  bd,  be  eqoaJ  :  or  ac 


For«  draw  the  line  wc.  Thea,  becMM  C^ 
tbe  tines  ab,  cd,  arc  parallel*  the  alternate 
angles  b  and  g  are  equal  (th.  12).  Bot  the 
angle  at  the  circumference  b,  is  measured  by  half  the  arc  ac 
(th.  49)  ;  and  the  other  equal  angle  at  the  circum&renoe  c  is 
measured  by  half  the  arc  bp  :  ^erefore  the  halres  of  the 
arcs  AC,  BO|  and  consequently  the  arcs  themselves,  are  also 
equal.    '«.  ■•  d. 

THBOREM  LVn. 

When  a  Tangent  and  Chord  are  Parallel  to  each  other,  they 

Intercept  Equal  Arcs. 

Let  the  tangent  abc  be  parallel  to  the 
chord  DP  ;  then  are  the  arcs  bd,  bf,  equal ; 

that  is,  BDSSBF. 

For,  draw  the  chord  bd.  Then,  be- 
cause the  lines  ab,  df,  are  paraUel,  the  al- 
ternate angles  d  and  b  are  equal  (th.  12)« 
But  the  angle  b,  formed  by  a  tangent  .and  chord,  is  measurad 
by  half  the  arc  bd  (th.  48)  ;  and  the  other  ang^e  at  the  cir- 
cumference D  is  measured  by  half  the  arc  bf  (th.  49)  ;  tb^re^ 
fore  the  arcs  bd,  bf,  are  equal.    ^.  s.  d. 
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THEOREM  LVIII. 

M 

The  Angle  formed,  Within  a  Circle,  by  the  Intersection  of 
two  Chords,  ia  Measured  by  Half  the  Sum  of  the  Two 
Intercepted  Arcs. 

Let  the  two  chords 'ab,  cd,  intersect  at 
the  point  e  :  then  the  angle  aec,  or  deb,  is     ' 
measured  by  half  the  sum  of  two  arcs  ac, 

DB. 

For,  draw  the  chord  af  parallel  to  cd. 
Then,  because  the  lines  af,  cd,  are  parallel, 
and  AB  cuts  them,  the  angles  on  the  same 
side  A  and  deb  are  equal  (th.  14).     Bat  the  angle  at  the  cir- 
cumference A  is  measured  by  half  the  arc  bf,  or  of  the  sum 
of  F»  and  db  (th   49)  ;  therefore  the  angle  b  is  also  measured 
by  half  the  sum  of  fd  and  db. 

Again,  because  the  chords  af,  cd,  are  parallel,  the  arcs  ac, 
fd,  are  equal  (th.  56)  ;  therefore  the  sum  of  the  two  arcs  ac» 
db,  is  equal  to  the  sum  of  the  two  fd,  db  ;  and  consequently 
the  angle  e,  which  is  measured  by  half  the  latter  sum,  is  also 
measured  by  half  the  former,     q.  b.  d. 

THEOREM  LIX. 

The  Angle  formed.  Without  a  Circle,  by  two  Secants,  is 
Measured  by  Half  the  Difference  of  the  Intercepted 
Arcs. 

Let  the  angle  s  be  formed  by  two  se- 
cants EAB  and  ecd  ;  this  angle  is  measur- 
ed by  half  the  difference  of  the  two  arcs 
AC,  DB,  intercepted  by  the  two  secants. 

Draw  the    chord   af    parallel    to  cd. 
Then,  because  the  line  af,  cd,  are  pa- 
rallel, and  AB  cuts  them,  the  angles  on  the 
same  side  a  and  bed  are  equal  (th.  14). 
But  the  angle  a,  at  the  circumference,  is  measured  by  half 
the  arc  bf  (th.  49),  or  of  the  difference  of  df  and  db  :  there- 
fore the  equal  anglex  is  also  measured  by  half  the  difference 
of  df,  db. 


AC 


Again,  because  the  chords  af,  cd,  are  parallel,  the  ^^^^ 

,  FDy  are  equal  (th.  56)  ;  therefore  the  difference  of  ^^ 

two 
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tivo  arcs  ac,  db,  is  equal  to  the  difference  of  the  two  df,  db. 
Consequently  the  angle  e,  which  is  measured  bj  half  the  lat- 
ter difference,  is  also  measured  by  half  the  former. 

Q.  E.  D. 
THEOREM  LX« 

The  Angle  formed  by  Two  Tangents,  is  measured  by  Half 
the  Difference  of  the  two  Intercepted  Arcs. 

Let  eb,  ed,  be  two  tangents  to  a  circle 
at  the  points  a»  o  ;  then  the  angle  e  is  mea- 
sured by  half  the  difference  of  the  two 
arcs,  CFA,  coA. 


/ 


For,  draw  the  chord  af  parallel  to  ed.    - 
»  Then,  because  the  lines  af,  ed,  are  pa- 

L  rallel,  and  bb  meets  them,  the  angles  on  the 

S  same  side  a  and  b  are  equal  (th.  14).     But  the  angle  a,  form- 

r  ed  by  the  chord  af  and  the  tongent  ab,  is  measured  by  half 

\  the  arc  af  (th.  48)  ;  therefore  the  equal  angle  e  is  also  mea- 

sured by  half  the  same  arc  af,  or  half  the  difference  of  the 


arc 
(th. 


arcs  CFA  and  cf,  or  coa  (th.  67). 

CoroL  In  like' manner  it  is  proved,  that 
the  angle  b  formed  by  a  tangent  ecd,  and 
a  secant  bab,  is  measured  by  half  the  dif- 
ference of  the  two  intercepted  arcs  ca  and 

CFB. 


THEOREM  UU. 

When  two  Lines,  meeting  a  Circle  each  in  two  Points,  Cut 
one  another,  either  Within  it  or  Without  it ;  the  Rectangle 
of  the  Parts  of  the  one,  is  Equal  to  the  Rectangle  of  the 
Parts  of  the  other  ;  the  Parts  of  each  being  measured  from 
the  point  of  meeting  to  the  two  intersections  with  the  cir- 
cumference. 
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Let  the  two  lines,  ab,  cd,  meet  each 
other  in  e  ;  then  the  rectangle  of  ar,  bd, 
will  be  equal  to  the  rectangle  of  ce,  ev. 

Or,  AB  .  KB=C£  .  ED. 


AJLc 


•  For,  throagh  the  point  e  draw  the  dia- 
meter Fo  ;  also,  from  the  centre  h  draw 
Che  radius  bb,  and  draw  hi  perpendicular 
to  c». 

Then,  since  deh  is  a  triangle,  and  the 
perp.  HI  bisects  the  chord  cd  (th.  41),  the 
line  CK  is  eqaal  to  the  dilTerence  of  the  seg- 
ments Di,  El,  the  s^m  of  them  being  db. 
Also,  because  h  i8  the  centre  of  the  circle 
and  the  radii  ou,  fh,  oh,  are  all  equal,  the  line  ro  is  equal  to 
the  sum  of  the  sides  dh,  he  ;  and  ep  is  equal  to  their  difference. 

But  the  rectangle  of  the  sum  and  difference  of  the  two 
sides  of  a  triangle,  is  equal  to  the  rectangle  of  die  sum  and 
difference  of  the  segments  of  the  base  (th.  35)  :  therelbre 
the  rectangle  of  fe,  bo,  is  equal  to  the  rectangle  of  ce,  ed. 
In  like  manner  it  is  proved,  that  the  same  rectangle  of  fb, 
BO,  is  equal  to  the  rectangle  of  ab,  bb.  Consequently  the 
rectangle  of  ae,  eb,  is  also  equal  to  the  rectangle  of  cb,  bd 
(ax.  1).     «.  E.  D. 


nJ 


Carol.  1 .  When  one  of  the  lines  in  the 
second  case,  as  de,  by  revolving  about  the 
point  B,  comes  into  the  position  of  the  tan- 
gent EC  or  BO,  the  two  points  c  and  d  run- 
ning into  one  ;  then  the  rectangle  of  ce,  ed, 
becomes  the  square  of  cb,  because  ge  and 
SB  are  then  equal.  Consequently  the  rect- 
ao^e  of  the  parts  of  the  secant*  ab  .  bb,  is  ** 

equal  to  the  square  of  the  tangent  €b>. 

Chrpl,  2.  Ifenqe  both  the  tangents  bc,  bf,  dr^wn  frooi  the 
Sl^l|e  point  e,  ar^  eqi^al  ;  s^nce  the  squarfi  of  each  is  equal  to 
the  same  rectangle  or  quantity  ab  .  eb. 

THEOREM  LXII. 

In  Equiangular  Triangles,  the  Ilectangles  of  the  Corres- 
ponding or  Like  Sides,  taken  alternately,  are  equal. 


4 


Let 
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"  Let  ABC,  DBF,  be  two  equiaogalar 
triaogles,  having  the  angle  a  =  the 
angle  d,  the  angle  b  =  the  angle  e, 
and  the  angle  c  =  the  angle  f  ;  also 
the  like  sides  ab,  db»  and  ac,  or,  being 
those  opposite  the  eqaal  angles  ;  then 
will  the  rectangle  of  ab,  df,  be  equal  to 
the  rectangle  of  ac,  de. 

In  ba  produced  take  ag  equal  to  of  ;  and  through  the  three 
point^B,  c,  G,  conceive  a  circle  bcou  to  be  described,  meet- 
ing CA  produced  at  h,  and  join  gh. 

Then  the  angle  g  is  equal  to  the  angle  c  on  the  same  arc 
BH,  and  the  angle  m  equal  to  the  angle  b  od  the  same  arc  co 
(th.  60)  ;  also  the  opposite  angles  at  a  are  equal  (th.  7)  : 
therefore  the  triangle  agh  is  equiangular  to  the  triangle 
acb,  and  consequently  to  the  triangle  dfe  also.  But  the 
two  like  sides  ao,  df,  are  also  equal  bjr  supposition  ;  conse- 
quently theHwo  triangles  aob,  ofe,  are  identical  (th.  2.). 
having  the  two  sides  ao,  ab,  equal  to  the  two  or,  oe,  each  to 
each. 

But  the  rectangle  oa  .  ab  is  equal  to  the  rectangle  ua  .  ac 
(th.  61)  :  consequently  the  rectangle  dp  .  ABi8  equal  the  rect- 
angle  de  .  ac     ^.  e.  d. 

THEOREM  LXIIL 

The  Rectangle  of  the  two  Sides  of  any  Triangle,  is  Equal  to 
the  Rectangle  of  the  Perpendicular  on  the  third  Side  and 
the  Diameter  of  the  Circumscribing  Circle. 

Let  GO  be  the  Perpendicular,  and  ce 
the  diameter  of  the  circle  about  the  tri- 
angle ABC  ;  then  rectangle  ca  .  cb  is 
=  the  rectrogle  co    ce. 

For,  join  be  :  then  in  the  two  triangles 
AGO,  BCB,  the  angles  a  and  b  are  equal, 
standing  on  the  same  arc  bc  (th.  60)  :  also  the  right  angle  d 
is  equM  to  the  ang^e  b,  which  is  also  a  right  angle,  being  in 
a  seinicircle  (th.  62)  :  therefore  the^e  two  triangles  have  also 
their  third  angles  equal,  and  are  equiangular  Hence,  ac,  cb, 
and  CD,  cB,  being  like  sides,  Bubtending  the  equal  angles,  the 
rectangle  ac  .  gb,  of  the  first  and  last  of  them,  is  equal  to  the 
rectangle  cb  .  cd,  of  the  other  two  (th.  62). 
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THEOREM  LXIV. 


The  Squares  of  a  line  bisectiog  any  Angle  of  a  Triangle,  to- 
gether with  the  Rectangle  of  the  Two  Segments  of  the  op- 
posite Side,  is  £qual  to  the  Rectangle  of  the  two  other  Sides 
including  the  Bisected  Angle. 

Let  CD  bisect  the  angle  c  of  the  triangle 
ABC  ;  then  the  square  cd*+ the  rectangle 
Ao  .  DB  is  =  the  rectangle  ac  .  cb. 

For,  let  CD  be  produced  to  meet  the  cir- 
cumscribinij(  circle  at  e,  and  join  ab. 

Then  the  two  triangles  ace,  bcd,  are 
equiangular  :  for  the  angles  at  c  are  equal 
by  supposition,  and  the  angles  b  and  e  are  equal,  standing 
on  the  same  arc  AC  (th.  50)  ;  consequently  the  third  angles 
at  A  and  d  are  equal  (corol.  1,  th.  17)  :  also  ac,  cd,  and 
cb,  cB,  are  like  or  corresponding  sides,  being  opposite  to 
equal  angles  :  therefore  the  rectangle  ac  .  cb  is  =  the  rect- 
angle CD  .  CE  (th.  62).  But  the  latter  rectangle  cd  .  cb  is  = 
CD^+the  rectangle  CD  .  de  (th.  30)  ;  therefore  also  the  for- 
mer rectangle  ac  .  cb  is  also  =  cd'  +  cd  .  de,  or  equal  to 

CD'  +  AD  .  DB,  since  cd  .  de  is  ..=::AD  .  DB  (th,  61). 

'  *  ^.  E.  D. 

THEOREM  LXV. 

The  Rectangle  of  the  two  Diagonals  of  any  Quadrangle  In- 
scribed in  a  circle,  is  equal  to  the  sum  of  the  two  Rectan- 
gles of  the  Opposite  Sides. 

Let  abcd  be  any  quadrilateral  inscribed 
in  a  circle,  and  ac,  bd,  its  two  diagonals  : 
then  the  rectangle  ac  .  bd  is  s^  the  rectan- 
gle AB  .  Dc+the  rectangle  ad  .  bc. 

For,  let  CE  be  drawn,  making  the  angle 
BCE  equal  to  the  angle  dca.  Then  the  two 
triangles  acd,  bcb,  are  equiangular  ;  for  the  angles  a  and 
B  are  equal,  standing  on  the  same  arc  dc  ;  and  the  angles 
DCA,  BCE,  are  equal  by  supposition  ;  consequently  the  third 
angles  adc,  bec  are  equal ;  also,  ac,  bc,  and  ad,  bb^  are 
like  or  corresponding  sides,  being  opposite  to  the  equal  an- 
gles :  therefore  the  rectangle  ac  .  bs  is  =  the  rectangle 
An  .  BC  (th.  62), 

Again, 
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^aiD,  the  two  triangles  abc,  dbc,  are  equiangular :  for  the 
angles  bag,  bdc,  are  equal,  standing  on  the  same  arc  bc  :  and 
the  angle  dcc  is  equal  to  the  angle  bca,  by  adding  the  common 
angle  ace  to  the  two  equal  angles  dca,  bcb  ;  therefore  the 
third  angles  e  and  abc  are  also  equal  :  but  ac,  dc,  and  ab,  de, 
are  the  like  sides  :  therefore  the  rectangle  ac  .  de  is  »=  the 
rectangle  ab  .  oc  (th.  62). 

Hence,  bj  equal  additions,  the  sum  of  the  rectangles  ac  . 
be-^ac  .  oB  is  c=  Ao  .  Bc+AB  .  DC  But  the  former  sum  of 
the  rectangles  ac  .  be4-ac  .  de  is  •=  the  rectangle  ao  .  bo 
(th.  30)  ;  therefore  the  same  rectangle  ac  .  bd  is  equal  to  the 
latter  sum,  the  rect.  ad  .  bc  +  the  rect.  ab  .  dc  (ax.  1). 

(I.  e.  d. 


OF  RATIOS  AND  PROPORTIONS 


DEFINITIONS. 


Def.  76.  Ratio  is  the  relation  which  one  magnitude 
bears  to  another  magnitude  of  the  same  kind  with  respect  to 
quantity. 

The  quantity  or  measure  of  a  ratio  is  expressed  by  divid- 
ing the  leading  quantity  or  antecedent  by  the  following  or  con- 
sequent. Thus  the  ratio  of  6  to  2  is  f  ==^3,  the  ratio  of  20  to 
8  is  y  =^=2^,  the  ratio  of  9  to  6  is  |=|,  and  the  ratio  of  G 
to  20  is,^  =1 . 

77.  Proportion  is  an  equality  of  ratios.     Thus, 

78.  Three  quantities  are  said  to  be  Proportional,  when  the 
ratio  of  the  first  to  the  second,  is  equ»l  to  the  ratio  of  the 
second  to  the  third.  As  of  the  three  quantities  a  (2),  b  (4), 
c  (8),  where  f  ssf  s:|,  both  the  same  ratio. 

79.  Four  quantities  are  said  to  be  Proportional,  when  the 
ratio  of  the  first  to  the  second,  is  the  same  as  the  ratio  of  the 
third  to  the  fourth.  As  ofthe  four,  a  (2),  b  (4),  c  (5),  d  (10), 
where  ff=fV=i»  both  the  same  ratio. 


3t0  .     GEOMETRY. 

AW«.  To  denote  that  four  qfoanttties,  a,  b,  c«  d,  are  pro- 
portional, they  are  usaally  stated  or  placed  thui,  a  :  a  : :  c  : 
]> ;  and  read  thus,  a  is  to  a  as  c  is  to  d.  Bat  when  three  quao- 
titles  are  proportional,  the  middle  one  is  repeated,  and 
they  are  written  thns,  a  :  a  : :  a  :  c. 

80.  Of  three  proportiooal  qaaotities,  the  middle  one  is  said 
to  be  a  Mean  Proportional  between  the  other  two  ;  and  the 
last,  a  Third  Proportional  to  the  first  and  second. 

81.  Of  four  proportional  qaantities,  the  last  is  said  to  be  a 
Fonrth  Proportional  to  the  other  three,  taken  in  order. 

88.  Qaantities  are  said  to  be  Continually  Proportional,  or 
in  Continued  Proportion,  when  the  ratio  is  the  same  between 
every  two  adjacent  terms,  viz.  when  the  first  is  to  the  second, 
as  the  second  to  the  third,  as  the  third  to  the  fourth,  as  the 
fonrth  to  the  fifth,  and  so  on,  all  in  the  same  common  ratio. 

As  in  the  quantities  1, 1^,  4,  8,  16,  iic  ;  where  the  common 
ratio  is  equal  to  IS. 

83.  Of  any  number  of  quantities,  a,  b,  c,  d,  the  ratio  of  the 
first,  A,  to  the  last,  o,  is  said  to  be  Compounded  of  the  ratios 
of  the  first  to  the  second,  of  the  second  to  the  third,  and  so 
on  to  the  last. 

84.  loTerse  ratio  is,  when  the  antecedent  is  made  the 
consequent,  and  the  consequent  the  antecedent. — Thus,  if 
1  :  2  : :  3 :  6  ;  then  inversely,  2:1  :  :  6  :  3. 

85.  ATternate  proportion  is,  when  antecedent  is  compared 
with  antecedent,  and  consequent  with  consequent.»-As,  if 
1  :  2  : :  3  :  6  ;  then,  by  alternation,  or  permutation,  it  will 
be  1  :3  ::  2  :  6. 

86.  Compounded  ratio,  is  when  the  sum  of  the  antecedent 
and  consequent  is  compared,  either  with  the  consequent,  or 
with  the  antecedent. — Thus,  if]  :  2  ::  3:6  then  by  compo- 
sition, 1+2  :  I  :  :  3+6  :  3,  and  1+2  :  2  :  :  3+6  :  6. 

87.  DiFided  ratio,  is  when  the  difierence  of  the  antecedent 
and  consequent  is  compared,  either  with  the  antecedent,  or 
with  the  consequent— Thus,  if  1  :  2  : :  3  :  6,  then,  by  divi- 
sion, 2—1  :  1  :  :  6—3 :  3,  and  2—1  :  2  :  :  6^3  :  6. 

JVV^«.  The  term  Divided  or  Division,  here  means  subtract- 
ing, or  parting  ;  being  used  in  the  sense  opposed  to  compound- 
ing, or  adding,  in  def.  S6, 
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THBOREM  LXVI. 

Equimultiples  of  any  two  Qpantittes  have  the  same  Ratio  as 

the  Qaantities  themselves. 

Let  A  and  b  be  any  two  qaaDtitieg»  and  mA,  ms,  any  equi- 
multiples oi*  ^em,  m  being  any  number  whatever  :  then  will 
fiiA  and  ffiB  hare  the  same  ratio  as  A  and  b,  or  a  :  s  : ;  mA  ." 
mB. 

For — = —  the  same  ratio, 
ms      B 

Corol.  Hence,  like  parts  of  quantities  hare  the  same  rati# 
as  the  wholes ;  because  the  wholes  are  equimultiples  of  the 
like  parts,  or  a  and  b  are  like  parts  of  mA  and  tnn» 

THEOREM  LXVII. 

If  Four  Quantities,  of  the  Same  Kind,  be  Proportionals  ; 
they  will  be  in  Proportion  by  Alternation  or  Permot^t^, 
or  the  Antecedents  will  have  the  Same  Ratio  as  the  con* 
iequents. 

Let  A  :  b  :  :  SUA  :  fiiB  ;  then  will  a  t  mx  i  i  b  :  mB. 

A  1  B  1 

For  — =s — ,  and  — =s — ,  both  the  sam^  ratio; 
fitA     m  mB      m 

THEOREM  LXVIII.       . 

If  Four  Quantities  be  Proportional ;  they  will  be  in  Propor- 
tion by  Inversion,  or  Inversely. 

Let  A  :  B  :  :  mA  :  mB ;  then  will  b  :  a  :  :  mB  :  mA. 

For  — "= — .  both  the  same  ratio. 
mA      A 

THEOREM  LXIX. 

If  Four  Qjiiantities  be  Proportional ;  they  will  be  io  Propor* 
tion  by  Composition  and  Divisioo« 

Let  a  :  b  :  :  viu  :  mB  ; 

Then  will  BHt:A  :  a  :  :  mB;4:mA  :  mA, 

and  Bji^A  :  B  :  :  mB^mA  :  ms, 

^       mB  +  mA      B±A  .  mB±mA     b±a 

For =- — = :    and  —  — = . 

mA  A  mB  b 

Vol.  I.  4^  Cd^oL 


3<t  GBCMiBTRT. 

Corol.  It  Appears  from  beoce,  that  tbe  Soai  of  ibe  Greatest 
and  Least  of  four  proportional  quantities,  of  the  same  kind* 

exceeds  the  Sum  of  tbe  Two   Means.     For,  since 

A  :  A+B  :  :  inA  :  mi + wis,  where  a  ia  tbie  least,  and  mA'\'fM 

the  greatest  ;  then  m+ 1  .  i+mB,  the  sum   of  tbe  greatest 

and  least  exceeds  m+l  .  a  +  b,  the  sum  of  the .^wo  means. 

THEOREM  LXX* 

If,  of  Four  Proportional  Quantities,  there  be  taken  any  Equi- 
multiples whatever  of  the  two  Antecedent*,  and  any  Eqni- 
multiples  whntever  of  the  two  Consequents  ;  tbe  quanti- 
ties resulting  will  still  be  proportional. 

Let  a  :  b  :  :  iha  :  ma  ;  also,  let  ph  and  pmk  be  any  equi- 
multiples of  the  two  antecedents,  and  qh  and  ^fiB  any  equi* 

multiples  of  the   two  consequents  ;  then  will 

jp4  :  fB  :  :  poiA  :  qmn, 

Forc =c_ ,  both  the  same  r^tio, 

9fiiB     qm 

THEOREM  LXXI. 

If  there  be  Four  Proportional  Qjasntities.  and  tbe  two  Conse- 
.  quents  he  either  A  ugmented  or  Diounished  by  Qjaantities 
that  have  tbe  Same  Ratio  as  the  respective  Antecedents  :  | 

tbe  Results  and  the  Antecedents  will  still  be  Proportionals. 

Let  a  :  b  :  :  mx  :  fiiB,  and  nk  and  nmi  any  two  quantities 

having  the  same  ratio  as  the  two  antecedents  ;  then  will  a  :  b 

:jiznk  :  :  iaa  :  mBdiitmA. 

m^  niA  ^        .     •    m 

r  or — ' =— : — ,  both  the  same  ratio. 

mB'iinmk     B:t:fiA 

THEOREM  LXXIL  . 

If  a«y  Vamber  of  Quantities  be  Froportional.  then  any  one         ^  t| 

.lof  the  Antecedents  will  be  to  its  Consequent,  as  the  Sum 
of  all  the  Antecedents  is  to  the  Sum  of  all  the  Conse- 
quents. 

Let  a  :  b  :  :  mA  :  mB  :  :  nA  :  na,  &c.  ;    then  will 

A  :  B  :  :  A-ffHA+nA  :  :  B-l-mB-hnB,  4ic.  \ 

^-,        A  +  mA  +  flA        A       .  .  * 

r  or  — -J — — --     s=— ,  the  same  ratio* 

B+f7lB-|-nB        B 
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THEOREM  LXXUI. 

If  a  Whole  Magnitude  be  to  a  Whole»  as  a  Part  taken  from 
the  first,  is  to  a  Part  taken  from  the  other  ;  then  the  Re- 
mainder will  be  to  the  Remainder,  as  the  whole  to  the 
whole. 

_.  in        fii 

Let  A  :  B  :  :  —  a:  — B  ; 

n         n 

then  will  a  :  b  :  :  a — —  a  :  b  —  —  b. 

It  n 

A-?A       A 


For  — 5"^  —  ,  both  the  same  ratio. 


THEOREM  LXX1V. 

If  any  Qjsantities  be  Proportional ;  their  Squares,  or  Cubes, 
or  anjr  Like  Powers,  or  Roots,  of  them,  will  also  be  Pro- 
portional. 

Let  a  :  b  :  :  fAA  :  ma  ;  then  will  a<*  :  b''  :  :  m*A^  :  m^B^. 
For -^isr.  both  the  same  ratio. 

TH]V)REM  LXXV. 

If  there  be  two  Sets  of  Froportiooala ;  then  the  Prodncts  or 
Rectangles  of  the  Corresponding  Terms  will  also  be  Pro* 
portiooaL 

Let  A  :  B  :  :  mA  :  ma, 

and  c  :  o  :  :  no  :  :  iiD  ; 

then  will  Ac  :  bd  :  :  mnAC  :  mnBD. 

F^r s — ,  both  the  same  ratio. 

flUIBD       BD 

THEOREM  LXXVI. 

If  Fonr  quantities  be  Proportional ;  the  reetinngle  or  Prodaet 
of  the  two  Extremes,  will  be  Equal  to  the  Rectangle  or 
Product  of  the  two  Means.     And  the  converse. 

Let  A  :  B  :  :  0IA  :  mB  ; 

then  if  AXmBasBXAU^smAB,  as  is  efident. 

THBOWBM 
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If  Three  QaantitieB  be  Continued  Proportionals  ;  the  Rect* 
angle  or  Product  of  the  two  Eztreoies,  will  be  Equal  to 
the  Square  of  the  Mean.     And  the  converse. 

Let  ▲,  ffiA,  m^A  be  three  proportionals. 


or  A  :  ffiA 


tnx  :  m'A 


then  11 A  X  m'A  :s=  fn^A',  as  is  eTident. 


THfX>REM  LXXVIII. 

If  any  Number  of  Quantities  be  Continued  Proportionals  ; 
the  Ratio  of  the  Firnt  to  the  Third,  will  be  duplicate  or 
the  Square  of  the  Ratio  of  the  First  and  Second  ;  and  the 
Ratio  of  the  First  and  Fourth  will  be  triplicate  of  the  cube 
of  that  of  the  First  and  Second  ;  and  so  on, 

Lrt  a,  mA,  m*A,  m'Ay  &c.  be  proportionals  ; 


A  1     -         A 

that  IS s=s — ,  but =• 


mx 


m 


mA 


m' 


'm»A 


-as:—--  ;  &C. 
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THEOREM  LXXiX. 

Triangles,  and   also  Parallelograms,  having  equal  Altitudes, 

are  to  each  other  as  their  Bases. 

Lbt  the  two  triangles  aoc,  def,  have  I  C  K.        !F 

the  same  altitude,  or  between  the  same 
parallels  ab,  cf  :  then  is  the  surface  of 
the  triangle  adc,  to  the  surface  of  the 
triangle  def,  as  the  base  ad  is  to  the 
base  DE.  Or,  ad  :  db  : :  the  triangle 
Apc  :  the  triangle  def. 

For,  let  the  base  ad  be  to  the  base  db,  as  any  one  number 
m  (2),  to  any  other  number  n  (3)  ;  and  divide  the  respec- 
tive bases  into  those  parts,  ab,  bd,  du,  gu.  he,  all  equal  to  one 
another  ;  and  fVom  the  points  of  division  draw  the  hues  bc, 
FO,  FH,  to  the  vertices  c  and  f.  Then  will  these  lines  divide 
the  triangles  adc,  def,  into  the  same  Dumk>er  of  paits  as  their 
bases,  each  equal  to  the  triangle  abc,  because  those  triangular 
parts  have  equal  bases  and  altitude  (corol.  2.  th.  26)  \  namely, 
the  triangle  abc,  equal  to  each  of  the  triangles  bdc,  dfg,  gfh, 
■FB.     So  that  the  triangle  adc,  is  to  the  triangle  dfb,  as  the 
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number  of  parts  m  (^)  of  the  former,  to  the  number  n  (3)  of 
the  latter,  that  is,  as  the  base  ad  to  the  base  db  (def.  79). 

In  like  manner,  the  parallelogram  adki  is  to  the  parallelo- 
ipram  dicfk,  as  the  ba^e  ad  is  to  the  base  de  ;  each  of  these 
having  the  same  ratio  as  the  number  of  their  parts,  m  to  n. 

^.  E.  d. 

THEOREM  LXXX. 

Triangles,  and  also  Parallelograms,  having  Equal  Bases,  are 

to  each  other  as  their  Altitudes. 

Let  iBc,  BBF,  be  two  triangle^ 
having-the  equal  ba^es  is,  be,  and 
whose  altitudes  are  the  perpendicu- 
lars CG,  FH  ;  then  will  the  triangle 
ABC  :  the  triangle  bef  :  :  co  :  fh. 

For,  let  BK  be  perpeodiculHr  to  ab, 
and  equal  to  co  ;  in  which  let  there 
be  taken  bls=^h  .  drawing  ak  and  al. 

Then,- triangles  of  equal  base»  and  heights  being  equal 
(corol.  2,  th.  V6),  the  trianicle  abr  i8=2ABC,  and  the  triangle 
ABL=BCF.  But  coofftdering  now  abk,  abl,  as  two  triangles 
on  the  basest  bk,  bl,  and  having  the  $ame  altitude  ab,  these 
will  be  as  their  bas^s  (th.  79),  namely  the  triangle  abk  :  the 
triangle  abl  ::  be  :  bl. 

But  the  triangle  abk  =  abc,   and  the  triangle  abl  =  bcf, 

al»o  BK=CG,  and  bl=fh. 
Theref.  the  triangle  abc  :  triangle  bef  :  :  cg  :  fh. 

And  8ince  parallelograms  are  the  doubles  oT  the^e  trian- 
gles, having  the  same  ba^es  and  altitudes,  they  will  likewise 
have  to  each  other  the  same  ratio  as  their  altitudes,     q,,  k.  d. 

CoroL  Since,  by  this  theorem,  triangles  and  parallelograms, 
when  their  baHes  are  equal,  are  to  each  other  as  their  alti- 
tudes ;  and  by  fh^  foregoing  one,  when  their  altitudes  are 
equal,  they  are  to  each  other  as  their  bashes  ;  therefore  uni* 
Tersally,  when  neither  are  equ^l,  they  are  to  each*  other  in 
the  compound  ratio,  or  as  tbe  rectangle  or  product  of  their 
bases  and  altitudes. 
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If  Foor  Lioef  be  Proportional :  the  Rectangle  of  the  Ex- 
tremeB  will  be-  equal  to  the  Rectangle  of  tbe  Meant.  And, 
convenely,  if  the  Rectangle  of  the  extremes,  of  four  Lines, 
be  eqaal-to  tbe  Rectangle  of  the  means,  the  foor  Lines, 
taken  allematelj,  wiU  be  Fropertional. 

Let  the  four  lines,  a,  b,  c,  d,  be 
proportionals,  or  a  :  ■  :  :  c  :  o  ; 
then  will  the  rectangle  of  ▲  and  d 
be  e  (nal  to  the-  reciaogli"  of  s  and 
G  ;  or  the  rectangle  ▲  .  d^b  .  c. 

For,  let  the  ft>or  lines  lie  placed 
with  their  four  extremities  meeting 
in  a  common  point,  forming  at  that 

point  four  right  angles  ;  and  draw  lines  parsllel  fo  them  to 
complete  tbe  rectangles  r,  q,  a,  where  r  is  the  rectangle  of 
A  and  o,  4  the  rectangle  of  b  and  c,  and  a  the  rectangle  oi  a 
and  D. 

Then  the  rectangles  r  and  a,  being  between  the  same  pa 
ralleb,  are  to  each  other  as  their  bases  a  and  a  (th.  79)  ;  and 
the  rectangles  «  and  a,  being  between  tbe  aame  parallels,  ar* 
to  each  other  as  their  bases'  c  and  d.  Bot  the  ratio  of  a  to  a, 
is  the  same  as  the  ratio  of  c  to  o,  by  hypothesis  ;  therefore 
the  ratio  of  r  to  R,  is  the  same  as  the  ratio  of  ^  to  a  ;  and 
consequently  the  rectangles  r  and  q  are  equal.     ^.  a.  d. 

Agaio,  if  the  rectangle  of  a  and  o,  be  equal  to  the  rectan- 
gle of  B  and  c  ;  these  lines  will  be  prop9rtiooal,  or  a  :  b  :  :  c  :  d. 

For,  the  rectangles  being  placed  the  stme  as  before  :  then, 
because  piirdltelograms  between  the  same  parallels  are  to  one 
another  as  tbeir  base^,  the  rectangle  p  :  a  :  :  a  :  b,  and 
^  :  a  :  :  c  :  D.  Bot  hs  p  and  ^  are  equal,  by  supposition, 
they  have  the  same  ratio  to  a,  that  is,  the  ratio  of  a  to  b  is 
equal  to  the  ratio  of  c  to  d,  or  a  :  a  :  :  c  :  d.     ^   e.  d. 

CoroL  1.  When  the  two  means,  namely,  the  second  and 
third  terms,  are  equal,  their  rectangle  becomes  a  square  of 
the  second  term,  which  supplies  the  place  of  both  the  second 
and  third.  And  hence  it  follows,  that  when  three  lines  are 
proportionals,  the  rectangle  of  the  two  extremes  is  equal  to 
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the  sqaare  of  the  mean  ;  and  cosyersely,  if  the  rectangle  ef 
the  eitremes  he  equal  to  the  square  of  the  meao,  the  three 
lines  are  proportionals. 

CoroL  2.  Since  it  appears,  by  the  rules  of  proportion  in 
Arithmetic  and  Algebra,  that  when  four  quantities  are  propor- 
tional, the  product  of  the  extremes  is  equal  to  the  product  of 
*  the  tv^o  means ;  and,  by  thi>^  theorem,  the  rectangle  of  the 
extremes  is  equnl  to  the  rectangle  of  the  two  m^aos  ;  it  fol- 
lows, that  the  area  or  ^p-ice  of  a  rect«ingle  is  represented  or 
ex|iress*'d  i>y  the  product  of  its  length  and  breadth  multiplied 
together.  And,  in  gederal,  a  rectangle  in  geometry  is  siiBilar 
to  the  product  of  the  measures  of  its  two  dimensions  of  length 
and  breadth,  or  base  and  height.  Also,  a  square  is  ftimilarto, 
or  represented  by,  t  e  meaaure  of  its  side  multiplied  by  ittielf. 
So  that,  what  is  ^hown  of  such  pjroducts,  is  to  be  understood 
of  the  squares  and  rectangles. 

Corel.  S.  Since  the  same  reasoning,  as  in  this  theorem » 
holds  for  any~ parallelograms  whatever,  a^  well  as  for  the  rect- 
a|igle8«  the  same  property  beloop  to  all  kinds  of  parallelo- 
grams, having  equal  angles,  and  also  to  trungles,  which  are 
the  halves  ot  parallelograms  ;  namely,  that  if  the  sides  about 
i  the  equal  angles  of  parallelograms  or  triangles,  be  reciprocal- 

ly proportional,  the  parallelograms  or  triangles  will  be  equal ; 
and.  conversely,  if  the  parallelograms  or  triangles  be  equal, 
their  sides  about  the  equal  angles  will  be  reciprocally  pro- 
portional. 

Corol  4,  Parallelograms,  or  triangles  having  an  angle  in 
each  equals  are  in  proportion  to  each  other  as  the  rectangles 
of  tfie  sides  which  are  about  theat  e^al  angles. 
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If  a  Line  be  drawn  in  a  Triangle  Parallel  to  one  of  its  sides, 
it  will  cut  the  other  Sides  Proportioaaily. 

» 

Left  Dfi  be  paraUel  to  the  side  bc  of  the 
triangle  abc  ;  then  will  ad  :  db  :  :  ae  :  ec. 

For,  draw  be  and  cd.  Then  the  tri- 
angles  DBfe:,  dcr,  are  equal  to  each  other, 
because  they  have  the  same  base  de,  and 
are  between  the  same  parallels  nt:,  bc 
(th.  25).  B<jt  the  two  triangles  adb,  bde, 
on  the  bases  ad,  db,  have  the  same   alti> 

tudc  J 
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tude  ;  aod  the  two  triiiDglefl  adb,  cde,  od 
the  bases  as,  bc,  have  also  the  same  alti- 
tude ;  and  because  triangles  of  the  same 
altitude  are  to  each  other  as  their  bases, 
therefore 

the  triangle  ade  :  bbe  :  :  ad  :  db, 

and  triangle  ade  :  cde  :  :  ae  :  ec. 

But  BDB  is  =  CDE  ;  and  equals  must  have  to  equals  the  same 
ratio  ;  therefore  ad:  db  :  :  ae  :  ec.     «.  e.  d.^ 

Corol.  Hence,  also,  the  whole  lines  ab,  ac,  are  proportional 
to  their  corresponding  proportional  segments  (^coroL  tb.  66), 

Tiz.  AB  :  AC  :  :  AD  :  ae, 
and  AB  :  AC  :  :  BD  :  ce. 


THEOREM  LXXXIII. 

A  Line  which  Bisects  any  Angle  of  a  Triangle,  divides  the 
opposite  Side  into  Two  Segments,  which  are  Proportional 
to  the  two  other  Adjacent  Sides. 

Let  the  angle  acb,  of  tbe  triangle  abc, 

be  bisected  by  the   line  cd,  making  the 

angle  r  equal  to  tbe  angle  «  :  then  will  the 

seement  ad  be  to  the  segment  db,  as  the 

side  AC  is  to  the  side  cb.     Or, 

ad  :  DB  :  :  AC  :  cb.  ^ 

A.      D     B 
For,  let  be  be  parallel  to  cd,  meeting 

AC  produced  at  e.     Then,  because  tbe  line  bc  cuts  tbe  two  I 
parallels  cd,  be,  it  makes  the  angle  cbe  equal  to  the  alternate  \ 
angle  4  (th.  12),  and  therefore  also  equal  to  tbe  angle  r,  which  a 
is  equal  to  «  by  the  supposition.     Again,  because  the  line  ae  1 
cuts  the  two  paralleli!  dc,  be,  it  makes  the  angle  e  equal  to  the 
angle  r  on  the  same  side  of  it  (tb.  14).     Hence,  in  the  trian- 
gle BCE,  th&  angles  b  and  e,   being  each  equal  to  the  angle  r,  i 
are  equal  to  each  other,  and  consequently  their  opposite  sides 
CB,  CE,  are  also  equal  (th.  3).  J 

But  now,  in  the  triangle  abe,  the  line  cd,  being  drawn 
parallel  to  the  side  be,  ^uts  the  two  other  sides  ab,  ar  pro- 
portionally (th.  8S),  making  ad  to  db,  as  is  ac  to  ce  or  to 
its  equal  cb.     a-  e.  o. 
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THEOREM  LXXXIV. 

Equiangular  Triangles  are  similar,  or  have   (heir  Like  Side* 

Proportional. 

Let  ABC,  DEP,  be  two  equiangular  tri- 
angles, having  the  angle  a  equal  to  the 
angle  d,  the  angle  b  to  the  angle  e,  and 
consequently  the  angle  c  to  the  angle  r  ; 
then  will  ab  :   ac  ::  de  :  df. 

For,  make  og=ab,  and  dh=ac,  and 
join  GH.  Then  the  two  triangles  abc, 
DOH,  having  the  two  sides  ab,  ac,  equal 
to  the  two  DO,  OH,  and  the  contained  an- 
gles A  and  D  also  equal,  are  identical,  or  -^_— _«-__ 
equal  in  all  respects  (th.  1),  namely,  the  ^  O  J2 
angles  b  and  c  arr  equal  to  the  angles  o 
aod  H.  But  the  angles  b  and  c  are  equal  to  the  angles  e  and 
F  by  the  hypothesis  :  therefore  also  the  angles  o  and  h  are 
equal  to  the  angles  b  and  f  (ax.  1),  and  consequently  the  Ime 
OH  is  parallel  to  the  side  ef  (cor.  1  th.  14). 

Hence  then,  in  the  triangle  orf,  the  line  oh,  being  parallel 
to  the  side  ef,  divides  the  two  other  sides  proportionally, 
making  do  :  oh  : :  de  :  df  (cor.  th.  82).  But  do  aod  dh  are 
equal  to  ab  and  ac  ;  therefore  also  ab  :  ac  :  :  de  :  df. 

q.  K.  d. 

THEOREM  LXXXV. 

Triangles  which  have  their  Sides  Proportional,  are  Equi- 
angular. 

In  the  two  triangles  abc,  def,  if  ab  :: 
DE  : :  AC  :  df  : :  bc  :  ef  ;  the  two  tri- 
angles will  have  their  corresponding  an- 
gles equal. 

For,  if  the  triangle  abc  be  not  equian- 
gular with  the  triangle  def,  suppose  some 
other  triangle,  as  deg,  to  be  equiangular 
with  ABC.  But  this  is  impossible  :  for  if 
the  two  triangles  abc,  deg,  were  equian- 
gular, their  sides  would  be  proportional 
^th.  84).  So  that,  ab  being  to  de  as  ac  to  do,  and  ab  to  de 
as  Bc  to  EG,  it  follows  that  dg  and  sg  being  fourth  proportioo- 
als  to  the  same  three  .quantities  as  well  as  the  two  of,  ef.  the 
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former  dq^  eg,  would  be  equal  to  the  latter,  df,  ef.  Thus 
then,  the  two  triaogles,  def,  dec,  having  their  three  sides 
equal,  would  be  identical  (th.  5)  ;  which  is  absurd,  since  their 
angles  are  unequal. 

THEOREM  LXXXVI. 

Triangles,  which  have  an  Angle  in  the  one  Equal  to  an  Angle 
in  the  other,  and  the  Sides  about  these  angles  Proportional, 
are  Equiangular. 

Let  ABC,  DBF,  be  two  triangles,  having 
the  angle  a  s=  the  angle  d,  and  the  sides  ab, 
AC,  proportional  to  the  sides  ds,  of  :  then 
will  the  triangle  abc  be  equiangular  with 
the  triangle  def. 

For,  make  do=:ab,  and  db=ac,  and 
join  ou. 

Then,  the  two  triangles  abc,  dob,  hav- 
iDg  two  sides  equal,  and  the  containad  an- 
gles A  and  D  equal,  are  identical  and  equi-  _ 
aogolar  (th.  t),  haTing  the  angles  g  and  h  3^  G-  £ 
equal  to  the  angles  b  and  c.  But,  since  the  sides  »o,  dh,  are 
proportional  to  the  sides  db,  df,  the  line  oh  is  parallel  to  bf 
(th.  83)  ;  hence  the  angles  e  and  f  are  equal  to  the  angles  o 
and  H  (th.  14),  and  consequently  to  their  equals  b  and  c« 

^,  £•  D* 
THEOREM  LXXXYII. 

In  a  Right- Angled  Triangle,  a  Perpendicular  from  the  Right 
Angle,  is  a  Mean  Proportional  between  the  Segments  of 
the  Hypothenuse  ;  and  each  of  the  Sides,  about  the  Right 
Angle,  is  a  Mean  Proportional  between  the  Hypothenuse 
and  the  adjacent  segment. 


Let  ABC  be  a  right-angled  triangle,  and 
CD  a  perpendicular  from  the  right  angle  c 
to  the  hypothenuse  ab  ;  then  will 

CD  be  a  mean  proportional  between  ad  and  db  ; 
AC  a  mean  proportional  between  ab  and  ad  ; 
bc  a  mean  proportional  between  ab  and  bd. 
Or,  AD  :  CD  :  :  cd  :  db  ;  and  ab  :  bc  :  :  bc  :  »d  ;  and  ab  : 
AC  :  :  AC  :  ad. 


For 
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For,  the  two  triangles  abc,  adc,  having  the  right  angles  at 
c  and  D  equal,  and  the  angle  a  common,  have  their  third 
angles  eqaal,  and  are  equiangular,  (corol.  1,  th.  17).  ^  In  like 
manner,  the  two  triangles  abc,  bdc,  having  the  right^angles 
at  c  and  d  equal,  and  the  angle  b  common,  have  the  third  an- 
gles equal,  and  are  equiangular. 

Hence  then,  all  the  three  triangles  abc,  adc,  bdc,  being 
equiangular^  will  have  their  like  sides  proportional  (th.  84). 


VIZ.  AD  :  CD  :  :  CD  :  db 
and  AD  :  AC  ::  ac  :  ad 
and  ab  :  Bc  :  :  BC  :  bd. 


q.  E.    D. 


Coral,  Because  the  angle  in  a  semicircle  is  a  right  angle 
(th.  52)  ;  it  follows,  that  if,  from  any  point  c  in  the  periphe- 
ry of  the  semicircle,  a  perpendicular  be  drawn  to  the  diameter 
AB  ;  and  the  two  chords  ca,  cb,  be  drawn  to  the  extremities 
of  the  diameter  :  then  are  ac,  bc,  cd,  the  mean  proportionals' 
as  in  this  theorem,  or  (by  th.  77),  cd^  =  ad  .  db  ;  ac^  = 
AB  .  AD    and  Bc>  =  AB  .  bd. 
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Equiangular  or  Similar  Triangles,  are  to  each  other  a^the 

Squares  of  their  Like  Sides. 

Let  ABC,  DEF,  be  two  equi- 
angular triangles,  ab  and  db 
being  two  like  sides  ;  then  will 
the  triangle  abc  be  to  the  tri- 
angle DBF,  as  the  square  of  ab 
is  to  the  square  of  ob,  or  as  ab' 
to  Dm'. 

For,  let  AL  and  »n  be  the 
squares  on  ab  and  db  ;  also  draw  their  diagonals  bk,  em,  and 
the  perpendiculars  co,  fh,  of  the  two  triangles. 

Then,  since  equiangular  triangles  have  their  like  sides 
proportional  (th.  84),  in  the  two  equiangukr  triangles  abc, 
DBF,  the  side  ac  :  df  : :  ab  :  db  {  and  in  the  two  aco,  dfh, 
the  side  ac  :  df  :  :  co  :  ra  ;  therefore,  by  equality  co  :  fr 
:  :  AB  :  DB,  or  CO  :  ab  :  :  fb  :  db. 

But  because  triangles  on  equal  bases  are  to  each  other  as 
their  altitudes,  the  triangles  abc,  abk,  on  the  same  base 
ABi  are  to  each  other,  as  their  altitudes  co,  ak,  or  ab  : 

and 
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and  the  triaogles  def,  dem*  oo  the  eame  base  de,  are  as  their 
altitudes  fh,  dm,  or  dk 

that  is,  triaogle  abc  :  triaogle  abk  :  :  cg  :  ab, 
and  triangle  OB r  :  tri-ingle  dem  ::  fu  :  de. 

Bot  it  has  been  shown  that  cg  :  ab  : :  fb  :  dr  ; 
tberef/of  equalitj^  ^  abc  :  /^abk  ::  Adbf  :  A  Difif, 
or  alternately,  as  A  a^c  :  ^utir  *:  /^  abk  :  a  di  m. 

But  the  sqnares  al,  dn,^ being  the  Honble  of  the  triangles 
ABH.  dbm,  have  the  same  ratio  with  them ; 
therefore  the  A  abc  :  a  def  : :  square  al  :  square  dh . 

Q.  c.  D. 
THEOREM  LXXXtX. 


All  Similar  Figures  are  to  each  other,  as  the  Squares  of  their 

Like  Sides. 

Let  abcde,  fgmix,  be 
any  two  siioilar  figures,  the 
Kke  sides  being  ab,  fo,  and 
Bc,  OB,  and  so  on  in  the  same 
order;  then  will  the  figure 
ABCOB  be  to  the  figure  fghik, 
as  the  square  of  ab  to  the 
square  of  fg,  or  as  ab'  to  fo*. 

For,  draw  be,  bd,  gk,  oi,  di?iding  the  figures  into  an 
equal  number  of  triangles,  by  lines  from  two  equal  angles  b 
and  g. 

The  two  figures  being  similar,  (by  suppos.)  they  are  equi- 
angular, and  hare  their  like  sides  proportional  (def.  70). 

Then,  since  the  .angle  a  is  =  the  angle  f,  and  the  sides 
AB,  AB,  proportional  to  the  sides  fg,  fk,  the  triangles 
ABB,  fgk,  are  equiangular  (th.  80)  In  like  manner,  the 
two  triangles  bcd,  ghi,  haying  the  angle  c  =  the  angle  n, 
and  the  sides  bc,  cd  proportional  to  the  sides  oh,  hi.  are 
also  equiangular.  Also,  if  from  the  equal  angles  aed,  i-ki, 
tter^ij^  taken, the  equal  angles  aebi  fkg,  there  will  remain 
the  equals  bed,  oki  ;  and  if  from  the  equal  angles  cde,  hik, 
be  taken  away  the  equals  cdb,  big,  there  will  remain  the 
equals  BOEt  oik  ;  so  that  the  two  triangles  bde,  oik,  having 
two  angles  equal,  are  also  equiangular.  Hence  each  triangle 
of  the  one  figure,  is  equiangular  with  each  corresponding  tri- 
angle of  the  other. 

But  equiangular  triangles  are  similar,  and  are  proportional 

to  the  squares  of  their  like  sides  (th.  88). 

Therefore 
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Therefore  the  a  abk  :  a  fok  :  :  ab'  :  fg', 
and  A  bcd  :  A  ohi  :  :  bc^  :  ou*  ; 
and  A  bde  :  A  oik   :  :  de*  :  ik'. 

Bat  as  the  two  polygoos  are  similar,  their  like  sides  are 
proportional,  and  consequently  their  squares  al^^o  proportion- 
al ;  so  that  all  the  ratio«),  ab'io  fo',  and  bg'  to  oh^,  and  de' 
to  IK* ,  are  equal  among  themselves,  and  con«equently  the  cor- 
responding triangles  also,  abe  to  fok,  and  bco  to  ghi,  and  bdb 
to  GiK,  have  all  the  same  ratio,  viz  that  of  ab'  to  to*  :  and 
hence  all  the  antecedents,  or  the  figure  abcdb,  have  to  all  the 
consequents,  or  the  figure  puhik,  btill  the  same  ratio,  viz.  that 

of  AB*  to  F0>   (th.  Ti).      ^.  E.  D. 

THEOREM  XC. 

Similar  Figures  Inscribed  in  Circles,  have  their  Like  Sides^ 
and  also  tbeir  Whole  Perimeters,  in  the  Same  Ratio  as  the 
Diameters  of  the  Circles  in  which  they  are  Inscribed. 

Let        ABCOC,      FGBIK, 

be  two  similar  figures, 
inscribed  in  the  circles 
whose  diameters  are  al 
and  FM ;  then  will  each 
side  AB,  bc,  kc.  of  the 
one  tigare  be  to  thehke 
side  OF,  OH  &c.   of  .the 

other  figure,  or  the  whole  perimeter  ab4*bc4*&c,  of  the  one 
figure,  to  the  whole  perimeter  FO-f-OH-l-  &c,  of  the  other  fi- 
gure, as  the  diameter  al  to  the  diameter  fm. 

For,  draw  the  two  corresponding  diagonals  ac,  fh,  as 
also  the  lines  bl,  gm.  Then,  sinre  the  polygons  are  similar, 
they  are  equiangular,  and  their  like  f^ides  have  the  same  ratio 
(def  70)  ;  therefore  the  twp  triangles  abc,  foh,  have  the 
angle  b  ^  the  angle  g,  and  the  sides  ab,  bc,  proportional 
to  the  two  sides  fo,  gh,  consequently  these  two  triangles 
are  equiangular  (Ih.  86),  and  have  the  angle  acb  =  fhg. 
But  the  angle  acb  =  alb,  standing  on  the  same  arc  ab  ; 
and  the  angle  fhg^fmg,  standing  on  the  same  arc  fg  ; 
therefore  the  angle  alb-s-fmo  (th.  1).  And  since  the  angle 
ABL^FGM,  being  both  right  angles,  because  in  a  semicircle  ; 
therefore  the  two  triangles  abl,  fgm,  having  two  angles  equal, 
are  eqniaogolar ;  and  conseqaently  their  like  sides  are  pro- 
portional 
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portional  (th.  84)  ;  hence  ak  :  fo  :  :  the  diameter  al  :  the 
diameter  fm. 

In  like  manner,  each  side  bc,  cd,  &c.  has  to  each  side  gh« 
HI,  &c.  the  same  ratio  of  al  to  fm  ;  and  conseqaentlj  the 
sums  of  them  are  still  in  the  same  ratio;  viz  ab4*bc-|-cd9 
iic.  :  FG+ou+ai,  &c.  : :  the  dtam.   al  :  the  diam.  fm  (th. 

72).       li.  E.  D. 

THiXIREM  XCI. 

Similar  Figures  Inscribed  in  Circles,  are  to  each  other  as  the 
Squares  of  the  Diameters  of  those  Circles. 

Let  ABCDE,  FouiK,  be 
two  similar  ^ures  in- 
scribed in  the  circles 
whose  diameters  are  al 
and  FM  ;  then  the  sur< 
face  of  the  polygon 
ABCDE  will  be  to  the  sur- 
face of  the  polygon  fohik,  as  al'  to  fm'. 

For,  the  figures  being  similar,  are  to  each  other  as  the 
squares  of  their  like  sides,  ab'  to  fg*  (th.  86).  But,  by 
the  last  theorem,'  the  sides  ab,  fo^  are  as  the  diameters  al, 
FM  ;  and  therefore  the  squares  of  the  sides  ab'  to  fg',  as  the 
squares  of  the  diameters  al*  to  fm*  (th.  74).  CoDseqaently 
the  polygons  abcdb,  fghik,  are  also  to  each  other  ai  the 
squares  of  the  diameters  al^  to  fm^  (dX.  1).     ^.  b.  d. 

THEOREM  XCII. 

The  Circumferences  of  all  Circles  are  to  each  other  as  their 

Diameters. 

Let  d,  d,  denote  the  diameters  of  two  circles,  and  c,  e,  their 
circumfiprences  ? 

then  will  d  :  d  :  :  c  :  c,  or  d  :  c  :  :  d  :  c. 

For,  (by  theor.  90),  similar  polygons  inscribed  in  circles 
have  their  perimeters,  in  the  same  ratio  as  the  diameters  of 
those  circles. 

Now,  as  this  property  belongs  to  all  polygons,  Whfitever 
the  number  of  the  sides  may  be  ;  concei?e  the  number  of  the 
sides  to  be  indefinitely  great,  and  the  length  of  each  inde- 
finitely small,  till  they  coincide  with  the  circumference  of 

the 
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the  circle,  and  be  eqoal  to  it,  indefinitely  near.  Then  the 
perimeter  of  the  polygon  of  an  infinite  number  of  sides,  is 
the  same  thine  as  the  circumference  of  the  circle  Hence  it 
appears  that  the  circumferences  of  the  circles,  being  the  same 
^  as  the  perimeters  of  such  polygons,  are  to  each  other  in  the 

same  ratio  as  the  diameters  of  the  circles,     q,.  e.  d. 

THEOREM  XCni. 

The  Areas  or  Spaces  of  Circles,  are  to  each  other  as  the 
Squares  of  their  Diameters,  or  of  their  Hadii. 

Let  a  a,  denote  the  areas  or  spaces  of  two  circles,  and  d 
df  their  diameters  ;  then  a  :  a  :  :  d'  :  d*. 

For  (by  theorem  91)  similar  polygons  inscribed  in  circles 
are  to  each  other  as  the  squares  of  the  diameters  of  the 
circles. 

Hence,  conceiving  the  number  of  the  sides  of  the  poly- 
gons to  be  increa^sed   more  and  mote,  or  the  length  of  the 
sides  to  become  l^ss  and  lees,  the  polygon  approaches  nearer 
i  and  nearer  to  the  circle,  till  at  length,  by  an  infinite  approach, 

coincide,  and  become  in  effect  equal ;  and  then  it  follows 
that  the  spaces  of  the  circles,  which  are  the  same  as  of  the 
polygons,  will  be  to  each  other  as  the  squares  of  the  diame- 
ters of  the  circles,     q.  e.  o. 

CkMTol.  The  spaces  of  circles  are  also  to  each  other  as  the 
squares  of  the  circumferences  ;  since  the  circumferences  are 
in  the  same  ratio  as  the  diameters  (by  theorem  92). 
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THEOREM  XCIV. 

The  Area  of  any  Circle,  is  Equal  to  the  Rectangle, of  Half 
its  .Circumference  and  half  its  Diameter. 

Conceive  a  regular  polygon  to  be 
inscribed  in  the  circle  :  and  radii  drawn 
to  all  the  angular  points,  dividing  it  into 
as  ma»y  equal  triangles  as  the  polygon 
has  sides,  one  of  which  abc;  of  which 
the  altitude  is  the  perpendicular  cd  from 
the  centre  to  the  base  ab. 

'J' hen  the  triangle  abc,  being  equal  to    - 
H  rectangle  of  half  the  base  and  eqnal  altitude  (tb.  26,  cor.  2), 
is  equal  to  the  rectangle  of  the  half  base  ad  and  the  altitude  cd  ; 

conse- 
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coDsequently  the  whole  polygon,  or  all 
the  triangles  added  together  which  com- 
pose it,  is  eqnal  to  the  rectangle  of  the 
common  altitude  cd,  and  the  halves  of  all 
the  sides,  or  the  half  perimeter  of  the  po- 
lygon. 

Now,  conceiTe  the  nomher  of  sides  of  the  polygon  to  he 
indefinitely  increased  ;  then  will  its  perimeter  coincide  with 
the  circumference  of  the  circle,  and  consequently  the  alti- 
tude CD  will  become  equal  to  the  radius,  and  the  whole  poly- 
gon equal  to  the  circle.  Consequently  (he  space  of  the  circle, 
or  of  the  polygon  in  that  state,  is  equal  to  the  rectangle  of 
the  radius  and  half  the  circumfereoce.    ^.  b.  d. 


OF  PLANES  AND  SOLIDS. 


DEFINITIONS. 

Def.  88.  The  common  Section  of  two  Planes,  is  the  line 
in  which  they  meet,  to  cut  each  other. 

89.  A  line  is  Perpendicular  to  a  Plane,  when  it  is  perpen- 
dicular to  every  line  in  that  plane  which  meets  it. 

90.  One  Plane  is  Perpendicular  to  Another,  when  erery 
line  of  the  one,  which  is  perpendicular  to  the  4ine  erf  their 
common  section,  is  perpendicular  to  the  other. 

91.  The  inclination  of  oneTlane  to  another;  or  the  angle 
they  form  between  thc^m,  is  the  angle  contained  by  two  lines 
draw  from  any  point  in  the  common  section,  and  at  right  an* 
gles  to  the  same,  one  of  these  lines  in  each  plane. 

92.  Parallel  Planes,  are  such  as  being  produced  ever  so  far 
both  ways,  will  never  meet,  or  which  are  every  where  at  an 
equal  perpendicular  distance  : 

93.  A  Solid  Angle,  iff  that  which  is  made  by  three  or  more 
plane  angles,  meeting  each  other  in  the  same  point 

94.  Similar 


\ 


i 


I 


DEFINITIONS.  337 

94.  Similar  Solids,  contained  by  plane  figarea*  are  such  as 
ha?e  all  their  solid  angles  eqnal,  each  to  each,  and  are  bound- 
ed bj  the  same  number  of  similar  planes,  alike  placed. 

95.  A  Prism  ia  a  solid  whose  ends  are  parallel,  equal,  and 
like  plane  figures,  and  its  sides,  connecting  those  ends,  are 
parallelograms. 

96.  A  prism  takes  particular  names  according  to  the  figure 
of  its  base  or  ends,  whether  triangular,  square,  rectangular, 
pentagonal,  hexagonal,  &c. 

97.  A  Right  or  Upright  Prism,  is  that  which  has  the 
planes  of  the  sides  perpendicular  to  the  planes  of  the  ends  or 
base. 

98.  A  Parallelopiped,  or  Parallelopipedon  is 
a  prism  bounded  by  six  parallelograms,  every 
opposite  two  of  which  are  equal,  alike,,  afid  pa- 
rallel. 

99.  A  Rectangular  Parallelopipedon,  is  that  whose  bound- 
log  planes  are  all  rectangles,  which  are  perpendicular  to  each 
other. 

100.  A  Cube,  is  a  square  prism,  being  bound- 
ed by  six  equal  square  sides  or  faces,  and  are 
perpendicular  to  each  other. 


101.  A  Cylinder,  is  a  round  prism,  haying  cir- 
cles for  its  ends  ;  and  is  conceived  to  be  formed 
by  the  rotation  of  a  right  line  about  the  circum- 
ferences of  two  equal  and  parallel  circles,  always 
parallel  to  the  axis. 

102.  Th'e  Axis  of  a  Cylinder,  is  the  right  line  joining  the 
centres  of  the  two  parallel  circles,  about  which  the  figure  is 
described. 

103.  A  Pyramid,  is  a  solid,  whoae  base  is  any 
right-lined  plane  figure,  and  its  sides  triangles, 
having  all  their  vertices  meeting  together  in  a 
point  above  the  base,  called  the  Vertex  of  the  py- 
ramid 

104.  A  pyramid,  like  the  prism,  takes  particular  names 
from  the  figure  of  the  base. 

105.  A  Cone,  is  a  round  pyramid,  having  a  cir- 
cular base,  and  is  conceived  to  be  generated  by  the 
rotation  of  a  right  line  about  the  circumference  of 
a  circle,  one  end  of  which  is  fixed  at  a  point  above 
the  plane  of  that  circle. 

106.  The 
Vol.  I.  44 
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106.  The  Axif  of  a  cone,  ia  the  right  line,  joining  the  ver- 
tex, or  fixed  point,  and  the  centre  of  the  circle  ahont  whi6h 
the  figare  is  descrihed. 

107.  Similar  Cones  and  Cvlindcra,  are  anch  as  have  their 
altitades  and  the  diameters  of  their  bases  proportional. 

108.  A  Sphere,  Is  a  solid  boanded  by  one  curve  saHace, 
which  is  every  where  equally  distHnt  from  a  certain  point 
within  called  the  Centre.  It  is  conceived  to  be  generated  by 
the  rotation  of  a  semicircle  about  its  diameter,  which  remains 

fixed. 

109.  The  Axis  of  a  Sphere,  is  the  right  line  aboot  which 
the  semicircle  revol?es  ;  and  the  centre  is  the  same  as  that 
of  the  revolving  semicircle. 

110.  The  Diameter  of  a  Sphere,  is  any  right  line  passing 
through  the  centre,  and  terminated  both  ways  by  the  snHace. 

111.  The  Altitude  of  a  Solid,  ia  the  perpendicular  drawn 
from  the  vertex  to  the  opposite  side  or  base. 

THEOREM  XCV. 

A  Perpendicular  is  the  Shortest  Line  which  caa  he  drawn 

from  any  Point  to  a  Plane. 

Let  ab  be  perpendicular  to  the  plane 
DE  ;  dien  any  other  line,  as  ac,  drawn 
from  the  same  point  a  to  the  plane, 
will  be  longer  than  the  line   ab. 

In  the  plane  draw  the  line  bc,  joining 
the  points  b,  c. 

Then,  because  the  line  ab  is  perpen- 
dicular to  the  plane  db,  the  angle  b  is  a  right  ang^e  (def.  89), 
and  consequently  greater  than  the  angle  c ;  therefore  the 
line  ab,  opposite  to  the  less  angle,  is  less  than  any  other  line 
AC,  opposite  the  greater  angle  (th.  21).  q.  e.  d. 

THEOREM  XCVI. 

A  Perpendicular  Measures  the  Distance  of  any  Point  from  a 

Plane. 

The  distance  of  one  point  from  another  is  measured  by  a 
right  line  joining  them,  because  this  is  the  shortest  line  which 
c^  be  drawn  from  one  point  to  another.  So,  also,  the 
distance  from  a  point  (o  a  line*  is  measured  by  a  perpendicu- 
lar, because  this  line  is  the  shortest  which  can  be  drawn 

from 
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from  the  point  to  the  line.  In  like  manDer,  the  distance  from 
a  point  to  a  plane,  mast  be  measured  by  a  perpendicular  drawn 
from  that  point  to  the  plane,  hecau^e  this  is  the  shortest  line 
which  can  be  drawn  from  the  point  to  the  plane. 

THEOREM  XCVU. 

The  common  Section  of  Two  Planes,  is  a  right  Line. 

Let  acsda,  aebfa,  be  two  planes  cut- 
ting each  other,  and  a,  b,  two  points  in 
which  the  two  planes  meet :  drawing  the 
line  AB.'this  line  will  be  the  common  in- 
tersection of  the  two  planes. 

For  because  the  right  line  ab  touches 
the  two  planes   in  the   points  a  and  b,  it 
touches  them  in  all  other  points  def.  20)  : 
this  line  is  therefore  common  to  the  two  planes.     That  is,  the 
common  intersection  of  the  two  planes  is  a  right  line.  q.  b.  d. 

THEOREM  XCVIII. 

If  a  Line  be  Perpendicular  to  two  other  Lines,  at  their  Com- 
mon Point  of  Meeting ;  it  will  be  Perpendicular  to  the 
Plane  of  those  Lines. 

Let  the  line  ab   make  right  angles  -^ 

with  the  lines  Ae,  ad  ;  then  will  it  be 
perpendicular  to  the  plane  cde  which 
passes  through  these  lines. 

If  the  line  ab  were  not  perpendicular 
to  the  plane  ode,  another  plane  might 

Sass  through  the  point  a,  to  which  the 
ne  AB  would  be  perpendicular.  But  this  is  impossible  ;  for, 
since  the  angles  bac,  bad,  are  right  angles,  this  other  plane 
must  pass  through  the  points  c,  d.  Hence,  this  plane  passing 
through  the  two  points  a,  c,  of  the  line  ac,  and  through  the 
two  points  A,  D,  of  the  line  ad,  it  will  pass  through  both  these 
two  lines,  and  therefore  be  the  same  plane  with  the  former. 

^.  E.  D^ 
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THEOREM  XCIX. 

IfTwo  Lines  be  perpendicular  to  the  Same  Plane,  they  will 

be  Parallel  to  estcfy  other. 

Let  the  two  lines  ab,  cd,  be  both  per- 
pendicular to  the  eame  plane  ebdf  ;  then 
will  AB  be  parallel  to  cd. 

For,  join  b,  d,  by  the  line  bd  in  the 
plane.      Then,  because  the  lines  ab,    cd, 
are  perpendicular  to  the  plane  ef,  they 
are  both  perpendicular  to  the  line  bd  (def.  89)  in  that  plane  : 
and  consequently  they   are  parallel  to  each  other  (corol.  th. 

13).      Q.  E.  D.* 

Corol.  If  two  lines  be  parallel,  and  if  one  of  them  be 
perpendicular  to  any  plane,  the  other  will  also  be  perpendi- 
cular to  the  same  plane. 
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THEOREM  C. 

If  Two  planes  Cut  each  other  at  Right  Angles,  and  a  Line  be 
drawn  in  one  of  the  Planes  Perpendicular  to  their' Common 
Intersection,  it  will  be  Perpendicular  to  the  other  Plane. 

Let  two  the  planes  acbd,  aebf,  cut 
each  other  at  right  angles  ;  and  the  line 
CO  be  perpendicular  to  their  common 
section  ab  ;  then  will  co  be  also  perpen- 
dicular to  the  other  plane  aebf. 

For,  draw  so  perpendicular  to  ab. 
Then  because  the  two  lines  gc,  oe,  are  -^ 

perpendicular  to  the  common  intersection  ab,  the  angle  coc 
IS  the  angle  of  inclination  of  the  two  planes  /def.  91).  But 
since  the  two  planes  cut  each  other  perpendicularly,  the  an- 
ffle  of  inclination  cge,  is  a  right  angle.  And  since  the  line  cg 
IS  perpendicular  to  the  two  lines  oa,  ge,  in  the  plane  aebf,  it 
is  therefore  perpendicular  to  that  plane  (th.  98).     ^.  e.  d. 


TO 
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^  •  This  derooDstretioQ  of  Theorem  xcix.  docs  not  appear  to  me  to  be  conclu- 
liVe,    Editor. 


THEOREM 


THEOREMS.  341 


THEOREM  CI. 

If  one  Plane  meet  another  Plane,  it  will  make  Angles  vrith 
that  other  Plane,  which  are  together  eqnal  to  two  Right 
Angles. 

Let  the  plane  acbc  meet  the  plane  aebp  ;  these  planes 
mnke  with  each  other  two  angles  whose  sum  is  equal  to  two 
right  angles. 

For,  through  any  point  o,  in  the  common  section  ab,  draw 
CD«  KF,  perpendicnlur  to  ab.  Then  the  line  co  makes  with 
EF  two  angles  together  equal  to  two  right  angles.  But  these 
two  angles  are  (by  def.  91)  the  angles  of  inclination  of  the 
two  planes.  Therefore  the  two  planes  make  angles  with 
each  other,  which  are  together  equal  to  two  right  angles. 

CoroL  In  like  manner  it  may  be  demonstrated,  that  planes 
which  intersect,  have  their  vertical  or  opposite  angles  eqnal ; 
also,  that  parallel  planes  have  their  alternate  angles  equal  ; 
and  so  on,  as  in  parallel  lines. 

THEOREM  CIL 

If  Two  Planes  be  Parallel  to  each  other  ;  a  Line  which  is 
Perpendicular  to  one  of  the  planes,  will  also  be  Perpendi-. 
colar  to  the  other. 

Let  the  two  planes  cd,  ep,  be  parallel, 
and  let  the  line  ab  be  perpendicular  to  the 
plane  co  ;  then  shall  it  also  be  perpendicu- 
lar to  the  other  plane  bf. 

For,  from  any  pohit  c  in  the  plane  ef, 
draw  OH  perpendicular  to  the  plane  cd,  and 

draw  AH,  BG.  C('''"tIIhjD 

Then  because  ba,  ob,  are  both  perpen-  ^Vs^  5/^ 
dicular  to  the  plane  cd,  the  angles  a  and  h 
are  both  right  angles.  And  becautiie  the  planes  co,  ef,  are 
parallel,  the  perpendiculars  ba,  oh,  are  equal  (def  ^2). 
Hence  it  follows  that  the  lines  bo,  ah,  are  parallel  (def  9). 
And  the  Ime  ab  being  perpendicular  to  the  line  ah,  is  also 
'perpendicular  to  the  parallel  line  bo  (cor.  th.  12). 

In  like  manner  it  is  proved,  that  the  line  ab  is  perpendi- 
cular to  all  other  lines  which  can  be  drawn  from  the  point  b 

in 
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in  the  pUhe  ef.     Therefore  the  line  ab  is  perpendicular  to 
the  whole  plane  ef  (def.  92).     a-  e.  d. 


THEOREM  CIU. 

If  Two  Lines  be  Parallel  to  a  Third  Line,  though  not  in  the 
same  Plane  with  it ;  they  will  be  Parallel  to  each  other. 


r1> 


Let  the  lines  ab,  cd,  be  each  of  them 
parallel  to  the  third  line  ef,  though  not  in 
the  same  plane  with  it ;  then  will  ab  be  pa-  B 

rattel  to  cd. 

For,  from  any  point  o  in  the  line  ef,  let 
OH,  Gi,  be  each  perpendicular  to  ef,  in  the         H 
planes  eb,  ed,  of  the  proposed  parallels 

Then,  since  the  line  ef  is  perpendciular  ^ 
to  the  two  lines  uh,  oi,  it  is  perpendicular 
to  the  plane  ohi  of  those  lines  (th.  98).  And  because  ef  is 
perpendicular  to  the  plane  ohi,  its  parallel  ab  is  also  perpen- 
dicular to  that  plane  (cor.  th.  99).  For  the  same  reason,  the 
line  en  is  perpendicular  to  the  same  plane  uhi.  Hence,  be- 
cause the  two  lines  ab,  cd,  are  perpendicular  to  the  same 
plane,  these  two  lines  are  parallel  (th.  99).     ^.  ■•  d. 
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If  Two  Lines,  that  meet  each  other,  be  Parallel  to  Two  other 
Lined  that  meet  each  other,  though  not  in  the  same  Plane 
with  them  ;  the  Angles  contained  by  those  Lines  will  be 
equal. 

Let  the  two  lines  ab,  bc,  be  parallel  to 
the  two  lilies  de,  ef  ;  then  will  the  angle 
ABC  be  equal  to  the  angle  dbf. 

For,  make  the  lines  ab,  bc,  db,  ef,  all 
equal  to  each  other,  and  join  ac,  df,  ad,  be, 
cf. 

Then,  the  lines  ad.  be,  joining  the  equal 
and  parallel  lines  ab,  dk,  are  equal  and  pa- 
lallel  (th  24).  For  the  same  reason,  cr, 
BK,  are  cqu^l  and  parallel.  1  herefore  ad,  cp,  are  equal  and 
parallel  (th*  16)  ;  and  consequently  also  ac,  df  (lb.  24). 
Hence,  the  two  triangles  abc,  def,  haying  all  their  sides  equal, 

each 
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each  to  each,  have  their  angles  also  equal,  and  consequently 
the  angle  abc  =  the  angle  def.     q.  e.  d. 

THEOREM  CV. 

The  Sections  made  hy  a  Plane  cutting  two  other  Parallel 
Planes,  are  also  Parallel  to  each  other. 

Let  the  two  parallel  planes  ab.  cd,  he 
cut  hy  the  third  plane  bfhq,  in  the  lines 
BF,  OH  :  these  two  sections  ef,  gh,  will 
he  parallel. 

Suppose  Fo,  FB,  be  drawn  parallel  to 
each  other  in  the  plane  efhg  ;  also  let 
EI,  FK.  be  perpendicular  to  the  plane  cd  ; 
and  let  lo,  xh,  be  joined. 

Then  eo,  fr,  beiag  paraUels,  and  ei,  fk,  being  both  per- 
pendicular to  the  plaue  cd,  are  also  parallel  to  each  other 
(th.  99)  ;  consequently  the  angle  hfk  is  equal  to  the  angle 
GEi  (th.  104).  But  the  angle  Fitti  is  alA>  equal  to  the  angle 
Bio,  being  both  right  angles  ;  therefore  the  two  triangles  are 
equiangular  (cor.  1,  th.  17  ;)  and  the  sides  fk,  ei,  being  the 
equal  distances  between  the  parallel  planes  (def.  9i),  it  fol- 
lows that  the  sides  fh,  eg,  are  al^  equal  (th.  9).  But  these 
two  lines  are  parallel  (by  suppos.),  as  well  as  equal  ;  conse- 
quently the  two  lines  ef,  oh,  joining  those  equal  parallels,  are 
also  parallel  (th.  24).     ^.  e.  n. 


THEOREM  CVI. 


If  any  Prism  be  cut  by  a  Plane  Parallel  to  its  Base,  the  Sec- 
tion win  be  equal  and  Like  to  the  Base. 


E 


/TK 


Iz 
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Let  AG  be  any  prism,  and  il  a  plane  pa- 
rallel to  the  base  ac  ;  then  will  the  plane 
IL  be  equaf  and  like  to  the  base  ac,  or  the 
two  planes  will  haye  all  their  sides  and  all 
their  angles  equal. 

For  the  two  planes  ac,  iL,beingp!irallel, 
by  hypothesis  ;  and  two  parallel  planes,  cut 
by  a  third  plane,  haying  parallel  sections 
(th.  106)  ;  therefore  ik  is  parallel  to  ab,  **  "^ 

*and  KL  to  Bc,  and  lm  to  cd,  and  im  to  ad.  But  ai  and  bk  are 
parallels  (by  def.  96)  consequently  ak  is'a  parallelogram  ; 
and  the  opposite  sides  ab,  ik,  are   equal  (th.  22).     In  like 

manner. 
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maoDer,  it  n  thowo  that  Kt  is  s=bc,  and  lm 

3SCD,  and  iM=AD,  or  the  two  planes  ac,  il, 

are  matiially  equilateral.      But   thei^e   two 

plaoet.  bavioir  their  corresponding  sides  pa- 

rallel,  ha?e   the  angles  contained  by  them 

also  equal  (th.     04;.  namely,  the  angle  a  = 

the  angle  i,  the  angle  b  =the  angle  k,    the 

angle  c  :s  the  angle  l,  and  the  angle  d  =  the 

angle  m      So  that  the  two  plane»  ac.  il,  have 

all  their  corresponding  sides  and   angles  equal,  or  tfaej  are 

equal  and  like      a.  c.  d. 

THEOREM  CVII. 

If  a  Cylinder  be  cut  by  a  Plane  parallel  to  its  Base,  the  Sec- 
tion will  be  a  Circle,  Equal  to  the  Base. 

Let  af  be  a  cylinder,  and  gbi  any  sec- 
tion parallel  to  the  base  abc  ;  then  will 
oHi,  be  a  circle  equal  to  abc 

For.  let  the  planes  ke,  kf,  pass  through 
the  axis  of  the  cylindt^r  mk,  and  meet*  the 
sertion  qui  in  the  three  points  b,  i,  l  ; 
and  join  the  points  as  in  the  figure. 

Then,  since  k1.,  ci,  are  parallel  (by  def 
101);  and  the  plane  ki,  meeting  the  two 
parallel  planes  abc,  uhi,  mak^s  the  ti»o  sections  kc,  li,  pa- 
rallel (th.  i05)  ;  the  figure  klic  is  therefore  a  parallelogram, 
and  consequently  has  the  opposite  sides  x.i,  sc,  equal,  where 
KC  is  a  radius  of  the  circular  base. 

In  like  manner  it  is  ^bown  that  lh  is  equal  to  the  radius 
SB  ;  and  (hat  any  other  lines,  drawn  from  (he  point  l  to  the 
circumference  of  the  section  ghi,  are  all  equal  to  radii  of  the 
base  ;  consequently  ghi  is  a  circle,  and  equal  to  abc.  ^.  e.  p. 

THEOREM  CVin. 

All  Prisms  and  Cylinder^i  of  Equal  Bases  and  Altitudes,  are 

Equal  to  each  other. 

Let  AC  ,DF,  be  two  _q 

prisms,  and   a  cylin- 
der, on    equal  bases 


ab,    de,    and    having 
equal  altitudes  bc,  ef  ;    P 
then    will    the  solids 
AC,  DF,  be  equal. 
For,  let  p<i,  US,  be 


i: 
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my  tun  tadlioiit  parriM  to  Hr  baw,  -mai  eqa^tint  firoB 
thnn.  l^CD,  by  tbe  tnt  two  1beor«n*s  th«  MclioK  >«  » 
equal  to  the  bsM  ab,  and  the  lection  ms  eqaal  to  the  bi*e  ot. 
Sat  the  buea  u,  db,  are  equal,  b^  tbe  bypothesia ;  tberefore 
the  aectioBa  f«,  u,  are  eqaal  also.  In  Uk«  maneer,  it  may 
be  abowa,  that  any  ether  correfpendiogaoctiou  are  eqaal  te 
one  aootber. 

Since  then  erery  aecliaa  in  tlbe  prism  ao,  is  equal  to  iti 
correipeDding  aection  in  tbe  priam  or  cjriinder  df.  the  prisma 
and  cylinder  themaelTet,  which  afe  composed  of  an  eqnal 
number  ofall  those  equal  sections,  mini  aho  be  equal.  *.K.  o. 

Contl.  Erery  priim.  or  cjliodef  t  is  e^Ml  to  a  rectangular 
parallelopipedoo,  of  an  eqaal  base  tmi  altitude. 


THEXHIEMCIX. 

Aectaiiguiar  Porallelopipedons,  of  Equal   Altitudes,  are  to 
eacb  other  as  fbeir  Bases. 

Let  aCi  so,  be  two  rectao-  .^'!d^ 

fular  paralletopipedoDS,  hav- 
ing the  equal  aTtttudes  ad,  eh; 
then  will  the  solid  ac  be  to 
the  solid  ao  as  tbe  base  ab  is 
to  (be  base  ef. 

For,  let  tbe  proportion  at 
the  base  AB  to  (he  base  ar,  be         -^^    -i-    ™.   *-  —  - 

that  of  any  one  number  m  (3) 

to  any  other  number  n  (9).  And  conceive  ab  to  be  divided 
into  m  equal  parts,  or  rectangles,  ai,  lx,  hb,  (by  dividing  «ii 
into  that  number  of  equal  parts,  and  drawing  il,  kk,  parallai 
to  bn).     And  let  EF  be  divided,  to  like  maaaer,  into  n  equal 

Crts,  or  rectangles,  eo,  pf  :  all  of  these  parts  of  both  bases 
ing  mutually  equal  among  themselves.  And  throi^h  the 
.  lines  of  division  let  tbe  plane  sections  lb,  ma,  fv,  pass  paral- 
lel to  A4,  BT. 

Theu,  the  paraltelopipedons  ak,  ls,  mc,ev,  ro,  are  all  equal, 
baving  equal  bases  and  altiiades.  Therefore  the  solid  ac  is 
to  the  solid  bo,  as  tbe  number  of  parts  in  the  former,  to  the 
hamber  of  eqaal  parts  in  tbelltler  ;  Or  as  the  number  of  parts 
lA  AB  to  the  ntimbtr  of  equal  parts  in  ef.  thai  is,  as  (ha  base 
AS  to  the  base  ef.     «.  a.  d. 

Conl.  From  this  theoreu.  and  (bo  corollary  to  the  last,  it 
appears,  Ibat  ell  prisms  and  cylinders  of  aqual  altitudes,  are 

Vot.  I.  46  'o 
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te  each  other  a§  their  haies ;  every  prism  and  cylinder  being 
eqoal  to  a  rectanfuUr  parallelopipedoD  of  an  eqoal  bate  and 
altitude* 

THECWEM  ex. 

Rectangular  Parallelopipedoos,  of  Eqnal  Bases,  are  to  each 

other  as  their  Altitudes. 


B 


LZJ 
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Let  ab,  cd,  be  two  rectan* 
cular  parallelopi;'edon8,  stand- 
ing on  the  equal  bases  ae,  cf  ; 
then  will  the  solid  ab  be  to 
the  solid  cd,  as  the  altitude 
EB  is  to  the  altitude  rn. 

For,  let  AG  be  a  rectangular         J- ^ 

parallelopipedon  on  the  base 

A£y  and  its  altitude  eo  equal  to  the  altitude  fd  of  the  solid  cd* 

Then  ao  and  cd  are  equal,  being  prisms  of  equal  bases  and 
altitudes.  But  if  hb,  ho,  be  considered  as  bases,  the  solids 
AB,  AO,  of  equal  altitude  am,  will  be  to  each  other  as  those 
bases  hb,  ho  But  these  bases  hb,  kg,  being  parallelograms 
of  eqoal  altitude  he,  are  to  each  other  as  their  hashes  eb,  eg  ; 
therefore  the  two  prisms  ab,  ao,  are  to  each  other  as  the 
lines  BB,  EG.  But  ao  it*  equal  to  co,  and  eg  equal  to  fd  ; 
consequently  the  prisms  ac.  c:d,  are  to  each  other  as  their  al- 
titudes EB,  F0  ;  that  is.  ab  :  cd  :  :  eb  :  fd.     4.  e.  d. 

CoroL  I.  From  this  theorem,  and  the  corollary  to  theorem 
108,  it  appears,  that  all  prisms  and  cyliud^rs,  of  equal  bases, 
are  to  one  another  as  their  altitudes. 

Coral.  2,  Because,  by  corollary  1.  prisms  and  C}linders  are 
as  their  altitudes,  when  their  bases  are  equal.  And,  by  the 
corollary  to  the  last*  theorem,  they  are  as  their  bases,  when 
their  altitudes  are  equal.  There&re,  universally,  when  nei- 
ther are  equal,  they  are  to  one  another  as  the  product  of  their 
bases  and  altitudes  And  hence  also  these  products  are  the 
propar  numeral  measures  of  their  quantities  or  magnitudes* 

THEOREM  CXI. 

Similar  Prisms  and  Cylinders  are  to  each  other,  as  the  Cubes 
of  their  Altitudes,  or  of  any  other  Like  Linear  Dimen- 
sions. 

Let  abcd,  efoh,  be  two  similar  prisms ;  then  will  the 
prism  CD  be  to  the  prism  oh,  as  ab'  to  ef'  or  ad>  to  eb'. 

For 
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For  the  solids  are  to  each  other  as 
the  product  of  their  bases  and  alti-  j^^y^^'^^ 
tudes(th.    110,  cor.  2),  that  is,  as  ^      / 
AC  •  AD  to  CO  .  EH.     Btit  the  bases, 
being  simitar    planes,  are   to   each 
other  as  the  squares  of  their  like 
sides,  that  is,  ac  to  co  as  ab>  to  ff*  ,  j^ 
therefore  the  solid  cd  is  to  the  solid 

OB,  as  AB*  .  AD  to  BF*   .  EH.       But  BD         B  3 

and  FH,  being  similar  planes,  have 

their  like  sides  proportional,  that  is,  ab  :  sv  :  :  ad  : 

or  ab'  :  CF' :  :  ad*  :  eh'  :  therefore  ab'  •  ad  :  bf'  eb 


sf3  ;  or,  ::  ad'  :  eb'  ;  conseq.  the  solid  cd  :  solid  oh 

EF'  ; 


AB'i 

ab'  ; 


AO'  :  eh'  .     q.  E.  D- 


THXXKREM  CXH, 

Id  any  Pyramid,  a  Section  Parallel  to  the  Base  is  similar  to  the 
Base ;  and  these  two  planes  are  to  each  other  as  the  ^VHIggf 
of  their  Distances  from  the  Vertex. 


Let  abcd  be  a  pyramid,  and  efo  a  sec- 
tion parallel  to  the  base  bcd,  also  aih  a 
line  perpendicular  to  the  two  planes  at  h  and 
I  :  then  will  bd,  eg,  be  two  similar  planes, 
and  the  plane  bd  will  be  to  the  plane  bo» 

as  AH'  to  AI'. 

For,  join  cb,  fi.  Then,  because  a  plane 
cutting  two  parallel  planes,  makes  parallel 
sections  (th.  105),  therefore  the  plane  asc, 
meeting  the  two  parallel  planes  bd,  eg,  makes  the  sections 
BC,  EF,  parallel  :  In  like  manner,  the  plane  acd  makes  the 
flections  cd,  fo,  parallel  Again,  because  two  pair  of  parallel 
lines  make  equal  angles  (th.  104),  the  two  ef,  fg,  which  are 
parallel  to  bg,  cd,  make  the  angle  cfo  equal  to  the  angle  bcd.. 
And  in  like  manner  it  is  sfaown»  that  eacn  angle  in  the  plane 
BO  is  eqnal  to  each  angle  in  the  plane  bd,  and  consequently 
those  two  planes  are  equiangular. 

Again,  the  three  lines  ab,  ac  ad,  making  with  the 
parallels  bc,  ef,  and  cd,  fo,  equal  angles  (th.  14),  and 
the  angles  at  a  being  common,  the  two  triangles  abc,  aef, 
aire  equiangular,  as  al<>o  the  two  triangles  acd,  afo,  and 
have  therefore  their  like  sides  proportional,  namely,  -  •  -^  - 

Ar 
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▲c  :  AV  ::  »c  uef  ::  c»  :  mq^.  Al^i  ia 
like muiiier  it  migf  1i^  ihojrm ^  «Ulbe 

lines  in  the  plai^  ro ,  are  ffo^ottifi^^  |o 
all  the  oorresponding  lipet  ia  thfi  bi|9e  a0. 
Hence  these  two  planes,  h^Tiag  their  an- 
l^s  equal,  and  their  fides  pfop9K^<walt 
are  siiailar,  by  def.  68. 


BnU  similar  planes  being  to  ea^h  other  as^  the  squares  of 
their  Hke  sides,  the  plane  bd  :  co  ::  bc<  :  ef**  or  ::  ic^  :  af*, 
by  what  is  shown  aboTe.  Abo,  the  two  triangles  abc,  aif» 
having  the  angles  a  and  i  right  ones  fth.  99),  and  the  angle  a 
common,  are  equiangular,  and  have  tnerefore  their  Hke  sides 
proportionalt  namely,  ac  :  af  ::  ah  :  ai,  or  ac*  :  af*  ::  ab*  :  ai* 
ConseqoenUy  tne  two  pl^es  an,  $q,  which  are  as  the  former 
squares  aC,  af*,  will  be  also  as  the  latter  squares  ab*,  ai*, 
that  is,  BD  :  bo  ::  ah'  :  ai*.     q.  a.  d. 

In  a  Cone,  any  Section  PaFallel  to  the  lase  is  a  Circle ;  and 

this  section  is  to  the  Base,  as  the  Squares  of  their  Distances 

from  the  Vertex. 

Let  abcd  be  a  cone,  9^A  oifi  a  t^ctpoi^,  a 

parallel  to  the  base  aco  ;  then,  wi|l  ojni  1n| 
a  circle,  and  bcd,  oi|i«  will  be  to  each  other, 
as  the  squares  of  tl^<^r  dlsMu^c^  from,  tijl^i^ 
yertei. 

For,  draw  alf  perpandicu^ar  to  tlif^,tfwo 
parallel  planes  ;  and  Vst  tl^e  plaqes^  acb. 
Ana,  pass  through  th^  axjs  of  th^  con^ 
Aipa«  meet^ig  the  sections  in  tjbr^^  poif^ 

9#  I.  P, 

IJ'hen*  sinpe  the  section  opi  is  parallel  to  t)ie  basnaci),  aa4 
the  planes  ck,  9^,  meat  them,  hk  is,  parajlii^  Uk  q^«  a/ad  1%  t^ 
DE  (th.  105).  Ap^  becansa  the  tiiangles  ^^npedbj^  tbosft^llpftij 
are  equiangular,  kq  :  ec  : :  ai^  :  ae  :  :  v-^  ^a.  Bqt  ^Q  ia. 
equal  to  ed,  being  radii  of  th^  saip^  cil^Vl^ ;  tl^tr^Qlbre  ai  Ub 
also  equal  to  kh.  And  the  same  may  ba  ^ffwa.  of  emjt  othar 
liqes  dGrawn  from  the  point  k  to  the  purti^at^oC  Ike,  sati^a 
OBK  which  is  therefore  a  circ^  (def.  440t 

Again,  by  similar  triangUa,  ai,  :  41;  :  :  AJa  '•  i^»  apr :  :  i^j  :  ap» 
hence  al>  :  i^>  :  :  i^i*  :  ed',  ;  l^t  ki«  :  Mf)^- :  ;  cimk^  on§r : 
circle  bcd  (tfa.  93);  ^tbar^fore  a,l<  :  a,f'  :  :.cir^ea^ii:  ciada. 

BCD.  ^«  B>  D. 
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TWQBEM  CXXV- 

All  Pjnnidi,  and  Conet,  of  Equal  Bwesand  AlUtndee,  are 
C^qsl  t«  «ae  apotbar. 

Let     ABC,     Di 
be  as;  pjnmids  b 
cone,  of  equal  baiei 
Bc,  BV,  BDci  equal  al- 
,   titadet  *a,  ph,  tb«n 
frilL    tbfi    pyramidi  , 
and   cone  abc    aftd  ( 
Df r.  b«  cqnal. 

For,  parallel    to 
the  bBMs  aud  at,  equal  dUtances  ak.  do.  ^n  the  vertic.ea, 
|i|||Do»e  tbe  planeB  u(,  lm,  tft  be  drawn- 

Tbeo,  by  the  two  precediM;  tbaoieinf, 

DO*  :  DH*  :  I  LM :  SF,  ana 


Bat  since  an*,  A4*,are  eqnal  to  do*,  db*. 

therefore  ik  :  bc  :  :  lm  :  tw.  But  Bc  u  equal  (o  xr,  by 
hypotbeais ;  therefore  ik  ib  bLw  equal  to  ln. 

In  like  [pavD^r  it  ia  ibown,  that  aoji  otber  aeolioiu,  at  etpal 
distaoce  from  the  verlei,  are  equal  to  each  other- 

Sioce  then,  ever;  seclioa  in  the  cone.  it  equal  to  the  oor- 
reiponiliog  BectioQ  in  the  pyTumid*,  a><d  the  heights  are  eqndl, 
the  aolidi  AVC,  rcr,  composed  of  idl  t^OM  SSOtifiMt  Bwst  be 
equal  also-    «.  a.  D. 

THEOREH  crv. 


Lkt  abcdbb  be  a  prism,  and  bbbf  a  pj- 
rwMli  PD  the  tame  triaogvlar  baia  dkt  : 
(hen  will  Ihe  Pyramid,  boef  be  a  third 
part  of  the  prism  ABcnar. 

For,  in  the  planes  of  tbe  thmft  eidea  of 
the  prism,  draw  the  diagonals  ar,  bd,  cd. 
Tkeu  the  two  planes  bd*,  bod,  dituda  tb«' 
whole  pnam  inta  tbe  three  p|iraBids.BDac^ 
OABC,.  QBcr.  which  are  preeed  to  ha  all 
equal  to  qqe  another,  as  follDKB. 

SiDce  the  opposite  ends  af  tbe  priBoi  aM  •foahto.wdi 
other,  the  pyramid,  whose  base  ia  .tfoaad  Tertes  D,  iftevMl 
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to  the  pyramid  whote  bAse  ii  dbf  and  y«r- 
tez  B  (tb.  114),  beiDg  pyramids  of  equal 
base  nod  altitude. 

But  the  latter  pyramid,  wbone  base  is 
DSF  and  vertex  a,  is  the  same  solid  as  the 
pyramid  whose  base  is  bbf  and  Fertez  d, 
and  this  is  equal  to  the  third  pyramid  whose 
baSv*  is  BCF  aod  vertex  d,  being  pyramids 
of  the  same  altitude  aod  equal  bases  bef, 

BCF. 

CoQsequeotly  all  the  three  pyramids,  which  compose  the 
prism,  are  eqaal  to  each  other,  and  each  pyramid  is  the  third 
part  of  the  prism,  or  the  prism  is  triple  of  the  pyramid. 

4    E.  D. 

Hence  also,  every  pyramid,  whatever  its  figure  may  be,  is 
the  third  part  of  a  prism  of  the  same  base  and  altitude  ;  since 
the  base  of  the  prism,  whatever  be  its  figure,  may  be  divided 
into  triangles,  and  the  whole  solid  into  triangular  prisms  and 
pyramids. 

Carol.  Any  cone  is  the  third  part  of  a  cylinder,  or  of  a 
prism,  of  equal  base  and  altitude  ;  since  it  has  been  proved 
that  a  cylinder  is  equal  to  a  prism,  and  a  cone  equal  to  a  py- 
ramid  of  equal  ba^e  and  altitude. 

Scholium,  Whatever  has  been  demonstrated  of  the  propor- 
tionality of  prisms,  or  cylinders,  holds  equally  true  of  pyra- 
mids or  cooes ;  the  former  being  alw;iys  triple  the  iHtter ; 
▼12.  that  similar  pyramids  or  cones  are  as  the  cubes  of  their 
like  linear  sides,  or  diameters,  or  altitudes,  &c.  Aod  the 
tame  for  all  similar  solids  whatever,  viz.  that  they  are  in  pro- 
portion to  each  other,  as  the  cubes  of  their  like  linear  di- 
mensions, since  they  are  composed  of  pyramids  every  way 


THEOREM  CXVI, 
If  a  Sphere  be  cut  by  a  Plane,  the  Section  will  be  a  Circle. 

Let  the  sphere  aebf  be  cot  by  the 
plane  adb  ;  then  will  the  section  adb 
be  a  circle. 

Draw  the  chord  ab.  or  diameter  of 
the  section  ;  perpendicular  to  which, 
or  to  t^e  section  adb,  draw  the  axis  of 
the  sphere  bcof,  through  the  centre  c, 
which  will  bisect  the  chord  ab  in  the 
point  o  (th.  41).    Also,  join  ca,  cb  ; 

and 
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am)  draw  cd,  gd,  to  any  point  d  id  the  perimeter  of  the  sec^ 

tiOD  AOB. 

Then,  because  co  is  perpendicular  to  the  plane  adb.  it  is 
perpendicular  both  to  oa  and  gd  (def  90\  So  that  coa,  cod 
are  two  right  angled  trianules,  having  the  perpendicular  co 
common^  and  the  two  hypothenu^eii  ca,  cd,  equal,  being  both 
radii  of  the  sphere  ;  therefore  the  third  ^ides  oa.  gd,  are  also 
eqaal  '^cor.  2.  th.  :34).  Id  like  manner  it  is  shown,  that  any 
other  line,  dra%vn  from  the  centre  o  to  the  circumference  of 
the  section  adb,  is  equal  to  qa  or  gb  ;  consequently  that  sec- 
tion is  a  circle. 

CoroL  The  section  throagb  the  centre,  is  a  circle  having 
the  seme  centre  and  di.>meter  as  the  sphere,  and  is  called  a 
great  circle  of  the  sphere  ;  the  other  plane  sections  being  lit- 
tle circles.. 

THEOREM  CXVIl. 

Every  Sphere  is  Two-Thirds  of  its  Circomscribing  Cylinder. 

Let  abcd  be  a  cylinder,  circum- 
scribing the  sphere  efoh  ;  then  will  the 
sphere  efgh  be  two-thirds  of  the  cylin- 
der ABCD. 

For,  let  the_plane  ac  be  a  section  of 
the  sphere  and  cyhnder  through  the 
centre  r.     Join  ai,  bi.     Also,  let  fih 
be  parallel  to  ad  or  bc,  and  eio  and  kl   * 
parallel  to  ab  or  dc,  the  base  of  the  cy- 
linder ;  the  latter  line  kl   meeting  bi  in  m,  and  the  circular 
section  of  the  sphere  in  r. 

Then  if  the  whole  plane  hpbc  be  conceived  to  revolve 
about  the  line  hf  as  an  aiis,  the  square  fo  will  describe  a 
cylinder  Ao,  and  the  quadrant  ifo  will  describe  a  hemisphere 
EFG,  and  the  triangle  ifb  will  describe  a  cone  iab.  Also,  in 
the  rotation,  the  three  lines  or  parts  kl,  kn,  km,  as  radii,  will 
describe  corresponding  circular  sections  of  those  solids,  name- 
ly, KL  a  section  of  the  cylinder,  kn  a  section  of  the  sphere, 
and  km  a  section  of  the  cone. 

Now,  FB  being  equal  to  fi  or  to,  and  kl  parallel  to 
FB,  then  by  similar  triangles  ik  is  equal  to  hm  Ah.  1}2).  And 
since,  in  the  right-angled  triangle  ikn,  in>  is  equal  to  ik' 
4-KN'  (th.  34)  ;  and  because  kl  .is  equal  to  the  radius  ig 

or 
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to  Kii'4-Kii*,  or  the  tqaiire  of  the  loog- 

ett  radios,  of  the  said  circolar  sections,  is 

eqaal  to  the  som  of  the  square  of  the 

two  ethefs»    And  because  circles  are  lo 

each  Otbsr  •§  the  s^eares  of  their  diaaae^ 

•srs,  or  of  their  radii,  therefore  the  ctrele 

4eN:rihed  by  sl  is  e^nal  to  both  the  cir- 

oles  described  by  km  and  km  ;  or  the  8ec>> 

liOtt  of  the  cyliader,  is  eqaal  to  both  the  correspoodiog  s^- 

tiooB  of  the  sphere  and  cone.     And  at  this  is  always  the  case 

in  every  parallel  positioo  of  kl,  it  follows,  that  the  cytin^r 

KB,  which  is  composed  of  all  the  former  sections,  u  equal  to 

the  hemispHet'e  CFQ  and  cone  ua,  which  are  Composed  of  all 

the  latter  sections. 

Bet  the  cone  i*n  is  a  third  part  of  the  cylinder  eb  fcor.  t, 
th.  116)  ;  consequently  the  hemisphere  bfg  is  eqnsi  to  the 
remaining  two-thirds  ;  and  the  whole  sphere  bfob  eqnal  to 
two-thirds  of  the  whole  cylinder  a13CD.     a.  b.  d. 

Cbfol.  I.  A  cone,  hemisphere,  and  cylindef  of  the  same 
base  and  altitude,  are  to  each  other  as  the  numbers  1,  2,  3. 

CoroL  2  All  spheres  are  to  ea^h  other  as  the  cubes  of 
their  diameters  ;  all  these  bein^  lihf  parts  of  tbeir  circum- 
scribing cylinders. 

Carol.  3.  From  the  foregoing  demonstration  it  also  appears 
that  the  spherical  zone  or  frostrum  Boiir*  is  equal  to  the  dif- 
ference between  the  cylinder  bgiiO,  and  the  cone  imq»  sM  of 
the  same  common  heidit  ik.  And  that  ibe  spherical  segpnedt 
PFN,  is  equal  to  the  difference  between  the  cylinder  ablo  and 
the  conic  frastrum  AaMS,  all  of  the  same  common  altitude  f«. 


PROBLEMS. 


[  353  j 


PROBLEMS. 


PROBLEM  I. 

To  Bisect  a  Line  ab  ;  that  is*  to  divide  it  into  tvro  Equal 

Parts. 

From  the  two  centreB  a  and  b,  with 
an  J  equal  radii,  deicribe  arcs  of  circles, 
intersecting  each  other  in  c  and  n  ;  and 
draw  the  line  cd,  which  will  bisect  the 
giTen  line  ab  in  the  point  k. 

For,  draw  the  radii  ac,  bc,  ad,  bd. 
Then,  becaaae  all  these  four  radii  are 
equal,  and  the  side  en  common,  the  two 
tn  angles  acd»  bcd,  are  motqally  equilateral :  consequently 
tbey  are  also  mutually  equiangular  (th.  5),  and  have  the  an- 
gle ACB  equal  to  the  angle  bce. 

Heirce,  the  two  triangles  ace,  bcb,  having  the  two  sides  ac, 
cb,  equal  to  the  two  sides  bc,  cb,  and  their,  contained  angles 
equal,  are  identical  (th.  1),  and  therefore  have  the  side  ae 
equal  to  bb.     q.  e.  d. 

PROBLEM  IL 

To  Bisect  an  Angle  bag. 

From  the  centre  a,  with  any  radius,  de- 
scribe an  arc,  cutting  off  the  equal  lines 
AD,*AE  ;  and  from  the  two  centres  d,  e, 
with  the  same  radius,  describe  arcs  inter- 
secting in  p  ;  then  draw  af,  which  will  bi- 
sect the  angle  a  as  required. 

For,  join  df,  ef.  Then  the  two  trian-. 
gles  ADF,  AEF,  having  the  two  sides  ad, 
DF,  equal  to  the  two  ae,  bf  (being  equal  radii),  and  the  side 
▲F  conunon,  they  are  mutually  equilateral ;  consequently  they 
are  also  mutually  equiangular  (tn.  5),  and  have  the  angle  baf 
equal  to  the  angle  cap. 

Seholium.  In  the  sanae  manner  is  an  arc  of  a  circle  bi- 
sected. 
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PROBLEM  III. 


At  a  Given  Point  c,  in  a  Line  ab,  to  Erect  a  Perpendicular. 

From  the  given  point  c,  with  any  radius, 
cut  of  any  equal  parts  cd,  ce,  of  the  given 
line  ;  and,  from  the  two  centres  d  and  e, 
with  any  one  radius,  describe  arcs  intersect- 
ing in  F  ;  then  join  of,  which  will  be  per* 
pcndicular  as  required. 

For,  draw  the  two  equal  radii  df,  ef.  Then  the  two  tri* 
angles  cdf,  cef,  having  the  two  sides  cd,  df,  equal  to  the 
two  CE,  EF,  and  of  common,  are  mutually  equilateral ;  conse- 
quently they  are  also  mutually  equiangular  (th.  5)«  and  have 
the  two  adjacent  angles  at  c  equal  to  each  other  ;  therefore 
the  line  of  is  perpendicular  to  ab  (def,  11). 

Otherwise, 
When  the  Given  Point  c  is  near  the  End  of  the  line. 

From  any  point  d,  assumed  above  the 
line,  as  a  centre,  through  the  given  point 
c  describe  a  circle,  cutting  the  given  line 
at  E  ;  and  through  s  and  the  centre  d, 
draw  the  diameter  edf  ;  then  join  cf, 
which  will  be  the  perpendicular  required. 

For  the  angle  at  c,  being  an  angle  in  a 
semicircle,  is  a  right  angle,  and  therefore 
the  line  cf  is  a  perpendicular  (by  def.  15). 

FHOBLEM  JV. 

From  a  Given  Point  a  to  let  fall  a  Perpendicular  on  a  given 

Line  bc. 

From  the  given  point  a  as  a  centre,  with 
any  convenient  radius,  describe  an  arc,  cut- 
ting the  given  line  at  the  two  points  d  and 
E ;  and  from  the  two  centres  d,  r,  with  any 
radius,  describe  two  arcs,  intersecting  at  f  ; 
then  draw  agf,  which  Will  be  perpendicu- 
lar to  BC  as  required. 

For,  draw  the  equal  radii  ad,  ae,  and  df, 
cf.     Then  the  two  triangles   adf,  aef,  having  the  two  sides 
Xd,  df,  equal  to. the  two  ae,  ef,  and   af  common,  are  muta- 

allv 
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ally  equilateral ;  coosequentljr  they  are  also  mutually  equiau- 
gular  (th.  6),  aud  have  the  aogle  daq  equal  the  aogle  eao. 
Ueoce  then,  the  two  triangles  adu,  aeg,  baviug  the  (wo  sidea 
AD,  AG,  equal  to  the  two  ae,  ag,  and  their  included  angles 
equal,  are  therefore  equiangular  (th.  1),  and  have  the  angles 
at  c  equal ;  consequently  ag  is  perpendicular  to  bc  (def.  11}.. 

Otherwise, 

When  the  Given  Point  is  nearly  Opposite  the  end  of  the 

Line. 

From  any  point  d,  in  the  given  line 
Bc,^a8  a  centre,  describe  the  arc  of  a 
circle  through  the  given  point  a,  cut- 
ting Bc  in  B  ;  and  from  the  centre  £, 
with  the  radius  ca,  describe  another 
drc,  catting  the  former  in  f  ;  then 
draw  Aor,  which  will  be  perpendicu- 
lar to  Bc  as  required. 

For,  draw  the  equal  radii  da,  dv,  and  ba,  ef.  Then  thcb 
two  triangles  dae,  dfb,  will  be  mutually  equilateral ;  conse« 
queiitly  they  are  also  mutually  equiangular  (th.  5),  and  have 
the  angles  at  o  equal.  Hence,  the  two  triangles  dag,  dfo, 
having  the  two  sides  da,  DOy  equal  to  the  two  df,  dg,  and  the 
included  angles  at  d  equal,  have  also  the  angles  at  o  equal 
(th.  1)  ;  consequently  those  angles  at  o  are  right  angles,  and 
the  line  ao  is  perpendicular  to  do, 

FHOBLEM  V. 

At  a  Given  point  a,  in  a  Line  ab,  to  make  an  Angle  Equal  t<> 

a  Given  Angle  c. 

From  the  centres  a  and  c,  with  any  one 
radios,  describe  the  arcs  db,  fo.  Then 
with  radius  de,  and  centre  f,  describe  an 
arc  catting  fo  in  o.  Through  o  draw  the 
line  AO,  and  it  will  form  the  angle  required. 

For,  conceive  the  equal  lines  or  radii,  

DB,  FG,  to  be  drawn.     Then  the  two  triau-         A  FB 

gles  cDB,  AFo,  being  mutually  equilateral,  are  mutually  equi- 
angular (th.  5),  and  have  the  angle  at  a  equal  to  the  angle  c, 

PROBLEM 
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PROBLEM  VI. 

Through  a  GireD  Point  a,  to  draw  a  Lioe  Parallel  to  a  Given 

Line  bc. 

From  the  given  point  a  draw  a  line  ad 
to  any  point  in  the  given  line  bc.  Then 
draw  the  line  eaf  making  the  angle  at  a 
equal  to  the  angle  at  d  (hj  prob.  6)  ;  80 
shall  BF  be  pardlel  to  bc  as  required. 

For,  the  angle  d  being  equal  to  the  alternate  angle  a,  the 
lines  bc,  bf,  are  parallel,  by  th.  13. 

PROBLEM  VII. 

To  Divide  a  Line  ab  into  any  proposed  Number  of  Equal 

Parts. 

Draw  any  other  line  ac,  forming  anv 
angle  with  the  given  line  ab  ;  on  which 
set  off  as  many  of  any  equal  parts*  ad,  de, 
bf,  fc,  as  the  line  ab  is  to  be  divided  into. 
Join  BC  ;  parallel  to  which  draw  the  other  Al  H  0  B 

lines  FQ,  EB,  Di :  then  these  will  divide 
AB  in  the  manner  as  required. — For  those  parallel  lines  di- 
vide both  the  sides  ab,  ac,  proportionally,  by  th.  82. 

PROBLEM  vnr. 

To  find  a  Third  Proportional  to  Two  given  Lines  ab,  ac. 

Place  the  two  given  lines  ab,  ac, 
forming  any  angle  at  a  ;  and  in  ab  take 
also  AD  equal  to  ac.  Join  bc,  and 
draw  DE  parallel  to  it ;  so  will  ae  be 
the  third  proportional  sought. 

For,  because  of  the  parallels  bc,  ^^  

DE,  the  two  lines  ab,  ac,  are  cut  pro-  ^  ^ 

portionally  (th.  89)  ;  so  that  ab  :  ac  : :  ad  or  AC  :  ae  ;  there- 
fore A£  is  the  third  proportional  to  ab,  ac. 

PROBLEM  JX. 

.     To  find  a  Fourth  Proportional  to  three  Lines  ab,  ac,  ad. 

Place  two  of  the  given  lines  ab,  ac,  making  any  angle  at 
A ;  also  place  ad  on  ab.     Join  bc  ;  and  parallel  to  it  draw  de  : 

so 


\ 
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so  thall  AE  be  the  fourth  proportionBl  as 
reqaired. 

For,  because  of  the  parallels  bc,*de, 
the  two  sides  ab,  4c>  are  cut  propor- 
tionally (th.  82)  ;  so  that      - 


▲B  :  AC 


AD  :  AE. 


PROBLEM  X. 

To  fiod  a  Mean  Proportional  between  Two  Lines  ab,  bc. 


Place  ab,  bc,  joined  in  one  straight 
line  AC  :  on  which  as  a  diameter,  de- 
scribe the  semicircle  adc  ;  to  meet  which 
erect  the  perpendicular  bd  :  and  it  will 
be  the  mean  proportional  sought,  be* 
tween  ab  and  bc  (by  cor.  th.  87). 


A 

D 


B 


.^"•^ 
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*  To  Qnd  the  Centre  of  a  Circle 
Draw  any  chord  ab  ;  and  bisect  it  per- 
pendicularly with  the  .line  od»  which  will 
be  a  diameter  (th.  41,  cor.).  Therefore, 
CD  bisected  into  o,  will  give  the  centre,  as 
required. 


PROBLEM  Xir. 

To  describe  the  Circumference   of  a  Circle  through  Three 

Gif%n  Points  a,  b,  c. 

> 

Faom  the  middle  point  b  draw  chords 
ba,  bc,  to  the  two  other  points,  and  bi- 
sect these  chords  perpendicularly  by 
lines  meeting  in  o,  which  will  be  the 
centre.  Then  from  the  centre  o,  at  the 
distance  of  any  one  of  the  points,  as  oa, 
describe  a  circle,  and  it  will  pass  through 
the  two  other  points  b,  c,  as  required. 

For,  the  two  ri^ht*  angled  triangles  oad,  obo,  having  the  sides 
AD,  DB,  equal  (by  constr.),  and  on  common  with  the  included 
right  angles  at  n  equal,  have  their  third  aides  oa,  ob.  also 
equal  (th.  1).  And  in  like  manner  it  is  shown,  that  oc  is  equal 
to  OB,  or  OA.  So  that  all  the  three  oa,  ob,  oc,  being  equal, 
will  be  radii  of  (he  same  circle. 

PROBLEM 


35» 


GEOMETRY; 


PROBLEM  XKU. 

To  dravr  a  Tangent  to  ajDircle,  through  a  GiVen  Point  a. 

Whln  the  given  point  ▲  is  in  the  cir- 
camference  of  the  circle  :  Join  a  and  the 
centre  o ;  perpendicaUr  to  which  draw 
BAC,  and  it  will  be  the  tangent,  by  th.  46. 

Bot  when  the  given  point  a  is  ont  of 
the  circle  ;  draw  ao  to  the  centre  o  ;  on 
which  as  a  diameter  describe  a  semi- 
circle, catting  the  given  circumference 
in  D ;  through  which  draw  bapc,  which 
will  be  the  tangent  as  required. 

For.  join  do.  Then  the  angle  ado. 
Id  a  semicircle,  is  a  right  angle,  and 
conseqoentlj  ad  is  perpendicular  to  the 
radius,  do,  or  is  a  tangent  to  the  circle 
(th.  46). 

PROBLEM  XIV. 

On  a  Given  Line  b  to  describe  a  Segment  of  a  Circle,  to  Con* 

tain  a  Given  Angle  c. 

At  the  ends  of  the  given  line  make 
angles  dab,  oba,.  each-  equal  to  the 
given  angle  c.  Then  draw  ab,  be,  per- 
pendicular to  AD,  BD  ;  and  with  the  cen- 
tre B,  and  radius  ba  or  eb,  describe  a 
circle  ;  so  shall  afb  be  the  segment  re- 
quired, as  an  ai^k  f  made  in  it  will  be 
equal  to  the  given  angle  c. 

For,  the  two  lines  ad,  bd,  being  per- 
pendicular to  the  radii  ea,  eb  (by  constr.)  are  tangents  to  the 
circle  (th.  46)  ;  and  the  angle  a  or  b,  which  is  equal  to  the 
given  angle  c  by  construction,  is  equal  to  the  angle  r  in  the 
alternate  segment  afb  (th.  53). 

PROBLEM  XV. 

To  Cut  off  a  Segment  from  a  Circle,  that  shall  Contain  a  Gi- 
ven Angle  c 
Draw  any  tangent  ab  to  the  given 
circle  ;  and  a  chord  ad  to  make  the 
angle  dab  equal  to  the  given  angle  c  ; 
then  DBA  will  be  the  segment  requir- 
ed, an  angle  e  made  in  it  being  equal 
to  the  given  angle  c. 
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For  the  angle  a,  made  by  tbe  tangent  and  chord,  which  is 
equal  to  the. given  angle  c  by  constrnction,  is  also  eqna!  to  any 
angle  c  in  the  alternate  segment  (th.  53). 

PROBLEM  XVI. 

To  make  an  Equilateral  Triangle  on  a  Giren  Line  ab. 

From  the  centres   a   and  b,  with  the  q 

distance  ab,  describe  arcs,   intersecting  ^ 

in  c.     Draw  ac,  bc»  and  abc  will  be  the 
equilateral  triangle. 

For  the  equal  radii  ac,  bc,  are,  each 
of  them,  equal  to  ab. 

PROBLEM  XVn. 

To  make  a  Triangle  with  Three  Giyen  Lines  ab,  ac,  bc. 

With  the  centre  a,  and  distance  ac, 
describe  ao  arc.  With  the  centre  b, 
and  distance  bc,  describe  another  arc, 
cutting  the  former  in  c.  Draw  ac,  bc, 
and  ABC  will  be  the  triangle  required. 

For  the  radii,  or  sides  of  the  triangle, 
AC,  Bc,  are  equal  to  the  gi?en  lines  ac, 
Bc,  by  construction. 

-PROBLEM  XVm. 

To  make  a  Square  on  a  Given  Line  ab. 

Raise  ad,  bc,  each  perpendicular  and 
equal  to  ab  ;  and  join  dc  ;  so  shall  abcd  be 
the  fiquare  sought. 

For  all  the  three  sides  ab,  ad,  bc,  are 
equal,  by  the  construction,  and  dc  is  equal 
and  parallel  to  ab  (by  tb.  24)  ;  so  that  all 
the  four  sides  are  equal,  and  the  opposite 
ones  are  parallel.  Again,  the  angle  a  or  b,  of  the  parallelo- 
gram, being  a  right  angle,  the  angles  are  all  right  ones  (cor. 
1 ,  th.  ^2).  Hence,  then,  the  figure,  having  all  its  sides  equal, 
and  all  its  angles  right,  is  a  square  (def.  34). 
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PROBLEM  SIX. 

To  make  a  Rectangle*  or  a  Parallelogram,  of  a  Given  Leogth 

and  Breadth,  ab,  bc. 

Erect  ad,  bc,  perpeniicular  to  ab,  and 
each  equal  to  bc  ;  then  join  dc,  and  it  is 
done. 

The  demonstration  is  the  same  as  the  last 
problem. 

And  in  the  same  manner  is  described  an  oblique  parallelo- 
gram, only  drawing  ad  and  bc  to  make  the  given  oblique  an- 
gle with  AB,  instead  of  perpendicular  to  it. 

PROBLEM  XX. 

To  Inscribe  a  Circle  in  a  Given  Triangle  abc. 

Bisect  any  two  angles  a  aad  b,  with 
the  two  lines  ad.  bd.  From  the  inter- 
section D,  which  will  be  the  centre  of 
the  circle,  draw  the  perpendiculars  db, 
DP,  DO,  and  they  will  be  the  radii  of  the 
circle  required. 

For,  since  the  angle  dab  is  equal  to 
the  angle  dao,  and  the  angles  at  s,  o, 
right  angles  (by  constr.),  the  two  triangles  ade,  adg,  are  equi- 
angular ;  and,  having  also  the  side  ad  common,  they  are  iden- 
tical, and  have  the  sides  ob,  do,  equal  (th.  2).     In  like  man- 
Ber4t  is  shown,  that  df  is  equal  to  de  or  do. 

Therefore,  if  with  the  centre  d,  and  distance  db,  a  circle 
be  described,  it  will  pass  through  all  the  three  points  b,  f,  o, 
in  which  points  aUu  it  will  touch  the  three  sides  of  the  trian- 
gle (th.  46),  because  the  radii  de,  df,  do,  are  perpendicular 
to  them. 

PROBLEM  XXL 
To  Describe  a  Circle  about  a  Given  Triangle  abc. 

Bisect  any  two  sides  with  two  of  the 
perpendiculars  de,  df,  do,  and  d  will  be 
the  centre. 

For,  join  da,  db,  dc  Then  the  two 
right-angled  triangles  dae,  dbe,  have  the 
two  sides  DE,  EA,  equal  to  the  two  de,  eb, 
and  the  included  angles  at  e  equal^:  those 
two  triangles  are  therefore    indentical 
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(th.  )),  and  hare  the  side  da  equal  to  db.  la  like  manner  it 
is  shown,  that  dc  is  also  equal  to  da  or  db*  So  that  all  the 
three  da,  db,  dc,  being  equal,  they  are  radii  Of  a  circle  pass- 
ing through  A,  B,  and  c. 

PROBLEM  XX1L 

To  Inscribe  an  Equilateral  Triangle  in  a  Given  Circle. 

TuAouGu  the  centre  c  draw  any  diame- 
ter AB.  From  the  point  b  as  a  centre,  with 
the  radius  bc  of  the  given  circle,  describe 
an  arc  dcc.  Join  ad,  ae,  dc,  and  ade  is 
the  equilateral  triangle  sought. 

For,  join  db,  dc,  eb,  ec.  Then  dcb  is 
an  eqailateral  triangle,  having  each  side 
equal  to  the  radius  of  the  given  circle. 
In  like  manner,  bob  is  an  equilateral  triangle.  But  the  angle 
ADE  is  equal  to  the  angle  abb  or  cbb,  standing  on  the  same 
arc  AB  ;  also  the  angle  abd  is  equal  to  the  angle  cbd,  on  the 
same  arc  ad  ;  hence  the  triangle  dab  has  two  of  its  angles,. 
ADE,  AED,  equal  to  the  angles  of  an  equilateral  triangle,  and 
therefore  the  third  angle  at  a  is  also  equal  to  the  same  ;  sd 
that  triangle  is  equiangular,  and  therefore  equilateral. 


FROBLEM  XXin. 

To  Inscribe  a  Square  in  a  Given  Circle. 

Draw  two  diameters  ac,  bd,  crossing 
at  right  angles  in  the  centre  e.  Then 
join  the  four  extremities  a,  b,  c,  d,  with 
right  lines,  and  these  will  form  the  in- 
scribed squares  abcd. 

For,  the  four  right-angled  triangles 
abb,  BBC,  cbd,  DBA,  are  identical,  because 
they  have  the  sides  ba,  eb,  bc,  bd,  all 

equal,  being  radii  of  the  circle,  and  the  four  included  angles 
at  E  all  equal,  being  right  angles,  by  the  construction.  There- 
fore all  their  third  sides  ab,  bc,  cd,  da,  are  equal  to  one  an- 
other, and  the  figure  abcd  is  equilateral.  Also,  all  its.  font 
angles,  a,  b,  c,  d,  are  right  ones,  being  angles  in  a  semicircle. 
Consequently  the  figure  is  a  square. 
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PROBLEM  XXIV. 

To  Describe  a  Square  about  a  Given  Circie. 

Draw  two  diameters  ac,  bd,  crossing 
at  right  angles  in  the  centre  e.  'I  hen 
through  their  four  extrc'mities  draw  fq, 
iR,  parallel  to  ac,  and  fi.  gh,  parallel  to 
BD,  and  they  will  form  the  square  fghi. 

For,  the  opposite  siden  of  parullelo- 
grams  being  equal  fg  and  m  are  each 
equal  to  (he  diamcfter  ac,  and  i<i  and  gh 
each  equal  to  the  diameter  bd  ;  so  thiit 
the  figure  is  equilateral.  Ag<tin,  because  the  opposite  anglei 
of  parallelograms  are  equal,  all  the  four  angles  f,  g,  h.  i,  are 
right  angles,  being  oqual  to  the  opposite  angles  at  e.  So  that 
the  figure  FGHI.  having  its  (tides  equal,  and  its  angles  right 
ones,  is  a  square,  and  its  sides  touch  the  circle  at  the  four 
points  A,  B,  c,  D,  being  perpendicular  to  the  radii  drawn  to 
those  points. 

PROBLEM  XXV. 

To  Inscribe  a  Circle  in  a  Given  Square. 

Bisect  the  two  sides  fg,  ri,  in  the  points  a  and  b  (last  fig.). 
Then  through  these  two  points  draw  ac  parallel  to  fo  or  ih, 
and  BD  parallel  to  fi  or  gh.     Thin  the  point  of  intersection 
B  will  be  the  centre,  and  the  four  lines  ea,  eb,  ec,  ed,  radii  of 
the  inscribed  circle. 

For,  because  the  four  parallelograms  ef,  eg,  eh,  ei,  have 
their  opposite  sides  and  angles  equal,  therefore  all  the  four 
lines  EA,  eb,  ec,  ed,  are  equal,  being  each  equal  to  half  a  side 
of  the  square.  So  that  a  circle  described  from  the  centre  e, 
with  the  distance  ea,  will  pass  through  all  ibe  points  a,  b.  c,  d, 
and  will  be  inscribed  in  the  square,  or  will  touch  its  four  sides 
in  those  points,  because  the  angles  there  are  right  ones. 

PROBLEM  XXVV 

To  Describe  a  Circle  about  a  Given  Square, 
(see  fig.  Prob.  xxiii.) 

Draw  the  diagonals  ac,  bd,  and  their  intersection  e  will  be 
the  centre. 

For  the  diagonals  of  a  square  bisect  each  other  (th.  40), 
making  ea»  eb,  ec,  ed,  all  equal,  and  consequeodj  these 
are  radti  of  a  circle  passing  through  the  four  points  a,  b,  c,  d. 
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PROBLEM  XXVII. 
To  Cut  a  Given  Line  in  Extreme  and  Mean  Ratio. 

Let  ab  be  the  given  line  to  be  divided 
in  extreme  and  mean  ratio,  that  is,  so  as 
that  the  whole  line  may  be  to  the  greater 
part,  as  the  greater  part  is  to  the  less  part. 

Draw  Bc  p  •rpendicular  to  ab,  and  equal 
to  half  AS.  Join  ac  ;  and  with  centre  c 
and  distance  cb,  desrribe  the  circle  bd  ; 
then  with  centre  a  and  distance  ad,  de- 
scribe the  arc  db  ;  so  shall  ab  be  divided 
in  K  in  extreme  and  mean  ratio,  or  so  that  ab  :  ae  :  :  ae  ;  eb. 

For,  produce  ac  to  the  circumference  at  f.  Then,  adf 
being  a  secant,  and  ab  a  tangent,  because  b  is  a  right  angle  : 
therefore  the  rectangle  af  .  ad  is  equal  to  ab^  (cor.  1 ,  th.  61); 
consequently  the  means  and  extremes  of  these  are  propor- 
tional (th.  77),  viz.  ab  :  af  or  ad-I-'df  :  :  ad  :  ab.  But  ab  is 
equal  to  ad  by  construction,  and  ab=:^bc=df  $  therefore, 
AB  :  AE  +  AB  :  :  ae  :  ab  ;  and  by  division, 
AB  :  ^^  '  :  AE  :  eb. 


PROBLEM  XXVUI. 


To  Inscribe  an  Isosceles  Triangle  in  a  Given  Circle,  that  shall 
have  each  of  the  Angles  at  the  Base  Double  the  Angle  at 
the  Vertex. 


Draw  any  diameter  ab  of  the  given 
circle  ;  and  divide  the  radius  cb,  ia  the 
point  D.  ID  extreme  and  mean  ratio,  by 
the  last  problem.  From  the  point  b 
apply  the  chords  be,  bf,  each  equal  to 
V  e  greater  part  cd.  Then  join  ae,  af, 
bf  I  and  abf  will  be  the  triangle  requir- 
ed. 

For,  the  chords  be,  bf,  being  equal,  their  arcs  are  equal  ^ 
therefore  the  supplemental  arcs  and  chords  ae,  AF,are  also 
equal ;  conseqiiently  the  triangle  aef  is  isoseeles,  and  has  the 
angle  b  equal  to  the  ao^e  r  ;  also  the  angles  at  o  are  right 
angles. 

Draw  cF  and  df.     Then,  bc  :  cd  :  :  co  :  bd,  or  bc  :  bf  : 
BF  :  BD  by  constr.     And  ba  :  bf  :  :  bf  :  bo  (by  th.  87).   But 
bc=^ba;  therefore   bo  ss|BDaOD ;  therefore  the  two  tri- 
angles oBFf  GDP,  are  identical  (th«  1)»  and  each  equiangular 
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to  ABF  aod  Acr  (th.  87.)  Therefore  tiieir  doubles,  bfd,  afe, 
are  isosceles  nod  equiangular,  as  well  as  the  triaDgle  bcf  ; 
having  the  two  ^ides  bc,  cf  equal,  and  the  angle  b  common 
with  the  triangle  bed.  But  ci)  is  =  df  or  bf  ;  therefore  the 
angle  c  =  the  angle  dfc  (th.  4)  ;  consequently  the  angle  bdf, 
which  is  equal  to  the  sum  of  these  two  equal  angles  (th.  16). 
it  doable  of  one  of  them  c  ;  or  the  equal  angle  b  or  cfb  double 
the  angle  c.  So  that  cbf  is  an  isosceles  triangle,  having  each 
of  its  two  equal  angles  doubfc  of  the  third  angle  c.  Conse- 
qacntly  the  triangle  aef  (which  it  has  been  shown  i<  equi- 
angular to  tlie  triangle  cbf;  has  also  each  of  its  angles  at  the 
base  double  the  angle  a  at  the  vertex. 

,      PROBLEM  XXIX. 

To  Inscribe  a  Regular  Pentagon  in  a  Given  Circle^ 

Inscribe  the  isosceles  triangle  abc 
having  each  of  the  angles  abc,  acb, 
double  the  angle  bac  (prob.  28).  Then 
bisect  the  two  arcs  adb,  afc,  in  the 
points  D,  E  ;  and  draw  the  chords  ad, 
DB^  ae,  EC,  so  shall  adbce  be  the  in* 
scribed  equilateral  pentagon  reqaired. 

For,  because  equal  angles  stand  on 
equal  arcs,  and  double  angles  on  double  arcs,  also  the  angles 
ABC,  acb,  being  each  double  the  aogle  bac,  therefore  the  arcs 
ADB,  AEC,  subtending  the  two  former  angles,  each  one  double 
the  arcs  bc  subtending  the  latter.  And  since  the  two  former 
arcs  are  bisected  in  d  and  c,  it  follows  that  all  the  five  arcs 
AD,  DB,  bc,  cb,  ea,  Bfe  equal  to  each  other,  and  consequently 
the  chords  also  which  subtend  them,  or  the  five  sides  of  the 
pentagon,  are  all  equal. 

JVofe.  In  the  construction,  the  points  d  and  e  are  most  easily 
found,  by  applying  bd  and  ce  each  equal  to  bc. 

PROBLEM  XXX. 

To  Inscribe  a  Regular  Heiagon  in  a  Circle. 

Apply  the  radius  ao  of  the  given  circle 
as  a  chord,  ab,  bc,  cd,  &c.  quite  round  the 
circumference,  and  it  will  complete  the 
regular  hexagon  abcdef. 

For,  draw  the  radii  ao,  bo,  co,  do,  eo, 
Fo,  completing  9ix  equal  triangles  ;  of 
which  any  one,  as  a  bo,  being,  equilateral 
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hy  coDstr.'^  its  three  angles  are  all  eqaal  (cor.  2.  th.  3),  and 
any  one  of  them,  as  aob,  is  one  third  of  the  whole,  or  of  two 
right  angles  (th.  17),  or  one-sixth  of  four  right  angles.  Bui 
the  whole  circumference  is  the  measure  of  four  right  angles 
(cor.  4.  th.  6).  Therefore  the  arc  ab  is  one-sixth  of  the 
circumference  of  the  circle,  and  consequently  its  chord  ab 
one  side  of  an  equilateral  hexagon  inscribed  in  the  circle. 
And  the  same  of  the  other  chords 

CoroL  The  side  of  a  regular  hexagon  is  equal  to  the  radius 
of  the  circumscribing  circle,  or  to  the  chord  of  one-sixth  part 
of  the  circumference. 

PROBLEM  XXX. 

T/>  describe  a  Regular  Pentagon  or  Hexagon  about  a  Circle. 

in  the  given  circle  inscribe  a  regular 
polygon  of  the  same  name  or  number 
of  sides,  as  abcob,  by  one  of  the  fore- 
going problems.  Then  to  all  its  angu- 
lar points  draw  tangents  (by  prob.  13} 
and  tlieie  will  form  the  circumscribing 
polygon  required. 

For,  all  the  chords,  or  sides  of  the 
inscribing  figure,  ab.  bc,  &c.  being  equal,  and  all  the  radii 
OA,  OB,  &c.  being  equal,  all  the  vertical  angles  about  the  point 
o  are  equal.  But  the  angles  oef,  oaf,  oag,  obo,  made  by 
the  tangents  and  radii,  are  right  angles  ;  therefore  oef+oaf 
=^two  right  angles,  and  uAG+oBG=two  right  angles  ;  con- 
sequently also,  AOE  +  AFK  =  two  right  angles,  and  aob  +aob 
=  two  right  angles  (cor.  2,  th.  18).  Hence,  then,  the  angles 
ao£  -I'AFB  bemg  =  aob  H'Aob,  of  which  aob  is  =  aoe  ;  con- 
sequently the  remaining  angles  f  and  a  are  also  equal.  In 
the  same  manner  it  is  shown,  that  all  the  angles  f,  o,  h,  i,  x, 
are  equal. 

Again,  the  tangents  frqm  the  same  point  fe,  fa,  are  equal, 
as  also  the  tangents  ao,  ub  (cor.  9,  th.  61)  ;  and  the  angles  f 
and  o  of  the  isosceles  triangles  afe,  age,  are  equal,  as  well 
as  tbeir  opposite  sides  ae,  ab  ;  consequently  those  two  trian- 
gles are  identical  (th.  1),  and  have  their  other  sides  ef,  fa, 
AG,  ob,  all  equal,  and  fo  equal  to  the  double  of  any  one  of 
them.  In  like  manner  it  is  shown,  that  all  the  other  sides  gb, 
Bi»  1K,KF,  are  equal  to  fg,  or  double  of  the  tangents  gb,  bh,  &c. 

Hence,  then,  the  circumscribed  figure  is  both  equilateral 

and  equiangular,  which  was  to  be  shown. 
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Corel.  The  ioscribed  circle  tottcbes  the  middles  of  the 
sides  of  the  polygon. 


PROBLEM  XXXir. 
To  ioicribe  a  circle  in  a  Regular  Eolygon. 

Bisect  any  tiro  sides  of  tbe  poly  goo 
by  the  perpeadicahrs  oo,  fo,  e^nd  their 
intersection  o  will  be  the  centre  of  the 
inscribed  circle,  and  oo  or  of  will  be 
tbe  radius. 

For  the  perpendiculars  to  the  tan- 
gents AF,  AG,  pasi*  through  tbe  centre 
(cor.  tb.  47)  ;  and  the  inscribed  circle 
touches  the  middle  points  f,  o,  by  the  last  corollary.  Also, 
tbe  two  sides  ao,  a*,  of  tbe  right-angled  triangle  aog,  being 
equal  to  the  two  sides  af,  4u,  of  Up^  right-angled  triangle  aov, 
tbe  third  aides  of,  oa,  will  also  be  equal  (cor.  2.  tb.  34). 
Therefore  the  circle  described  with  the  centre  o  and  radios 
oo,  will  pass  through  v,  and  will  touch  the  sides  in  tbe  points 
G  and  F.     And  the  same  for  all  the  other  sides  of  the  hgure. 

frobleTm  XXXIIl. 
To  Deifcribe  a  Circle  about  a  Regular  Polygoo. 

Bisect  any  two  of  the  angles,  c  and  d, 
with  the  lines  oo,  do  ;  then  their  inter- 
section o  will  be«  the  centre  of  tbe  cir- 
cumscribing circle;  and  oc,  or  oo,  will  be 
the  radius. 

For,  draw  ob,  oa,  oe,  &c.  to  tbe 
angular  points  of 'the  given  polygon 
Then  tbe  triangle  ocd  is  isosceles,  having  the  angles  at  c,  and 
D  equal,  being  the  halves  of  the  equal  angleti  of  the  polygon 
BCD.  CDS  ;  therefore  their  opposite  sides  co,  do  are  equal 
(th.  4).  But  tbe  two  triangles  ocd,  ocb,  having  the  two  sides 
oc,  CD,  equal  to  the  two  oc,  cb,  and  the  inclined  angles  ocd, 
ocH  also  equal,  will  be  identical  (th.  1),  and  have  their  third 
sides  Bu,  oD  equal.  In  like  manner  it  is  shown,  (hat  all  the 
Imes  OA,  OB,  oc,  od,  oe,  nre  equal.  Consf-quently  a  circle 
described  with  tbe  centre  o  and  radius  oa,  will  pass  through 
all  the  other  angulor  points,  b,  c,  d,  &c.  and  will  circumscribe 
the  polygon. 
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PROBLEM  XXXIV. 

To  make  a  Square  Equal  to  the  Sum  of  two  or  more  .given 

Squ  trefl. 

Let  ab  and  ac  be  the  sides  of  two 
given  squares.  Draw  two  indefioite 
lines  A%  A^,  at  riglit  angles  to  each 
other ;  in  whirb  place  the  sides  ab, 
AC,  of  the  given  squares  ;  join  bc  ; 
then  a  square  described  on  bc  will  be 
equal  to  the  sum  of  the  two  squares 
described  on  ab  and  ac  (th.  34). 

In  the  same  manner  a  square  may  be  made  equal  to  the 
sum  of  the  three  or  more  given  squares.,  For,  if  ab.  ac,  ad, 
be  takeo  as  the  sides  of  the  given  squares,  then,  making  ab 
BBBc,  ADaBAD,  aod  drawiogDR,  it  is  evident  that  the  square  on 
DB  will  be  equal  to  the  sum  of  the  three  squares  on  ab,  ac, 
Ao.    'And  so  on  for  more  squares. 

PRObLEM  XXXV. 

To  make  a  Squai^e  ^^uiil  to  the  Difference  of' two  Given 

Sijuafes. 

Let  ab  and  ac,  taken  in  the  same 
straight  line,  be  equal  h>  the  sides  of 
the  two  given  squares. — From  the  cen- 
tre a,  with  the  dit«tance  ab,  describe  a 
circle  ;  and  mnke  cd  perpendicular  to 
ab,  meeting  the  circumference  in  d  :  so 
shall  a  square  described  on  ct>  be  equal  to  ad' 
—  ic>,  as  required  (cor.  th.  -34). 

PROBLEM  XXXVI. 

To  make  a  Triangle  Equal  to  a  Given  Q]aadrang|e  abcd. 

Draw  the  diagonal  ac,  and  parallel 
to  it  DE,  meeting  ba  produced  at  e,  and 
join  CE  ;  then  will  the  triangle  ceb  be 
equal  to  the  given  quadrilateral  abcd. 

For,  the  two  triangles  ace,  acd,  be- 
ing on  the  same  base  ac,  and  between 
the  same  parallels  ac,  de,  are  equal  (th.  25)  i  therefore,  if 
\BC  be  added  to  eacb,  it  will  make  bc  equal  to  abcd  (ax.  2). 
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PROBLEM  XXXVH. 

To  make  a  Triangle  Equal  to  a  Given  Pentagon  abcde. 

Draw  da  and  db,  and  also  ef,  co, 
parallel  to  them,  meeting  ab  produc- 
ed at  F  and  o  ;  then  draw  of  and  dg  ; 
80  shall  the  triangle  dfo  be  equal  to 
the  given  pentagon  abcdb. 

For  the  triangle  DrA«=DEA,  and  the 
triangle  dob=dcb  (th.  26):  therefore, 
by  adding  dab  to  the  equals,  the  sums 

are  equal  (ax.  2),  that  is,  dab+daf+dbossdab+dae+dbC, 
or  the  triangle  DFG=to  the  pentagon  abode. 

PROBLEM  XXXVIIL 

To  make  a  Rectangle  Equal  to  a  Given  Triangle  abc. 


Bisect  the  base  ab  in  d  ;  then  raise  de 
and  BF,  perpendicular' to  ab,  and  meeting 
CF  parallel  to  ab,  at  e  and  f  :  so  shall  df 
be  the  rectangle  equal  to  the  given  trian- 
gle ABC  (by  cor.  2,  th.  26). 


CB_E 


PROBLEM  XXXIX. 


To  make  a  Square  Equal  to  a  Given  Rectangle  abcd. 


Produce  one  side  ab,  till  be  be 
equal  to  the  other  side  bc.  On  ae 
as  a  diameter  describe  a  circle, 
meeting  bc  produced  at  f  :  then 
will  BF  be  the  side  of  the  square 
BFGH,  equal  to  the  given  rectangle 
BB,  as  required  :  as  appears  by  cor. 
th.  87,  and  th.  77. 


A  H 
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APPLICATION  OP  ALGEBRA 


TO 


GEOMETRY. 

W  HEN  it  is  proposed  to  resolve  a  geometrical  problem 
algebraically,  or  by  algebra,  it  is  proper,  in  the  first  place,  to 
draw  a  figure  that  shall  represent  the  several  parts  or  con- 
ditions of  the  problem,  iind  to  suppose  that  figure  to  be  the 
true  one.  Then,  having  considered  attentively  the  nature  of 
the  problem,  the  figure  is  next  to  be  prepared  for  a  solution, 
if  necessary,  by  producing  or  drawing  such  lines  in  it  as  ap- 
pear most  conducive  to  that  end.  This  done,  the  usual  sym- 
bols or  letters,  for  known  and  unknown  quantities,  are  em- 
ployed to  denote  the  several  parts  of  the  figure,  both  the 
known  and  unknown  parts,  or  as  many  of  them  as  necessary, 
at  also  such  unknown  line  or  lines  aa  may  be  easiest  found, 
whether  required  or  not.  Then  proceed  to  the  operation, 
by  observing  the  relations  that  the  several  parts  of  the  figure 
have  to  each  other  ;  from  which,  aod  the  proper  theorems  in 
the  foregoing  elements  of  geometry,  make  out  as  many  equa- 
tions independent  of  each  other,  as  there  are  unknown  quan« 
titles  employed  in  them  :  the  resolution  of  which  equations, 
in  the  same  manner  as  arithmetical  problems,  will  deter- 
mine the  unknown  quantities,  and  resolve  the  problem  pro- 
posed. 

As  DO  general  rule  can  be  ^ven  for  drawing  the  lines,  and 
selecting  the  fittest  quantities  to  substitute  for,  so  as  iiiways 
to  bring  out  the  most  simple  conclusion,  because  different 
problems  require  difierent  modes  of  solution  ;  the  best  way 
to  gain  experience,  is  to  try  the  solotion  of  the  same  problem 
in  different  ways,  and  then  apply  that  which  succeeds  best, 
to  other  cases  of  the  same  kind,  when  they  afterwards  occur. 
The  following  particular  directions,  however,  may  be  of  some 
use. 

tttf  In  preparing  the  figure,  by  drawing  lines,  let  them  be 
either  parallel  or  perpendicular  to  other  lines  in  the  figure, 
or  so  as  to  form  similar  triangles.  And  if  an  angle  be  given, 
it  will  be  proper  to  let  the  perpendicular  be  opposite  to  that 
angle,  and  to  fall  from  one  end  of  a  given  line,  if  possible. 
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tdf  la  selecting  the  quantities  proper  to  sabstitQte  for,  those 
are  to  be  chosen,  whether  required  or  not,  which  lie  nearest 
the  known  or  given  parts  of  the  figure,  and  by  means  of  which 
the  next  adjacent  parts  may  be  expressed  by  addition  and  sub* 
traction  only,  without  u«ing  surds. 

3€f,  When  two  lines  or  quantities  are  alike  related  to  other 
parts  of  the  figure  or  problem,  the  best  way  is,  not  to  make 
use  of  either  of  them  separately,  but  to  substitnte  for  their 
sam.  or  difference,  or  rectangle,  or  the  sum  of  their  alternate 
quotients,  or  for  some  line  or  lines,  in  the  figure,  to  which 
they  have  both  the  same  relation. 

4th.  When  the  area,  or  the  perimeter,  of  a  figure,  is  given, 
or  such  parts  of  it  as  have  only  a  remote  relation  to  the  parts 
required  :  it  is  sometimes  of  ^se  to  assume  another  figure 
similar  to  the  proposed  one,  having  one  side  equal  to  unity,  or 
some  other  known  quantity.  For,  hence  the  other  parts  of 
the  figure  may  be  found,  by  the  known  proportions  of  the  like 
sides  or  parts,  and  so  an  equation  be  obtained.  For  examples, 
take  the  following  problems. 


PROBLEM  I. 

In  a  Right-angled  Triangle,  liaving  given  the  Bate  (3),  and  the 
Sum  of  the  Hypothenme  and  Perpendicular  (3)  ;  to  find  hoik 
thete  two  Sides. 

Let  ABC  represent  the  proposed  triangle, 
right-angled  at  b.  Put  the  base  ab  ==:  3  =6, 
and  the  sum  ac  +  bc  of  the  hypothenuse 
and  perpendicular  =:  9  s  s  ;  also,  let  x  de- 
note the  hypothenuse  ac,  and  y  the  perpendi- 
cular BC. 
Then  by  the  question      •     .     .    x  +  y^«, 

and  by  theorems  34,    ...     x*=sy''|-6'. 
Sy  transpos.  y  in  the  Ist  equ.  gives  x  =s  —  y, 
This  value  of  x  substi.  in  the  2d, 

gi^es ,a — 2ty-f-ySsyS4^a, 

Faking  away  y>  on  both  sides  leaves  •>  ^^$y=^b» . 
By  transpos.  2sy  and  6*,  gives        «>  -^b'  a2#y, 

And  dividing  by  2«,  gives     -     -       — ^ —  =r:y=:4=Bc. 

Mence  x=i— y    6=ac. 

N.  B.     In  this  solution,  and  the  following  ones,  the  nota- 
tion is  made  by  using  as  many  unknown  letters,  x  and  y,  as 

there 
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there  tire  onknown  sides  of  the  triangle,  a  separate  letter  for 
each  ;  in  preference  to  using  only  one  unknown  letter  for  one 
side,  and  expressing  the  other  unknown  side  in  terms  of  that 
letter  and  the  given  sum  or  difference  of  the  sides ;  though 
ahis  latter  way  would  render  the  solution  shorter  and  sooner  ; 
because  the  former  way  gives  occasion  for  more  and  better 
practice  in  reducing  equations,  which  is  the  very  end  and  rea-  ' 
son  for  which  these  problems  are  given  at  all. 

PROBLEM  It 

In  a  Right'OngUd  Triangle,  having  given  the  Hypothenuse  (5)\ 
and  the  sum  of  the  Base  and  Perpendicular  (7) ;  to  find  both 
these  two  Sides, 

Let  ABC  represent  the  proposed  triangle,  right  angled  at  b. 
Put  the  given  hypothenuse  Ac->5=^a,  and  the  sum  ab+bc  of 
the  base  and  perpend icalar=7-=a<  :  also  let  x  denote  the  base 
AB,  and  y  the  perpendiculai  bc. 
Then  by  the  question     ...     x4-y=< 

and  by  theorem  34     -     -     -     x*+y^  =a* 
By  transpos.  y  in  the  1st.  gives     aE=«  — y 
By  suhstitu.  this  valu.  for  x, gives  $*  ^Zsy+iy'^^^  • 
By  transposing  <*,  gives     -     -     2y«— 3«y=:a* — 1» 
By  dividing  by  2,  gives      -     .    y'«^fy=sia'  -  ie' 
By  completing  the  square,  gives  y* — *y+i**  =|o*  -  jj^ 
By  extracting  the  root,  gives  -     y — ^s-=  v' ^o*  — 1$' 
By  transposing  |s,  gives     -     -     y=i<±^ia« — J««=s= 

4  and  3,  the  values  of  x  and  y. 

PROBLEM  UL 

In  a  Rectangle,  having  given  ihe  Diagonal  (10),  and  the  Peri- 
meter  ^  or  Sum  of  all  the  Four  Sides  (28) ;  to  find  each  of  thi 
Sides  severally. 

LeT  abcd  be  the  proposed  rectangle  ; 
and  put  the  diagonal  ac  =  10  =s^  d,  and 
half  the  perimeter  ab  ^-  bc  or  ad  4-  dc 
s:  14  =  a  ;  also  put  one  side  ab  =  a;, 
and  the  other  side  bc  =  y.    Hence,  by 

right-anglea 
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right-angled  triaogles, x^+y^^s^d* 

And  by  the  question, x+y=a 

Then  ^y  transposing  y  in  the  «d,  gives    acsra— y 

This  value  substituted  io  the  1st,  gives  a*  -2ay+2y«=;ii* 

Transposing  a« ,  gives    -     -     2y» -3ays=d»-a« 

And  dividing  by  2,  gives     -     y^  ^ay^^d'—ia* 

By  completing  the  square,  itis  y« — ay+la*  =^rf«  -  ^a« 

And  extracting  the  root,  gives  y-  Jc= V^rf»_2if  * 
and  transposing  |a,  gives        y— i  ±«i/i<'*  — ia»  —8 
or  6,  the  values  of  x  and  y. 

PROBLEM  IV. 

Having  given  the  Base  and  Perpendicular  of  any  Triangle ;  to 
find  the  Side  of  a  Sifuare  Inscribed  in  the  Same. 

Let  ABC  represent  the  given  triangle, 
and  EFOB  its  inscribed  square.  Put  the 
base  AS  =  6,  the  perpendicular  cd  ss=  c, 
and  the  side  of  the  square  gf  or  gh  =s 
Di  =)fe  X  ;    then  will  ci  =  cd  -  di  =  a 

Then,  beeause  the  like  lines  in  the  A     3    DEB 

similar  triangles  abg,  gfc,  are  propor- 
tional (by  theor.  84»  Geom.),  ab  :  ci>  :  :  oe  :  ci,  that  is, 
b  t  a  :  :  X  :  a — x.      Hence,  by  multiplying  extremes  and 
means,  cLb-^bx=ax,  and  transposing  6x,  gives  ab^ax'i'bx; 

then  dividing  by  a+6,  gives  x  =-A:t  =  «'  «^  ®»  ***®  "^^  ^^ 

the  inscribed  square  ;  which  therefore  is  of  the  same  magni- 
tude, whatever  the  species  or  the  angles  of  the  triangles  may 
be. 

PROBLEM  V. 


In  an  Equilateral  Triangle,  having  given  the  lengths  of  the  three 
Perpendiculars  drawn  from  a  certain  Point  within^  on  the 
three  Sides  ;  to  determine  the  Sides, 


Let  ABC  represent  the  equilateral  tri- 
angle, and  DE,  DF,  DO,  the  given  per* 
pendiculars  from  the  point  d.  Draw  the 
lines  DA,  db,  DC,  to  the  three  angular 
points  ;  and  let  fall  the  perpendicular  ch 
on  the  base  ab.  Put  the  three  given  per- 
pendiculars DE  =  a,  DF  !=  6,  DG  =  c, 
and  put  X  sc  AH  or  BH,  half  the  side   of 
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the  eqailateral  triaogle.  Then  is  ac  or  bc  =  2x,  and  by 
right  angled  triangles  the  perpendicular  ch  =£  y^AC* — ah' 

Now,  since  the  area  or  apace  of  a  reclangle,  it  eKpreased 
by  the  product  of  the  base  and  height  (cor.  fi,  th.  SKGeoan.), 
and  that  a  triangle  is  equal  to  half  a  rectan|^  of  equal  base 
and  height  (cor.  1,  th.  26),  it  follows  that, 
the  whole  triangle  abc  is  <=  ^ab  X  ch  ss  x  X  x  ^S^x'^S^ 
the  triaogle  abd  =s:  |ab  X  qg  ^  x  X  o  =  ct, 
the  triangle  bcd  =  ^bc  X  db  c=  x  X  a  3=  ox, 
the  triangle  aco  as  ^ac  X  J>m  =i  x  X  b  ^s^  bx. 

But  tl^  three  last  triangles  make  up,  or  are  equal  to»  the 
whole  former,  or  great  triangle; 

that  is,  x*^  9=^  ax  +  bx  +  ex  ;  lience,  /lividing  by  x,  giyet 
X  ^  3  ca  a    Hh  ^>  ^^^  dividing  by  \/  3,  gires  x  as 

— ,  half  the  side  of  the  triangle  sought. 

Also,  since  the  whole  perpendicular  ca  is  s=x^3,  it  is 
therefore  s=a-f-6+c.  That  is,  the  whole  perpendicular  cB, 
is  just  equal  to  the  sum  of  all  the  three  smaller  perpendicu- 
lars DE+DV'+ix^  taken  together,  wherever  the  point  d  is  si- 
tuated. 

PROBL£M  VI. 

'  In  a  Right  angled  Triangle,  having  given  the  Base  (3),  and 
the  Difference  between  the  Hypothenuse  and  Perpendicular 
(1)  ;  to  find  both  these  two  Sides. 

PROBLEM  VII. 


( 


In  a  Right-angled  Triangle,  having  given  the  Hypothenuse 
5\  and  the  difference  between  the  Base  and  Perpendicular 
1}  ;  to  determine  both  these  two  Sidea. 

FUeBLEM  VIII. 


Having  given  the  Area,  or  Measure  of  the  Space,  of  a 
Rectangle,  inscribed  in  a  given  Triangle  ;  to  determine  the 
Sides  of  the  Rectangle. 

PROBLEM 
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PROBLEM  XXIV. 

To  determioe  a  Triangle,  and  the  Radiui  of  the  Inscribed 
CircU  ;  having  gUco  the  Lengths  of  three  Lines  drmwn  from 
the  three  Angies.  to  the  Centre  of  that  Cifcle. 

PROBLEM  XXV. 
To  determine  a  Right-angled  Triangle  ;  having  giyen  the 
Hypothenuse,  and  the  Radios  of  the  Inscribed  Circle. 

PROBLEM  XXVL 
To  detefiBiBe  »  Triangle  ;  having  given  the  Bwe,  the  Line 
bisecting  the  Vertical  Angle,  and  the  Diameter  of  the  Cir- 
cumscribing  Circle. 
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DEFINITIONS. 

1.  Plane  trigonometry  treaU  of  the  relatioDB 
«od  calcuUtians  of  the  sides  and  angles  of  plane  triangles. 

2.  The  circutnfereoce  of  ever^  circle  (as  before  observed 
io  Geom.  Def.  57)  is  sapposed  to  be  dirided  into  360  equal 
parts,  called  Degrees  ;  also  each  degree  into  60  Minates,  each 
miaate  into  60  Seconds,  and  so  on.  Hence  a  semicircle  con- 
tains 180  degrees,  and  a  quadrant  90  degrees. 

3.  The  measure  of  an  angle  (Def  58,  Geom.)  is  an  arc  of 
any  circle  contained  between  Uie  two  lines  which  form  that 
angle,  the  angular  point  being  the  centre  ;  and  it  is  estimated 
by  the  number  of  degrees  contained  in  that  arc. 

Hence,  a  fight  angle,  being  measured  by  a  quadrant,  or 
quarter  of  the  circle,  is  an  angle  of  90  degrees  ;  and  the  sum 
of  the  three  angles  of  every  triangle,  or  two  right  angles,^  is 
equal  to  180  degrees.  Therefore,  in  a  right-angled  triangle, 
tauicing  one  of  the  acute  angles  from  90  degrees,  leaves  the 
other  acute  angle  ;  and  the  sum  of  two  angles,  in  any  trian- 
gle, taken  from  180  degrees,  leaves  the  third  angle  ;  or  one 
angle  being  taken  from  180  degrees,  leaves  the  sum  of  the 
other  two  angles. 

4*.  Degrees  are  marked  at  the  top  of  the  tgare  with  a 
small  ""y  minute  with',  seconds  with",  and  so  on.  Thus  57*" 
30^  12",  denote  57  degrees  30  minutes  and  12  seconds. 

5.  The  Complement  of  an  arc,  is 
what  it  wan|s  of  a  quadrant  or  90"*. 
Thus,  if  AD  be  a  quadrant^  then  bd 
is  the  complement  of  the  arc  ab  ;  and, 
reciprocally,  ab  is  the  complement  of 
BD  So  that,  if  AB  be  an  arc  of  50^, 
then  its  complement  bd  will  be  40*^. 

6  The  Supplement  of  an  arc,  is 
what  it  wants  of  a  semicircle,  or  1 80*". 
Thus,  if  ADB  be  a  semicircle,  then  bde  is  the  supplement  of 
the  '<irc  AB  ;  and,  reciprocally,  ab  is  the  supplement  of  the 
arc  BDC.  So  that,  if  ab  be  an  arc  of  50%  then  its  supplement 
«DB  will  be  ]  30". 
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7.  The  Sine,  or  Right  Sine,  of  an  arc,  is  the  liue  drawn 
from  one  eitremity  of  the  arc,  perpendicular  to  the  diameter 
which  passes  through  the  other  extremitjr.  Thus,  bf  is  the 
sine  of  the  arc  ab,  or  of  the  snpplemental  arc  bd£.  Hence 
the  sine  (bf)  is  half  the  chord  (bg)  of  the  double  arc  (bact). 

8.  The  Versed  Sine  bf  an  arc,  is  the  part  of  the  diameter 
intercepted  between  the  arc  and  its  sine,  fro,  af  is  the  vers- 
ed sine  of  the  arc  ab,  and  ef  the  versed  sine  of  the  arc 

SDB. 

8.  The  Tangent  of  an  arc,  is  a  tine  touching  the  circle  in 
one  extremity  of  that  arc,  continued  from  thence  to  m>  et  a 
line  drawn  from  the  centre  through  he  other  extremity  ; 
which  last  line  is  called  the  Secant  of  the  same  arc.  Thus, 
AR  is  the  tangent,  and  ch  the  secant  of  the  arc  ab.  AUo,  ki 
is  the  tangent,  and  ci  the  secant,  of  the  Mipplcmental  arc  bob. 
And  this  latter  tangent  and  secant  are  equal  to  the  former,  but 
are  accounted  negative,  as  l>eing  drawn  in  an  opposite  or  con- 
trary direction  to  the  former. 

10.  The  Cosine,  Cotangent,  and  Cosecant,  bf  an  afc,  are 
the  sine,  tangent,  and  secant  of  the  complement  of  that  arc, 
the  Co  being  only  a  contraction  of  th^.  word  com;  Kement. 
Thus,  the  arcs  ab,  bd,  being  the  complements  of  each  other, 
the  sine,  tangent,  or  secant  of  the  one  of  these,  is  the  cosine, 
ootangent,  or  cosecant  of  the  other.  So,  bk,  the  sine  of  ab, 
is  the  cosine  of  fen  ;  and  bk  the  sine  of  bd,  is  the  cosine  of 
AB  :  in  like  manner,  ah,  the  tnngetit  of  ab,  i^  the  cotangent 
df  BD  ;  and  dl,  the  tangent  of  db,  is  the  cotangent  of  ab  :  nfso, 
CH,  the  secant  of  ab,  is  the  cosecant  of  bd  ;  and  cl,  the  se- 
cant of  BD,  is  the  cosecant  of  ab. 

Corol.  Hence  several  remarkable  properties  easily  follow 
from  these  definitions  ;  as, 

lit.  That  an  arc  and  its  supplement  have  the  same  sine, 
tangent,  and  secant ;  but  the  two  Iwtter,  the  tiingent  and  se- 
cant, are  accounted  negative  when  the  arc  is  greater  than  a 
quadrant  or  90  degrees. 

id.  When  the  arc  is  0,  or  nothing,  the  sine  and  tangent 
ajre  nothing,  but  the  secant  is  then  the  radius  ca,  ti'e  least  it 
can  be.  As  the  arc  increases  from  0  the  sines,  tangents, 
and  secants,  all  pioceed  increasing,  x^l  the  arc  becomes  a 
whole  quadrant  ad,  and  (ben  the  sine  is  the  greatest  it  can  be, 

being 
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being  the  radius  cd  of  the  ciiple  ;   and  both  the  tangent  and 
secant  sire  infinite. 

3d,  Of  an  arq  ab,  the  versed  sine  af,  and  cosine  bk,  or  gf, 
together  make  up  the  radiiis  ca  of  the  circle.-— The  radius  ca, 
the  tangent  ah«  and  the  secant  ch,  from  a  right-angled  triangle 
CAH.  So  tilso  do  the  radius,  sine,  and  cosine,  form  another 
right-angled  triangle  cbp  or  cbk.  As  also  the  radius,  cotan- 
gent, and  cosecant,  iinother  right«ani(led  triangle  cdl.  And 
all  these  right-angled  triangles  are  similar  to  each  other. 


] 


11.  The  sine,  tangent,  or 
secant  of  an  iingle,  is  thesis^, 
tangent,  or  secant  of  the  arc 
by  which  the  an<le  is  mea* 
sured,  or  of  the  degrees,  Slc. 
in  the  same  arc  or  angle. 

12.  The  method  of  con- 
ttructing  the  scales  of  chords, 
sines,  tangents,  and  aecants, 
usually  engr»ven  on  instru- 
inents,  for  practice,  is  exhi- 
bited in  the  anaexed  figure . 

13.  \  TrigoDoroetrical  Ca* 
non,  is  a  table  showing  the 
length  of  the  sine,  tangent, 
and  Becant,  to  e?ery  degree 
and  minute  of  (he  quadrant, 
with  respect  to  the*  radius, 
which  is  expressed  by  unity 
or  ,  with  any  numbor  of  cy- 
phers. The  logarithms  of 
these  sines,  tangents  and  se- 
cants, are  also  ranged  in  the 
tables  ,  and  these  are  most  commonly  used,  as  they  perform 
the  calculations  by  only  addition  aud  subtraction,  instead  of 
the  multiplication  and  division  by  the  natural  sines,  &c.  ac- 
cording to  the  nature  of  logarithms.  S4ich  a  table  of  log. 
sines  ami  tangents,  as  well  as.  the  logs,  of  common  numbers, 
are  placed  at  the  end  of  the  second  volume,  and  the  descrip- 
tion and  use  of  them  are  as  follow  ;  viz  of  the  sines  and  tan- 
gents ;  and  the  other  table,  of  common  logs,  has  been  already 
explained. 


•S 
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pescription  of  the  Table  of  Log,  Sines  and  Tangents. 


lo  the  first  celamn  of  the  table  are  contained  all  the  arcs, 
or  angles,  for  every  minute  in  the  quadrant,  viz.  from  1'  to 
45%  descending  from  top  to  bottura  by  the  lefl-hand  side,  and 
then  returning  back  bj  the  right-hand  side,  ascending  from 
bottom  to  top,  from  45"  to  90** ;  the  degrees  being  ret  at  lop 
or  bottom,  and  the  minutes  in  the  column.  Then  the  sines, 
cosines,  tangents,  cotangents,  of  the  degrees  and  minutes,  are 
placed  oh  the  same  lines  with  them,  and  in  the  annexed  co- 
lumns, according  to  their  several  respective  names  or  titles, 
which  are  at  the  top  of  the  columns  for  the  degrees  at  the  top, 
but  at  the  bottom  of  the  columns  for  the  degrees  at  the  bottom 
of  the  leaves.  The  secants  and  cosecants  are  omitted  iu  this 
table,  because  they  are  so  easily  found  from  the  sines  and  co- 
sines ;  for,  of  every  arc  or  angle,  the  sine  and  cosecant  to- 
gether make  op  20  or  double  the  radius,  and  the  cosine  and 
secant  together  make  up  the  same  20  also.  Therefore,  if  a 
secant  is  wanted,  we  have  only  to  subtract  the  cosine  from  20; 
or,  to  find  the  cosecant,  take  the  sine  from  20.  And  the  best 
way  to  perform  these  subtractions,  because  it  may  be  done  at 
sight,  is  to  begin  at  the  leA  hand,  and  take  every  figure  from 

9,  but  the  last  or  right- band  figure  from  10,  prefixing  I,  for 

10,  before  the  first  ^ure  of  Uie  remainder. 


PROBLEM  i. 


To  emnfuU  the  Natural  Sine  and  Cosine  of  a  Given  Arc* 

This  problem  is  resolved  after  various  ways.     One  of  these 
ia  as  follows,  viz.  by  means  of  the  ratio  between  the  diameter 
and  circumference  of  a  circle,  together  with  the  known  series 
Ibr  the  sine  and  cosine,  hereafter  demonstrated.     Thus,  the 
semicircumference  of   the  circle,  whose  radius  is  1,  being 
3-141592653589793,  &c.  the  proportion  will  therefore  be, 
as  the  ndmber  of  degrees  or  minutes  in  the  semicircle, 
Is  to  the  degrees  ^r  minutes  in  the  proposed  arc, 
so  is  3*14159265,  &c.  to  the  length  of  the  said  arc. 
This  length  of  the  arc  being  denoted  by  the  letter  a  ;  and 

its 
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iu  8iD«  and  cosine  by  «  and  c  ;  Q^en  will  these  two  be  express- 
ed by  the  two  following  series,  viz. 

'  '^.^'"  2.3     -2.3.4.6.     2.3.4.6.6.7.'*" 
6  ^  120      6010^ 
"2      #2.3.4^  2.3.4.6.6  "^    ^* 

2       24       720 

EiAH.   1.  If  it  be  required  to  find  the  sine  and  cosine  of 
ene  minute.     Then  the   number  of  minntes  in   180^  being 
10800,   it  will   be   first,  as    10800  :  I  :  :  3-14169^66,  &c.  : 
'000290888208666  =:  the  length  of  an   arc  of  one  minute. 
Therefore,  in  this  case. 

a  =s   0002908882 
and  }a^  =  000000000(104  kc. 
the  dif.  is  f  s=  -0002908882  the  sine  of  1  minate.  * 
Also,  from       1. 
take  |g>  ==  00000000423079  &bc. 
leave  c  »    -9999999677  the  cosine  of  I  minute. 

£kam.  2.  For  the  sine  and  cosine  of  6  degrees. 
Here,    as   180o  ;  50  .  .  3- U 169266  &c  :  -08726646  =  g  the 
length  of  6  degrees.     Hence  a  =  -087-36646 

— Ja»=—  -00011076 
4.  ^  j^»  =  -  00000004 

these  collected  give  $  =  -08716674  the  sine  of  6". 

And,  for  the  cosine,  1s=l. 

_  |o»  =  —  -00380771 
+^a*  =     -00000241 

these  collected  give  c  =  -9^619470  the  cosine  of  6"*, 

After  the  same  manner,  the  sine  and  cosine  of  any  other 
arc  may  be  computed.  But  the  greater  the  arc  is  the  slower 
the  series  will  converge,  in  which  case  a  greater  number  of 
terms  must  be  taken,  to  bring  out  the  conclusion  to  the  same 
degree  of  exactness. 

Or, 
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Or,  baying  found  the  fine,  |^e  eotiae  will  be  found  from  it, 
by  the  property  of  the  right- angled  triangle  cer,  viz.  the  co- 

sine  CF  =%/cB« —BF«,  ore  =  ^l—««. 

There  are  also  other  methods  of  constructing  the  canon  of 
sines  and  cosines,  which,  for  brevity's  sake,  are  here  omitted. 


PROBLEM  II. 

To  compute  the  Tangenti  and  Secants,  ^ 

'  The  «ines  and  cosinesi  being  known  or  found  by  the  fore^ 
going  problem  ;  the  tangents  and  secant»  will  be  easily  found, 
from  thepriociple  of  similar  triangles,  in  the  following  man- 
ner : 

In  the  6r8t  6gure,  where,  of  the  arc  ab,  bf  is  the  sine,  cf 
or  BK  the  cosine,  ah  the  tangent,  cu  the  secant,  dl  the  cotan- 
gent, and  CL  the  cosecant,  the  radius  being  ca  or  cb  or  co  ; 
the  three  similar  triangles  cfb,  CA|i»  doL,  give  the  following 
proportions  : 

Ist^  CF  :  FB  ;  :  CA  :  AH  ;    whence  the   tangent  is  known, 
being  a  fourth  proportional  to  the  cosine,  sine,  and  radius. 

2^,  cF  :  CB  :  :  CA  :  cii ;  whence  the  secant  is  known,  being 
a  third  proportional  to  the  cosine  and  radius. 

3(/,  BF  :  Fc  ::  CD  :oL  ;  whence  the  cotangent  is  known, 
being  n  fourth  proportional  to  the  sine,  cosine,  and  radius. 

4th,  BF  :  Bc  :  :  CD  :  cl  ;  whence  the  cosecant  is  known, 
being  a  third  proportional  to  the  sine  and  radius. 

As  for  the  log.  sines,  tangents,  and  secants,  in  the  tables, 
they  are  only  the  logarithms  of  the  natural  sines,  tangents,  and 
secants,  calculated  as  above. 

« 

Having  given  an  idea  of  the  calculation  and  use  of  sines, 
tangents,  and  secants,  we  may  now  proceed  to  resolve  the 
several  cases  of  Trigonometry  ;  previous  to  which,  however, 
it  may  be  proper  to  add  a  few  preparatory  notes  and  observa- 
tions, as  below. 

J^ote  I.  There  are  usually  three  methods  of  resolving  tri- 
angle.*, or  the  ca<»es  of  trigonometry  ;  namely,  Geometrical 
Construction,  Arithmetical  Computation,  and  Instrumental 
Operation. 

In  the  JirH  Method^  The  triangle  is  constructed,  by  making 
the  parts  of  the  given  magoitudes,  namely  the  sides  frooi  a 
scale  of  equal  part*,   and  the  angles  from  a  scale  of  chords, 

or 
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or  by  sdme  other  instruineDt.  Then  measoriog  the  uiikYiown 
parts  by  the  same  scales  or  iostruiDent&,  the  sokitioD  fvill  be 
obtained  near  the  truth. 

In  the  Second  Meihffd,  Having  stated  the  terms  Qf  the  pro- 
portion according  to  the  proper  rule  or  theoren,  re«olve  it  * 
like  any  other  proportion,  in  which  a  fourth  term  i's  to  be 
found  from  three  |riven  terms,  by  oraltiplying  the  second  and 
third  tOj^ether,  and  dividing  the  product  by  the  first,  in  work- 
ini;  with  the  natural  numbers  ;  or,  in  working  with  the  loga* 
rithms,  add  the  logs,  of  the  second  and  third  terms  together, 
and  from  tiie  sum  take  the  log.  of  the  fi^^t  terra  :  then  the 
natural  number  answering  to  the  remainder  in  the  foarth  term 
songht. 

In  the  Third  Method.  Or  Infttrumentally,  as  suppose  by  the 
]og,  lin.«  OQ  one  side  of  the  common  two-foot  scaler  ;  Ex- 
tend the  Compasses  from  the  first  term,  to  the  second  or  third, 
which  happens  to  be  of  the  same  kind  with  it ;  then  that  ex- 
tent will  reach  from  the  other  term  to  the  fourth  term,  as  re- 
quired*  taking  both  extents  toW'«rds  the  sanie  end  of  the  scale. 

J^ote  9.  £very  triangle  has  six  parts,  tiz  three  sides  and 
three  angles  And  io  every  triangle,  or  case  in  trigonometry, 
there  must  be  given  three  of  these  j>art8,  to  find  the  other 
tiH'ee.  Also,  of  the  three  paj?ts  that  are  given,  oue*  of  them 
at  least  must  be  a  side  ;  because,  with  the  same  angles,  the 
Sides  may  be  greater  or  less  in  any  proportion. 

Note  3.  All  the  cases  in  trigonometry,  may  be  comprised 
in  three  varieties  only  ;  viz. 

ii/^  When  a  side  and  its  opposite  angles  are  given. 

Sd,  When  two  sides  and  the  contained  angle  are  given. 

3d,  When  the  three  sides  are  given.  ^ 

For  there  cannot  possibly  be  more  than  these  three  varie- 
ties of  cases  ;  for  each  of  which  it  will  therefore  be  proper  to 
give  a  separate  theorem,  as  follows  : 

THEOREM   I. 

When  a  Side  and  its  Opposite  xAngle  are  two  of  the  Given  Parts. 

Thew  the  unknown  parts  will  be  found  by  this  theorem  ; 
viz.     The  sides  of  the  triangle  have  the  same  proportion  to 
each  other,  as  the  sines  of  their  oppo!»ite  angles  have. 
That  is.  As  any  one  side, 

Js  to  the  sine  of  its  opposite  angle  ; 
So  is  any  other  side, 
To  the  sine  of  its  opposite  angle. 

Demojtstr. 
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Dmnonttr.  For,  let  abc  be  the  pro- 
posed  triaDgle,  haviog  ab  the  greatest 
side,  and  bc  the  least.  Take  ads=bc. 
considering  it  as  a  radius ;  and  let  fall 
the  perpendiculars  de,  cf,  which  mill 
erideotly  be  the  siAes  of  the  angles  a 
and  b,  to  the  radius  ad  or  ac.  Now  the  triangles  ade,  acf, 
are  equiangular ;  they  therefore  have  their  like  sides  propor- 
tional, namely,  ac  :  or  :  :  ad  or  bc  :  db  ;  that  is,  the  side  ac 
is  to  the  sine  of  its  opposite  angle  b,  as  the  side  bc  is  to  the 
sine  of  its  opposite  angle  a. 

JV^fo  1.  In  practice,  to  find  an  angle,  begin  the  proportion 
with  a  side  opposite  to  a  giyen  angle.  And  to  find  a  side, 
begin  with  an  angle  opposite  to  a  given  side. 

^ot€  2.  An  angle  found  by  this  rule  is  ambiguous,  or  it  is 
uncertain  whether  it  be  acute  or  obtuse,  unless  it  be  a  right 
angle,  or  unless  its  magnitude  be  such  as  to  prevent  the  ambi- 
guity ;  because  the  sine  answers  to  two  angles,  which  are 
supplements  to  each  other  ;  and  accordingly  the  geometrical 
construction  forms  two  triangles  with  the  same  parts  that  are 
given,  as  in  .the  example  below  ;  and  when  there  is  no  res- 
triction or  limitation  included  in  the  question,  either  of  them 
may  be  taken.  The  number  of  degrees  in  the  table,  answer- 
ing  to  the  sine,  is  the  acute  angle ;  but  if  the  angle  be  obtuse, 
subtract  those  degrees  from  180<»,  and  the  remainder  will  be 
the  obtuse  angle.  When  a  given  angle  is  obtuse,  or  a  right 
one,  there  can  be  no  ambiguity  ;  for  then  neither  of  the  other 
angles  can  be  obtuse,  and  the  geometrical  construction  will 
form  only  one  triangle. 


EXAMPLE  I. 

In  the  plane  triangle  abc, 

i  ab  345  yards 
Given  c  bc  232  yards 

f  Z.  A  37«  20' 
Required  the  other  parts. 

I.  Geometncally. 

Draw  an  indefinite  line ;  on  which  set  off  ab  =346  from  some 
convenient  scale  of  equal  parts  — Make  the  an^e  a  =37®^. 
— With  a  radius  of  232,  taken  from  the  same  scale  of  equal 
psuts,  and  centre  b,  cross  ac  in  the  two  points  c,  c. — Lastly, 
join  bc,  bc,  and  the  figure  is  constructed,  which  gives  two  tri- 
angles, and  shows  that  the  case  is.  ambiguous. 

Then, 
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Tbeo,  the  sides  ac  measured  by  the  scale  of  eqaal  parts, 
and  the  angles  b  and  c  measured  by  the  line  of  chords,  or 
ftther  iostrument,  will  be  found  to  be  nearly  as  below  ;  viz. 


AC  174 

or  3744. 


^B  27° 

or    78A 


or^64j. 


2.  Arithmeiicaliy. 


First,  to  find  the  angles  at  c. 
As  side  bc     232 


To  sin.  op.  iiA 
So  side  AB 

So  sin.  op.  z^c 
add         ^A 
the  sum 
taken  from 
leaves    z.  b 


S7» 
345 
\W 
37 
162 
180 


20' 

36'  or  64<*  24' 
20    37  20 
56  or  101  44 
00    180  00 


-  Ug.  2*365488 
9-782796 
2-537819 
9955127 


27  04  or  78  16 


Then,  to  find  the  side  ac. 


k%  sine        ^a 
To  op.  side  bc 

So  sin.        ^B  } 

7o  op.  side  ac 
or 


37^    20' 

232 

27»    04 

78      16 

174-07 

M466 


log.  9-782796 
2-365488 
9-658037 
9-990829 
2-240729 
2-573521 


3.  bMirvmentally. 

In  the  tirst  proportion.— Extend  the  compasses  from  282 
to  345  on  the  line  x>f  numbers  ;  then  that  extent  will  reach, 
dn  the  sines,  from  37 <'^  to  64<>^,  the  angle  c. 

In  the  second  proportion.— Extend  the  compasses  from 
37«^  to  27*  or  78<>^,  on  the  sines  ;  then  that  extent  will 
reach,  on  the  line  of  numbers^  from  232,  to  174  or  374|,  the 
two  values  of  the  side  ac 
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In  the  plane  triangle  abc. 

(   AB  865  poles 
Given  {^A  bl^  12^ 

(^b24   46' 
Required  the  other  pnts. 
Vol.  I.  50 


Ans.  I    A 
r    B 


c 

AC 
BC 


9^*8' 
154  33 
309-86 


IXAMELE 
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EXAMPLE  HI. 
1q  Ihe  plane  triangle  abc, 


^^B  61°  35' 
L  or   1 1 •   25 

)^<;    ,',7 


^^c     120  feet  1  .,-y    57 

Giren?    bc     112  feet  Ans.  )^^  ^     ^ 

{Z^k     67*»  28^  Kg  ,,^,.g    feet. 

Required  the  other  parts.  (or  16-47   feet. 

THEOREM  II. 
Whin  two  Sides  and  their  Cmtained  Jingles  are  given. 

First  add  the  two  given  sides  together,  to  ^t  t!  eir  sum, 
and  subtract  them,  to  get  their  diflferencc.  Neit  fubtrnrt  the 
giY€n  angle  from  1B0*>,  ortwn  light  angles,  and  the  remainder 
will  be  the  sum  of  the  two  other  angles  ;  then  divide  ihat  by 
2,  which  will  give  the  half  the  frum  of  the  said  unknown  an- 
gles.    Then  say. 

As  the  sum  of  the  Wo  given  sides. 
Is  to  the  difference  of  the  same  «ides  ; 
So  is  the  tang,  of  half  the  sum  of  ihcir  op.  angles. 
To  the  tang,  of  half  the  diff  of  the  same  angles. 
Then  add  the  half  difference  of  the  angles,  so  found,  to 
their  half  sum,  and   it  will  give  the  greater  angle,  and  sub- 
tracting the  same  will  leave  the  less  angle  ;  because  the  half 
sum  of  any  two  quantities,  increased  by  their  half  difference, 
gives  the  greater,  and  diminished  by  it  gives  the  le«s. 

Then  all  the  angles  being  now  known,  the  unknown  side 
will  be  found  by  the  former  theorem. 

JVote.  Instead  of  the  tangent  of  the  half  sum  of  the  un- 
known angles,  is  the  third  term  of  the  proportion,  n^y  be 
used  the  cotangent  of  half  the  given  angle,  which  is  the  same 

thing. 

Demonst  Let  abc  be  the  proftosed  tri 
angle,  having  the  two  given  sides  ac, 
BC,  including  the  given  angle  c.  With 
the  centre  c,  and  radius  ca,  the  less  of 
these  two  sides,  describe  a  semicircle, 
meeting  the  other  side  bc  produced  in 
D,  E,  and  the  unknown  side  AB,in  a,  o. 
Join  Afi,  AD,  CO,  and  draw  df  parallel 

to  AB. 

Then  ib^s  the  sum  of  the  two  given  sides  ac,  cb,  or  of 
EC,  CB  ;  and  Bp  is  the  difference  of  the  same  two  gireo  sidee 

AC  5 
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AC,  Bc,  or  of  CD,  CB.  Also  the  externa!  aogle  ach,  is  equal 
to  the  given  sum  of  the  two  ioternal  angles  cab,  cba  ;  but 
the  angle  aoe,  at  the  circumference,  is  equal  to  half  the  angle 
ACE  at  the  centre  ;  therefore  the  same  angle  ade  is  equal  to 
half  the  given  surn  of  the  angles  cab,  cba.  Also,  the 
external  angle  agc,  of  the  triangle  bog,  is  equal  to  the  sum 
of  the  two  internal  angles  gcb,  gbc,  or  the  angle  gcb  is  equal 
to  the  (iiiVerence  of  the  two  angles  agc,  obu  ;  but  the 
angle  cab  is  equal  to  the  said  angle  agc,  these  being  op- 
posite to  the  equal  oide:*  ac*  cg  ;  and  the  angle  dab,  at  the 
circumference,  is  equal  to  half  the  angK)  dco  at  the  centre  ; 
therefore  the  angle  dab  is  equal  to  half  the  difierence  of  the 
two  angles  cab,  cba  ;  of  which  it  has  been  shown  that  adb  or 
cda  is  the  half  sum. 

Now  the  angle  dae,  in  a  semicircle,  is  a  right  angle,  or  ac 
is  perpendicular  to  \d  ;  and  df,  parallel  to  ak,  is  also  per- 
pendicular  to  ad  :  consequ(*ntly  ab  is  the  tangent  of  coa  the 
half  sum,  and  df  thu  tangent  of  das  the  half  difference  of 
the  angleft.  to  the  same  radni<  ad,  by  the  definition  of  a  tan- 
gent. But  the  tangents  ae,  df,  being  parallel,  it  will  be  at 
BB  :  bd  :  :  AE  :  DF ;  that  is,  as  the  sum  of  the  sides  is  to 
the  difference  of  the  sides,  so  is  the  tangent  of  half  the  sum 
of  the  opposite  angles,  to  the  tangent  of  half  their  differ- 
ence. 

EXAMPLE  f. 

In  the  plane  triangle  abc, 

Iab  <346  yards 
AC    174*07  yards  », 
Z.A  37*  2Qf 
Lequired  the  other  parts. 

1.  Geometrically. 

Draw  AB  3=  345  from  a  sc  tie  of  equal  parts.  Make  the 
angle  a  =  ;^7«  tfiif,  Sei  off  ac  =  174  by  ibe  scale  of  equal 
parts.     Join  bc,  and  it  is  done. 

Then  the  other  parts  being  measured,  they  are  found  to  be 
nearly  as  follows  ;  viz.  the  side  bc  232  yards,  theaogle  b  27^, 
and  the  angle  c,  1  \b^\. 

2.  Arithmetically. 

The  side  ab    346  From         180».;00' 

the  side  ac     174  07  take /.a     37     20 

their  sum        519*07        sum  of  c  and  b    142     40 
their  differ.     170-93        half  sum  of  do.      71  .,^0 

As 
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As  sum  of  sides  AB,  AC,     -     -     519-07  log.       2-715226 

To  diflF.  of  sides  ab,  ac,     -     -      1 70-93  -           3-2328 1 8 

So  Ung.  half  sum  Z  s  c  and  b     7|o  20'  •          10-471298 

To  tang,  halfdiff.  Z  s  c  and  b     44    16  >            9.988890 

these  added  giv^e  ^  c   115   36 

and  snbtr.    give  z.  a     27     4 
Then,  by  the  former  theorem, 

As  sin.  Z.  c  1 15»  36'  or  64*»  24'           -  log.  9-965126 

To  iU  op.  side  AB  345           -         -        -  2-537819 

So  sin.  of  Z.  A  37*^  20'           ...  9-782796 

ToiU  op.  side  bc  232          -         -        .  2-365489 

3.  Instrumenialty , 

Id  the  first  proportion. — Extend  the  compasses  from  519 
to  171,  on  the  line  of  numbers  ;  then  that  extent  will  reach, 
on  the  tangents,  from  71<»  4  (the  contrary  way,  because  the 
tangents  are  set  back  again  from  45^)  a  little  beyond  45,  which 
being  set  so  far  back  from  45,  falls  upon  44^^,  the  fourth 
term. 

in  the  second  proportion. — ^Extend  from  6i^  |  to  37^  I  on 
the  sines  ;  then  that  extent  will  reach  on  the  numbers,  from 
345  to  232,  the  fourth  term  sought. 

EXAMPLE   II. 

In  the  plane  triangle  abc, 

i    ab  365  poles  C   bc  309  86 

Given  <    ac  154-33  Ans  {^b  24*  45 

i  Z.A  57*  12'  (  Z.C  9B      3 

Keqnired  the  other  parts. 


EXAMPLE  in. 

In  the  plane  triangle  abc, 

i    AC  120  yards  i 

Giv^en  <    bc  1 18  yards  Ans.  c 

(  Z.C  57^  B7  \ 


AB  112-6 
Ans.  <  ^A  57^  28' 
Z.B   64  35 


Jlequired  the  other  parts. 

THEOREM  m. 
ffhen  the  Three  Sides  of  a  Triangle  are  given. 

Firrt,  let  fall  a  perpendicular  from  the  greatest  angle  on  the 
opposite  sine,  or  base,  dividing  it  into  two  segments,  and  the 
whole  triangle  into  two  right-angled  triangles  :  then  the  pro- 
portion will  be, 

As 
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§ 

As  the  base,  or  fiums  of  the  segments, 
Is  to  the  sum  of  the  other  two  sides  ; 
So  is  the  differeoce  of  those  sides, 
To  the  diff.  of  the  segments  of  the  base. 
Then  take  half  this  difference  of  the  segments,  and  add  it 
'to  the  half  sum,  or  the  half  ba^e  ;  for  the  greater  segment ; 
and  subtract  the  same  for  the  less  segment. 

Hence  in  each  of  the  two  right-angled  triangles,  there 
will  be  known  two  sides,  and  the  right  angle  opposite  to  one 
of  them  :  .consequently  the  other  angles  will  be  found  by  the 
first  theorem. 

DemoMtr.  By  theor.  35,  Geom.  the  rectangle  of  the  sam 
and  difference  of  the  two  sides,  is  equal  to  the  rectangle  of 
the  sum  and  difference  of  the  two  segments.  Therefore,  by 
forming  (he  sides  of  these  rectangles  into  a  proportion  by 
theor.  76,  Geometry,  it  will  appear  that  the  sums  and  differ- 
ences are  proportional  as  in  this  theorem. 

EXAMPLE  I. 


In  the  plane  triangle  abc, 

Gi  AB  345  yards 
lyen    1  ^^  g^g  •' 

tbe sides    i       i^Af\r, 
(bc  J  74*07 

To  find  the  angles. 

1.  GeomeiricaUy. 

Draw  tbe  base  ab-=345  by  a  scale  of  equal  parts.  With 
radias  23f,  and  centre  a,  describe  an  arc  ;  and  with  radius 
174,  and  centre  b,  de:>cribe  another  arc,  cutting  the  former 
in  G.     Join  ac,  bc,  and  i<  is  done. 

.  Then,  by  measuring  the  angles,  they  will  be  found  to  be 
nearly  as  follows,  viz 

Za  «7^,  Z.B37<>i,  and  Zc  ^^5^. 

2.  Arithmetically. 

Haring  let  fall  the  perpendicular  cp,  it  will  be. 
As  the  base  ab  :  ac+bc  :  :  ac— bc  :  ap  — bp, 
Ibat  is,  as  346  :  406-07  :  :  67-93  :  68-18=ap— bp. 
its  half  is  -  34*09 

the  half  base  is  .  172-60 

tbe  sum  of  these  is  fi06-69=5AP 

and  their  diff.  is  138*41=sbp 

Xlien 
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TheD,  in  the  trisingle,  apc,  right  aoglcid  at  v. 


As  the  side  ac 
To  sin.  op.  Z.P 
So  is  the  side  ap 
To  sin.  op.  ^ACP 
Which  taken  from 


232       -  log.   2*3f^6488 

90*     -  -       10000000 

206-69-  -        2-.il6t09 

62**    56'  -         9-94962! 

90     00 


leaves  the  ^a   27     04 
Again,  in  the  triuogle  bpo,  rigbtaogled  at  p, 


As  the  side     bc     •  -  174*07 

To  sin.  op.  ^p     -  -       90* 

Sois»ide         bp     -  -  1^8-41 

Tosio.opZBCP     -  -  6««'4a 

which  tiikeri  from  -  90  00 

leaves  the  4%  •  37  20 


log.  2-240724 

.     10  000000 

•      2  UiiGS 

9*900444 


Also,  the  Z.ACP      62*56' 

added  to  z.bcp       62   40 

Ogives  the  whole  ^ACB    116    36 

So  that  all  the  three  angles  are  as  follow,  viz. 

the  Za  27  4' ;  the  ^b  rJ7  20' ;  the  Z.c  116<»  36'. 

3.  Instrumentally. 

m  

In  the  first  proportion.  —  Extend  the  compasses  from  345  to 
408,  on  the  line  of  numbers  ;  then  that  extent  will  reach,  on 
the  snme  tine,  from  58  to  68-2  nearly,  which  is  the  difference 
of  the  segments  of  the  base. 

In  the  second  proportion. — Eitend  from  232  to  206  ^,  op 
the  line  of  numbers  ;  then  that  extent  will  reach,  on  the  smes, 
from  yO*"  to  63<>. 

In  the  third  proportion — Extend  from  174  to  138^  ;  then 
that  extent  will  reacli  from  90'^  to  62<»f  on  the  sines. 


EX.^MPLE  n. 


In  the  plaae  triangle  abc. 


AB  365  poles 
AC  154  33 
BC  309  86 
To  find  the  angles. 


Given 
the  side$ 


Ans. 


11 


^a67<>  12 
B  24  45 
c98        3 


EXAMPLE 


THEOREM  IV.  3Sl 


EXAMPLE  lir. 

in  the  plane  tmngle  arc, 


Given 
the  side 


'^     I  Af-   1  »2  6  Ans.  1  ^B  67     57 

"^^•''^(bc   112  (Zc  64     35 


To  find  the  angles. 

The  three  forei^oing  theorems  include  all  the  cases  of  plane 
triangles,  both  right-angled  and  oblique.  But  there  are  other 
theorems  suited  to  some  particular  forms  of  triangtes,  which 
are  8ometime*<  more  expeditious  in  their  use  than  the  general 
ones  ;  one  of  which,  as  the  case  for  which  it  serves  so  fre- 
quently occurs,  ma^  be  here  taken,  as  follows  : 

THEOREM  IV. 

When  a  Tri^tngU  is  Right-^ngled  $  any  of  ikt  unA'Aotim  parts 
may  be  found  by  the  following  proportions  :  viz. 

As  radius 

Is  to  either  leg  of  the  triangle  ; 

So  is  tnng;  of  its  adjacent  angle, 

'to  its  opf^osite  leg  ; 

And  so  is  secant  of  the  same  angle, 

To  the  hypotfaeou^e 

Demonstr.  ab  being  (be  given  leg,  in  the 
right-angled  triangle  abc  ;  with  the  centre 
A,  and  any  assumed  radium  ad,  describe  an 
arc  DE,  and  draw  op  perpendicular  to  ab, 
or  parallel  to  bc.  Then  it  is  efideot,  from 
the  definifions,  that  or  is  the  tangent,  and 
AF  the  secant  of  the  arc  de,  or  of  the  an- 
gle A  which  is  measured  by  that  arc,  to  the  radius  ad.  Then, 
because  of  the  parallels  Bc  df.  it  will  be,  -     -     -     as 

ad  r  ab  ;  :  df  :  Bc  and  :  :  af  :  Ac,  which  is  the  same  as  the 
theorem  is  in  words. 

J^Toie.  The  radius  is  equal,  either  to  the  sine  of  90*>.  or  the 
tangent  of  46*  ;  and  is  expressed  by  I,  in  a  table  of  natural 
•met,  or4>y  10,  io  the  log.  sraes. 

EXAMPLE  I. 
In  the  right-angled  triangle  abc, 

Given  \   .j^  bS^^T  48'  (    '^^  ^"^  ^^  *"^  **'" 

1.  Geometricalli^. 
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1.  Geometrically. 

Make  ab:s162  equal  parts,  and  the  angle  a=53<'  T  4U"  ; 
then  raue  the  perpendicular  vc,  meeting  ac  in  c.  So  shall 
AG  measare  270,  and  bc  216. 


2.  Arithmetically. 

As  radios 

... 

log.   10000000 

To  leg.  AB 

162 

2-209616 

So  tang.  ^A 

63*  r  48v 

10- 124937 

To  leg.  Bc 

216 

2-3344^2 

So  secant  z.  A 

SS**  r  48 ' 

102211^48 

To  bjp.  AC 

270       - 

2*431363 

Ao  392-0146 
BC  348  2464 


3.  Initmmentally, 

Extend  the  compasses  from  46°  to  63*|,  on  the  tangents. 
Then  that  extent  will  reach  from  162  to  216  on  the  Une  of 
numbers. 

EXAMPLE  ir. 

In  the  right-angled  triangle  abc, 

®*^^"  I  the  Z  A  6r  4a  ^««-  I 

To  find  the  other  two  sides. 

Jiote,  There  is  sometimes  given  another  method  for  rij^t- 
angled  triangles,  which  is  this  : 

ABC  being  such  a  triangle,  make  one 
leg  AB  radius  ;  that  is,  with  centre  a, 
and  distance  ab,  describe  an  arc  bf. 
Then  it  is  evident  that  the  other  leg  bc 
represents  the  tangent,  and  the  hypo- 
thenuse  ac  the  secant,  of  the  arc  bf,  or 
of  the  angle  a. 

In  like  manner,  if  the  leg  bc  be  made 
radius  ;  then  the  other  leg  ab   will  re- 
present the  tangent,  and  the  hypothenuse  ac  the  secant,  of  the 
arc  BG  or  angle  c. 

But  if  the  hypothenuse  be  made  radius ;  then  each  leg  will 
represent  the  sine  of  its  opposite  angle  ;  namely,  the  leg  ab 
the  sine  of  the  arc  ae  or  angle  c,  and  the  leg  bc  the  sine  of  the 
arc  CD  or  angle  a. 

Then  the  general  rule  for  all  these  cases  is  this,  namely » 
that  the  sides  of  the  triangle  bear  to  each  other  the  same  pro- 
portion as  the  parts  which  they  represent. 


IB  J> 


And  this  is  called,  Making  every  side  radius. 
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Note  2.  Whea  there  are  given  two  sides  of  a  right-angled 
triangle,  to  find  the  third  side  ;  this  is  to  be  found  by  the  pro- 
perty of  the  squares  of  the  sides,  in  theorem  34,  Geom.  viz. 
that  the^square  of  the  hypothenuse,  or  longest  side,  is  equal 
to  both  the  squares  of  the  two  other  sides  together.  There- 
fore, to  find  the  longest  side,  add  the  squares  of  the  two  short- 
er sides  together,  and  extract  the  square  root  of  that  sum  ; 
but  to  find  one  of  the  shorter  sides,  subtract  the  one  square 
from  the  other,  and  extract  the  root  of  the  remainden 


OF  HEIGHTS  AND  DISTANCES,  &c. 

By  the  mensuration  and  protraction  of  lines  and  angles, 
ai'e  determined  the  lengths,  heights,  depths,  and  distances  of 
bodies  or  objects. 

Accessible  lines  are  measured  by  applying  tb  them  some 
certain  measure  a  number  6f  times,  as  an  inch,  or  foot,  or 
yard.  But  inaccessible  lines  must  be  measured  by  taking 
angles,  or  by  such-like  method,  drawn  from  the  principles  of 
geometry. 

tVhen  instruments  are  used  for  taking  the  magnitude  oif  the 
angles  in  degrees,  the  lines  are  then  calculated  by  trigonome- 
try :  in  the  other  methods,  the  lines  are  calculated  from  the 
principle  of  similar  triangles,  or  some  other  geometrical  pro- 
perty, without  regard  to  the  measure  of  the  angles. 

Angles  of  elevation,  or  of  depression,  are  usually  taken 
either  with  a  theodolite,  or  with  a  quadrant,  divided  into  de- 
grees and  minutes,  and  furnished  with  a  plummet  suspended 
from  the  centre,  and  two  open  sights  fixed  on  one  of  the  radii, 
or  else  with  telescopic  sights. 

To  take  an  Angle  of  Altitude  and  Deprestionwich  the  Qvadronl. 

Let  A  be  any  object,  as  the  sun, 
moon,  or  a  star,  or  the  top  of  a 
tower,  or  hill,  or  other  eminence  : 
und  let  it  be  required  to  find  the 
measure  of  the  angle  abc,  which  a 
line  drawn  from  the  object  makes 
above  the  horizontal  line  bc. 

Place  the  centre  of  the  quadrant 
in  the  angular  point,  and  move  it 

Vox.  I.  51  round 
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round  tber«  as  a  centre » till  with  one  eye  at  d,  the  other  be- 
ing ahot,  yon  perceive  the  object  a  through  the  gights  then 
will  the  arc  oh  of  the  quadrant,  cutoff,  by  the  plumb-line  bb, 
be  the  measure  of  the  angle  abc  a?  required. 

The  angle  abc  of  deprefsiot^  of  A 

any  object  a,  below  the  horizontal 
line  Bo,  ifl  taken  in  the  same  man- 
ner ;  except  that  here  the  eye  is 
applied  to  the  centre,  and  the  mea- 
sure of  the  angle  is  the  arc  gh,  on 
the  other  side   of  the  plumb-line. 

The  following  examples  are  to  be  constructed  and  calculat- 
ed by  the  foregoing  methods,  treated  of  in  Trigonometry. 

EXAMPLE  I. 

Haying  measured  a  distance  of  200  feet,,  in  a  direct  hori- 
zontal line,  from  the  bottom  of  a  steeple,  the  angle  of  eleva- 
tion of  its  top,  taken  at  that  distance,  was  found  to  be  47^  3o'  ', 
from  hence  it  is  required  to  find  the  height  of  the  steeple. 

Conttrvction. 

Draw  an  indefinite  line  ;  on  which  set  off  Ac==2q0  equal 
parts  for  the  messnr««l  tlistttnce.  Erect  the  indefioite  per- 
pendicular AB  ;  and  draw  cb  so  as  to  make  the  angle  c:^ 
47«  30^ ;  the  angle  of  elevation  ;  and  it  is  done.  Then  ab, 
measured  on  the  scale  of  equal  parts,  is  nearly  21 8f. 

CalevkUion. 

As  radius         -         -  10*000000 

ToAG«00       -         -  f-301030 

So  tang.  /.  c  47''  3a  10037948 

To  AB  218-26  required  2-338978 

EXAMPLE  IL 

What  was  the  perpendicular  height  of  a  cloud,  or  of  a  bal- 
loon, when  its  angles  of  elevation  were  35*  and  G4*,  as  taken 
by  two  observers,  at  the  same  time,  both  on  the  fame  side  of 
it,  and  in  the  same  verticle  plane  ;  the  distance  between  them 
being  half  a  mile  or  880  yards.  And  what  was  its  distance 
from  the  said  two  observers  ? 

Construction. 
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CknutnicHon. 

Draw  an  lodefiDite  ground  liDe^  oo  which  set  off  the  given 
distance  ab  •==  880  ;  then  a  and  b  are  the  places  of  the  ob- 
servers. Make  the  angle  a  =  36^  and  the  angle  b  ^  64«  • 
then  the  intersection  of  the  lines  at  c  will  be  the  place  of  the 
balloon  ;  whence  the  perpendicular  cd,  being  let  fall,  will  be 
its  perpendicular  height.  Then  bj  measurement  are  found 
the  distances  and  height  are  nearly  as  follow,  viz.  ac  1631.  bc 
1041,  ©c  936. 


Calculaiian. 

First,  from  Z  b  64*^ 

take     jL  A  35 

leaves^  acb  29 


Then  in  the  triangle  abc. 
As  sin.  ^  ACB  29° 

To  op.  side  ab        880 
So  sin.  Za  36° 

To  op.  side  bc  1041*126      - 

As  sin.  ^  ACB  29^     - 

To  op.  side  AB  880     - 

So  sin.  ^  B  116*  or  64*»     - 
To  op.  side  ac     1631-442  - 


And  in  the  triangle  bcd. 
As  sin.  Z  D  90° 

To  op.  side  bc  1041  125     - 
So  sin  ^B  64° 

To  op.  side  cd  936*767      - 


9«685571 
2*944483 
9*768691 
3*01 7603 

9*685671 
2*944483 
9*963660 
3-212672 


10000000 
3*017603 
9-963660 
2*971163 


EXAMPLE  nr. 

Having  to  find  the  height  of  an  obelisk  standing  on  the  top 
of  a  declifity,  I  first  measured  from  its  bottom  e  distance  of 
40  feet,  and  there  found  the  angle,  formed  bj  the  oblique  plane, 
and  a  line  imagined  to  go  to  the  top  of  the  obelisk,  41*  ;  but 
after  measuring  on  in  tibe  same  direction  60  feet  fiirther,  the 
like  angle  was  only  23°  46'.  What  then  was  the  height  of  the 
obelisk  ? 

Con$trti€tian. 


3fl6 
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Consiruclion. 


Draw  an  in4leiinite  line  for  the  sloping  plane  or  decliTit>% 
in  nlucli  aMiune  any  point  a  for  t1>e  bottom  of  the  obelisk^ 
ffom  wlncb  set  oft*  the  distance  ac  =  40.  and  again  cd  =£  60 
equal  parts.  Then  make  the  angle  c  s  41*,  and  the  angle  d 
=*  23^  46'  ;  and  the  point  b  where  the  two  lines  meet  will 
be  the  top  of  tbe  obelisk.  Therefore  ab  joined,  wiU  be  its 
height. 

Calculation^ 


From  the  /.  c        41*  OCX 
take  the   jL  ti         5^3    45 
leaves  the  z.  ncc     17    15 


Then  in  the  triangle  dbc, 
Assio*  Z.DBC  17**    15J 
To  op.  vide  DC  60 
So  sin.  /:  D      23      45 
To  op.  side  cb  81  '488 

And  in  tbe  triangle  abc, 
As  Slim  of  sides  cb,  ca         121-488 
To  diff.  of  sides  gb,  ca 
So  tang,  half  sum  z.sa,  b 
Totang.  halfdiflF.^SA,  B 


41-488 
69«30' 
42  24| 


9-472086 
1-778161 
9-605032 
1-911097 


2*084633 

1-6179.23 

10,-427262 

9-9606§2 


tbe  diff«  of  these  is  j^  cba  27  6J 

Lastly,  as  sin.  z,  cba  27«  6'A 
To  op.  side  CA  40 

So  sin.  ^  4|o  0' 

To  op.  side  AB  67-623 


EXAMPLE  IV. 


9-658284 , 
lj602060' 
9-816943 
1-760719 


Wanting  to  know  t^le,dl8ta^ce  between  two  inaccessible 
ttees,  or  otler  objects,  from  the  top  of  a  tower.  120  feet  hiffb 
which'lay  in  the  saihe  right  line  with 'the  two  objects,  I  took  the 
angles  formed  by  the  perpendicular  wall  and  lines  conceiTcd 
to  be  drawn  froip  the  top  of  the  tower  to  the  bottom  of  each 
tree,  and  found  them  to  be  33"  and  64o.  What  then  may  be 
th«  distance  between  tbe  two  objects  ?  j 

Canstructton, 


J 
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Congtruction, 


Draw  the  indefinite  ground  line 
BDy  and  perpendicalar  to  it  ba  ^^ 
120  equal  parts.  Then  draw  the 
two  lines  ac,  ai>,  making  the  two 
angles  bag,  bad,  equal  to  the 
given  angles  Si^  and  e4^.  So 
shall  c  and  d  be  the  places  of  the 
two  objects. 


B 


O  •  X) 


CaleuloHon. 

First,  in  the  right- an^ed  triangle  abc, 

As  radius         -  - 

TOAB                -  120  - 

So  tangf  Z  BAG  33*  - 

ToBC              -  77'929  - 

IHien  in  the^  right-angled  triangle  abd, 
^8  radius         -  -  -  -  - 

To  AB     -  -  -,     120 

So  tang.  Z.  BAD  -     64^^ 

ToBD     -         -  261-686 

From  which  take  bc  77*929 
leaves^  the  dist.  cd   173*666  as  required. 


10-000000 
2-079181 
9-842617 
1-891698 


10000000 
2079181 

10- -32 1604 
2-400686 


EXAMPLE  V. 

Being  on  the  side  of  a  river,  and  wanting  to  know  the  dis- 
tance to  a  house  which  was  seen  on  the  other  side,  I  measured 
200  yards  in  a  strait  Ime  by  the  side  of  the  river  ;  and  then, 
at  each  end  of  this  line  of  distance,  took  the  horizontal  angle 
formed  between  the  house,  and  the  other  end  of  the  line  ; 
which  an^es  were,  the  one  of  them  68^'  2',  and  the  other 
73*  16' ;  What  then  were  the  distances  from  each  end  to  the 
house  ? 

Construction, 


Draw  the  line  ab=200  equal  parts.  Then  draw  ac  so 
aB  to  make  the  angle  a  =  68''  2^  and  bc  to  make  the  angle 
B  ss  73*"  16^  So  shall  the  point  c  be  the  place  of  the  house 
required. 

Calculation. 
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Calculation. 

To  the  given  ^  a  GS**  2' 

add  the  given  ^  b  73  1 6 

then  their  sum  141  17 

being  taken  from  180     0 

leaves  the  third  Z  ^  38  43 


'38°  43' 
200 

68«   2* 
S96-54 
38»  43* 
200 
730  16' 
306-19 


A  B 

9-796206 
2-30  030 
9967268 
2  47209St; 
9-796206 
2-30  J  030 
9*981 171 
2-486996 


Hence,  As  sin.  Z  c 

To  op.  side  ab 

So  sin.  Z.  A 

To  op.  side  bc 
And,  As  sin.  /.  c 

To  op.  side  ab 

So  sin  ^B 

To  op.  side  ac 

Exam.  vi.  From  the  edge  of  a  ditch,  of  36  feet  wide,  sur- 
rounding a  fort,  having  taken  the   angle    of  elevation  of  the 
top  of  the  wail,  it  was  foand  to  be  62^    40^ :  required    the 
height  of  the  wall,  and  the  length  of  a  ladder  to  reach  from 
mj  station  to  the  top  of  it  ?  .        i  height  of  wall  69-64, 

'  (  ladder,  78-4  feet. 

Exam.  vii.  Required  the  length  of  a  shoar,  which  being  to 
strut  1 1  feet  from  the  upright  of  a  building  will  support  a 
jamb  :i^3  feet  10  inches  from  the  ground  ? 

Ans.  26  feet  3  inches. 

Exam.  viii.  A  ladder  40  feet  long,  can  be  so  planted,  that 
it  shall  reach  a  window  33  feet  from  the  ground  ^  on  one  side 
of  the  street  ;  and  by  turning  it  over,  without- moving  the  foot 
out  of  it0  place,  it  will  do  the  same  by  a  window  21  feet  high, 
on  the  other  side  :  required  the  breadth  of  the  street  ? 

Ans.  66-649  feet. 

Exam.  ix.  A  maypole,  whose  top  was  broken  off  by  a  blast 
of  wind  struck  the  ground  at  1 6  feet  distance  from  the  foot 
of  the  pole  :  what  was  the  height  of  the  whole  maypole,  sup- 
posing the  broken  piece  to  measure  39  feet  in  length  ? 

Ans.  76  feet. 

Exam.  x.  At  170  feet  distance  from  the  bottom  of  a  tower, 
the  angle  of  its  elevation  was  found  to  be  62**  30^  :  required 
the  altitude  of  the  tower  ?  Ans.  231-66  feet. 

Exam.  xi.  From  the  top  of  a  tower,  by  the  sea-side,  of  143 
feet  high,  it  wds  observed  that  the  angle  of  depression  of  a 
ship's  bottom,  then  at  anchor,  measured  36^  :  what  then  was 
the  ship's  distance  from  the  bottom  of  the  wall  ?      # 

Ans.  204-22  feet. 
Exam. 
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Exam.  xii.     What  is  the  perpendicular  height  of  a  hill,  its 
angle  of  elevation,  taken  at  the  bottom  of  it,  being  46'',  and 
200  yards  farther  off,  on  a  level  with  the  bottom,  the  angle* 
was  3V  ?  Ans.  286*28  yards. 

Exam.  xiii.  Wanting  to  know  the  height  of  an  inaccessible 
tower ;  at  the  least  distance  from  it.  on  the  same  horizontal 
plane,  I  took  its  angle  of  elevation  equal  to  68° ;  then  going 
3U0  feet  directly  from  iti  foand  the  angle  there  to  be  only  32* : 
required  its  height,  and  my  distance  from  it  at  the  first  sta- 
tion ?  .  i  height  307-63 
.  ™'  {distance  1 92' 1 6 

Exam.  xiv.  Being  on  a  horizontal  plane,  and  wanting  to 
know  the  height  of  a  tower  placed  on  the  (op  of  an  inacces- 
sible hill ;  I  took  the  angle  of  elevation  at  the  top  of  the  hill 
40%  and  of  the  top  of  the  tower  61**;  then  measuring  in  a 
line  directly  from  it  to  the  distance  of  200  feet  farther,  1  found 
the  angle  to  the  top  of  the  towers  to  be  23**  46'.  What  then 
is  the  height  of  the  tower  ? 

Ans.  93*33148  feet. 

Exam.  xv.  From  a  window  near  the  bottom  of  a  house, 
which  seemed  to  be  on  a  level  with  the  bottom  of  a  steeple, 
I  took  the  angle  of  elevation  of  the  top  of  the  steeple  equal 
40*;  then  from  another  window.  IB  feet  directly  above  the 
former,  the  like  angle  was  37°  30' :  what  then  is  the  height 
and  distance  of  the  steeple  ?  a        $  height     210*44 

^°"'  }  distance  260-79 

Exam.  xvi.  Wanting  to  know  the  height  of,  and  my  dis- 
tance from,  an  object  on  the  other  side  of  a  river,  which  seem- 
ed to  be  on  a  level  with  the  place  where  1  stood,  clone  by  the 
side  of  the  river ;  and  not  having  room  to  measure  backward, 
on  the  same  plane,  because  of  the  immediate  rise  of  the  bank, 
I  placed  a  mark  where  I  stood,  and  measured  in  a  direction 
from  the  object,  up  the  ascending  ground  to  the  distance  of  264 
f^et,  where  it  was  evident  that  1  was  above  the  level  of  the 
top  of  the  object ;  there  the  angles  of  depression  were  found 
to  be,  viz.  of  the  mark  left  at  the  river's  side  42°,  of  the  bot- 
tom of  the  object,  27°,  and  of  its  top  19°.  Required  then  the 
height  of  the  object,  and  the  distance  of  the  mark  from  its 
bottom?  .         $  height       67  26 

^^'  ^distance  160-60 

Exam.  xvii.  If  the  height  of  the  mountain  called  the 
Peak  of  Teneriffe  be  2-^  miles,  as  it  is  nearly,  and  the  angle 

taken 
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ti&en  at  the  top  of  it,  as  formed  between  a  plamb-liQe  and  a 
line  coDceired  to  teucb  the  earth  in  the  horizon,  or  farthest 
Tisible  point,  t>e  87*  dS*  ;  it  is  required  from  these  to  deter- 
mioe  the  magnitude  of  the  whole  earth,  and  the  utmost  dis* 
tance  that  can  be  seen  on  its  surface  from  the  top  of  the  moan- 
taiUf  supposing  the  form  of  the  earth  to  be  perfectly  round  ?  * 

.         ^dist.      140-876  >     ., 
^°»-   Hi«»-         7936  5 '"'^^- 

Exam,  xviii.  Two  ships  of  war,  intending  to  cannonade 
a  fort,  are  by  the  shallowness  of  the  water,  kept  so  far  from 
it,  that  they  suspect  their  guns  cannot  reach  it  with  effect.  In 
order  therefore  to  measure  the  distance,  they  separate  from 
each  other  a  quarter  of  a  mile,  or  440  yards  ;  then  each  ship 
observes  and  measures  the  angle  which  the  other  ship  and  the 
fort  subtends,  which  angles  are  83^45'  and  86^  J^,  What  then 
is  the  distance  between  each  ship  and  the  fort  ifll^ 

^""'  \  ^298-06  y^^' 

EzAK.  zix.  Being  on  the  side  of  a  river,  and  wanting  to 
know  the  distance  to  a  house  which  was  seen  at  a  distance  on 
die  other  side  ;  I  measured  out  for  a  base  400  yards  in  a  right 
line  by  the  side  of  the  river,  and  found  that  the  two  angles* 
one  at  each  end  of  this  line  subtended  by  the  other  end  and 
the  house,  were  68"  9^  and  73^  15'.  What  theawas  the  dis- 
tance between  each  station  and  the  house  ? 


.        i  593-08  .^   -^ 


Exam.  xx.  Wanting  to  know  the  breadth  of  a  river,  I 
me&VBured  a  base  of  500  yards  in  a  straight  line  close  by  one 
side  of  it ;  and  at  each  end  of  this  line  I  found  the  angles  sob* 
tended  by  the  other  end  and  a  tree  close  to  the  bank  on  the 
other  side  of  the  river,  tube  53°  and  79'  12'.  What  then 
was  the  perpendicular  breadth  of  the  river  ? 

Ans.  529-48  yards. 

Exam.  xxi.  Wanting  to  know  the  extent  of  a  piece  of  wa- 
ter, or  distance  between  two  headlands ;  I  measured  from  each 
of  them  to  a  certain  point  inland,  and  found  the  two  distances 
to  be  735  yards  and  840  yards  ;  also  the  horizontal  angle  sub- 
tended between  these  two  Hues  was  55"  40'.  What  then  was 
the  distance  required  ?  Ans.  741*2  yards. 

E&AM.  XXII.  A  point  of  land  was  observed  by  a  ship  at 
sea,  to  bear  east-by- south  ;  and  afler  sailing  north-east  12 
miles,  it  was  found  to  bear  south- east-bv-east-     It  is  required 

to 
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to  deteraiine  the  place  of  that  headland,  and  the  ship's  dis- 
tance from  It  at  the  last  observation  ?         Ans.  26-072b  miles. 

^XAM.  zxiif .  Wanting  to  know  Ahe  distance  between  a 
house  and  h  mill,  which  were  seen  at  a  dt«^tance  on  the  other 
side  of  a  river,  I  measured  a  base  line  along  the  side  where 
I  was,  of  600  3'ards,  and  ut  each  end  of  it  took  the  angles  sub- 
tended by  the  other  end  and  the  house  an*!  mill,  which  were 
as  fuilow,  viz.  at  one  end  the  angles  were  58'^  ?0'and  96^  30^, 
and  at  the  other  end  th<j  like  angles  -  were  5  5<>  30'  and  98^  46'4 
What  then  was  the  distance  between  the  house  and  mill  ? 

^  Ans.  969*5866  yards. 

Exam.  xxif.  Wanting  to  know  my  distance  from  an  inac- 
cessible o!)ject  0  on  the  other  side  of  a. river;  and  having 
00  instrutnad^pr  taking  angles,  but  only  a  chain  or  chord  for 
measurini^dffiiceii  ;  from  each  of  two  stations,  a  and  b,  which 
were  takSIPftt  500  yard^  asunder,  1  measured  in  a  direct  line 
from  the  object  0  100  yards,  viz.  ac  and  bd  each  equal  to  100 
yards  ;  also  the  dixgon'd  ad  measured  650  yards,  and  the  dia- 
gonal Bc  560.  What  then  was  the  distance  of  the  object  0 
from  each  station  a  and  b  ?  ^       C  ao  536*26 

^^^^   I  BO  60009 

Exam.  xxv.  In  a  ii;arri3on  be$<ieged  are  three  remarkable 
objects,  A,  B  c,  the  distances  of*w  bich  from  each  other  are 
discover  d  by  means  of  a  map  of  the  place,  and  are  as  fol- 
low, viz.  AB  266},  AC  530,  BC  327^  yards.  Now,  having  to 
erect  a  battery  against  it,  at  a  certain  spot  without  the  place, 
and  being  desirous  to  know  whether  the  distances  from  tht 
three  objects  be  such,  as  that  they  may  from  thence  be  bat* 
tered  with  effect,  1  took,  with  'Aio  instrument,  the .  borizoqtal 
angles  subtended  by  thetie  object!^  fro'n  n^y  stations,  and  found 
them  to  be  as  follow,  viz.  the  angle  asb  13^  iO\  and  the  an- 
gle BSG  29<>  50^  ;  required  the  three  distances,  sa,  sb,  sq  ;  the 
abject  B  being  situated  nearest  to  me,  and  between  the  two 
others  a  and  c  ?  isA  767-14 

Ans  {  SB  537*  10 
(  sc  65630 

Exam.  xxti.  Required  the   same  as  in  the   last  example, 

when  the  object  b  is  the  farthest  from  my  station,  but  still 

seen  between  the  two  others  as  to  angular  position,  and'those 

angles  being  thas»  the  angles  a»  33^  15'.  and  bsc  92^  SO',  also 

the  three  distances,  ab  600,  ac  800»  bc  400  yards  ? 

4  SA     7094 

Ans.  {  SB  1044 

f sc     934 

Vol.  I.  6«  MENSURATION 


MENSURATION  OF  PLANES. 


The  area  of  any  plane  figare.  ii  the  meMure  of  (be  apace 
coDlained  ivilhin  ill  extreme*  or  bounds  ;  witlioulaDj  regard 
to  thickiKM. 

Thii  area,  or  the  cnatent  of  the   plan?  figure,  it  e*timated 


b;  tbe  number  of  little  iqaHres  that  ia»y  be  conUtned  id 
the  aide  of  thoBc  little  meunuring  sqiiarei'  being  ai^bcl>.  a  ( 
a  jard,  or  any  other  tiled  quantity.  And  hence  the  are: 
cootent  is  laid  to  be  so  many  square  inches,  orFL|Q,<re  feel 
■  "jDare  yards.  S^c. 

Tbui  if  tbe  figure  to  be  measured  be 
tbe  rectangle  arcd,  and  tbe  little  sq'iare 
e,  whose  side  is  one  inch,  be  the  mea- 
suring unit  proposed  ;  then  as  often  as 
the  said  little  square  is  contained  in  the 
rectangle,  so  many  square  incbci  (he 
rectangle  it  said  to  contain  which  in  the 
prevent  ease  is  18. 


afoot, 


Tvjind  the  Jlrea  o/any  PareUletogram ;  wht&tr  it  be  a  Square, 
a  Rteumgle,  a  Rkomttu,  or  a  Rhotnboid. 


beiglit,  and  the  product  will  be  tue  ^red.* 


•  HwHullii/ this  inla  Upra**d  ki  the  Geom.  itwor.  81, cor.  3. 

The  HDIa  hoOienriie  proved  (hai :  Let  the  Ibncoing  recbufle 
;aopoled :  and  let  Ibc  leoglb  and  brradlb  be  divided  iutrgoTen]  ni 
to  thAliDav  meaturii^  miit,  bfliar  hcre4&r  die  lenfTth.uid  3  for 
■odlal  iha  opposilti  pmnliof  dlviBico  bs  cmnecCed  b;  nj[ht  \iant 
tsUitsoy  Ihal  Qmm  linei  dirids  Iba  ncungle  ialo  a  Dumber  oS  little  ud 
•qaal  ti>  the  iqutre  laeauricg  unit  t,  and  further,  that  ibe  number «  ilM*e 
■qoMai.  or  (he  area  of  lb>  l^ure,  it  eqnl  to  the  oumber  of  Inmr  mcanriac 


w  bT«awh{ 
-Tbeo  l(  ia 
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EXAMPLES. 


Ex.  1.  To  find  the  area  of  a  parallelogrBm,  the  length  be- 
ing 19*25,  aod  height  8*6., 

12*25  length 
a*  5  breadth 


6125 
9800 


104- 125  area 


fix.  2.  To  find  the  area  of  a  tqnare*  whose  side  is  35*25 
chains.  Ans.  724  acres,  1  rood,  1  perch. 

Ex.  3.  To  find  the  area  of  a  rectangular  board*  whose 
length  is  m  feet,  and  breadth  9  inches.  Ans.  9f  feet. 

&.  3.  To  find  ihe  content  of  a  piece  of  land,  in  form  of  a 
rhombus,  its  ieogth  being  6*20  chains,  and  perpendicalar 
height  5*45.  Ans.  3  acres,  1  rood,  20  perches. 

Ex.  5.  To  find  the  namber  of  square  vards  of  painting  in 
a  rhomboid,  whose  length  is  37  feet,  and  breadth  5  feet  3  in- 
ches. Ans.  21^  square  yards. 


PROBLEM  n. 


Tojind  the  Area  of  a  Triangle, 


.  RuLB  1 .  Multiply  the  base  by  the  perpendicaiar  height, 
and  take  half  the  product  for  the  area.*  Or,  multiply  the 
one  of  these  dimensions  by  half  the  other. 


in  tlw  length,  repeated  m  often  es  there  ere  linear  meainring  uniti  fai  die  breaddi» 
or  height  \  that  is,  equal  to  the  length  drawn  into  the  height ;  which  here  it  4  X  3 
or  12. 

And  it  it  proved,  (Geom.  theor  25,  cor.  2),  that  m  oblique  parallelogiam 
ie  equal  to  a  rectangle,  of  equal  length  and  perpendicular  breadth  Therefore 
the  rule  ii  general  nr  ell  paraHelognune  whatever. 

•  The  truth  of  this  rule  is  evident,  because  anv  triangle  Is  the  half  of  a  pant- 
lelogtam  of  equal  base  aod  altitude,  by  Geom.  theor.  96. 

g  £XAMFLBS. 


t 
♦/ 


/^•"'  '^ 
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EXAMPLES. 

£i.  ].  To  find  the  area  of  a  triangle,  whose  base  is  625, 
and  perpendicular  height  620  linkt  ? 

Hefe  tS5  x  260  »  162  00  square  links, 

or  equal  1  ncre,  2.roodi>,  20  perches,  (he  answfr. 
Ex.  2.  How  many  square  yiird^  contains  the  tiiangle,  fibose 
base  is  40,  and  perpendicular  ."(0  feet  ? 

Ans.  6H|  square  yards. 
Ex.  3.  To  find  the  number  of  square'  yards  in  a  triangle, 
whose  base  is  49  feet,  and  i  eight  2&{  feet  ? 

Anei    eSfj,  or  b8-736l. 
Ex.  4.  To  find  the  area  of  a  triangle,  whose  bate  is  1 8  feet 
4  inches,  and  height  II  feet  10  inches  ? 

Ans.  108  feet,  5|  inches. 

RvLB  II.  When  two  sides  and  their  contajj^d  angle  are 
given  :  Multiply  the  two  given  sides  together,iHd  take  half 
their  product :  Then  say,  hs  radius  is  to  the  sinew  the  given 
angle,  so  is  that  half  product,  to  the  area  of  'he  triangle. 

Or,  multiply  that  half  product  by  the  natural  sine  of  the 
•aid  angle,  lor  the  area.* 

Ex.  1.  What  is  the  area  of  a  triangle,  whose  two  sides  are 
SO  and  40,  and  their  contained  angle  28^  6T  ? 

By  Natural  lumbers.  By  Logarithm$. 
First  I X  40  X  30=600, 

then,  1  :  600  :  :  484046  sin.  W>  67'  log.  9-68*4887 

600  2  778151 


Answer     290*4276   the  area  answering  2*463038 

Ex.  2.  How  many  square  yard^  contains  the  triangle,  of 
which  Ofte  angle  is  46'',  and  its  containing  sides  25  and  21^ 
feet  ?  Ans.  20-86947. 


*  For,  let  AS,  AC,  be  the  two  given  sides,  inclading 
the  fiven  angle  a.  Now  (  ab  x  cp  is  the  area,  by  the 
first  rale,  cp  being  the  perpendicular.  But,  by  trigo- 
nometiy,  as  sin.  ^  r,  ot  rtdius  :  ac  : :  sin  ^  a  .-  ep, 
wliicb  is  therefore  bs  ac  X  >>"•  ^  a,  taking  radius*-'  1. 
Thferefore  the  area^  as  X  cp  iss  j[  ^iB  X  ac  X  sin. 
^  A,  (0  radius  1 ;  or,  as  radius :  sin.  ^  a  : :  ^  af  X  ac  : 
the  ai«s. 
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Rvi.B  III.  When  the  three  sides  are  given':  Add  all  the 
three  tides  together,  and  take  half  that  sum.  Nest,  subtract 
each  side  severally  from  the  iaid  half  sum.  obtaining  three  re- 
mainders .  Then  mnltipi j  the  said  half  nam  and  those  three 
remainders  all  together,  and  extract  the  square  root  of  the 
last  pcoduct,  for  the  area  of  the  triangle.* 


*  Far  let  abc  be  the  ghren  tri- 
•ngle.  Draw  the  parallels  ai,  bi>, 
meetiDf;  the  two  sides  ac,  cb,  pro- 
duced, in  D  and  ■,  and  making  cd 
sa  CB,  and  cb  sss  ca.  Also  draw 
cwa  bisecting  ob  and  ab  perpendi- 
cularly in  r  and  o  ;  and  fbi  paral- 
lel to  the  side  ab,  meeting  ac  in  h, 
and  AB  produced  in  i.  ImmAj, 
wKh  centre  b,  and  radius  mv,  de- 
scribe a  circle  meeting  ac  produc- 
ed in  k  ;  which  will  pass  through  e,  because  o  is  a  right  angle,  and  through  i,  be- 
cause, by  means  of  the  parallels,  ai  b»  fb  «=  ^9,  therefore  hd  a  ba,  and  hf  ca 

■1«|AB. 

Hence  ba  or  hu  is  half  the  difference  of  the  sides  ac,  cb,  and  bc  ss  half  their 
sum  or  ss-)-Ao-4-  i^* ;  ^*o  hk  a  hi  «»  \iw  or  ^ab  ;  conseq.  ck  0  ^ac  -}-  \cm 
+i'A»  half  ihe  sum  of  all  die  three  sides  of  the -triangle  abc,  or  ck  s  ^3,  call- 
iBg  s  die  sum  of  those  three  sides.  Again  hi  0  hi  0  jfiF  cfiiAB  or  kl  ta  ab  ; 
thqreC  cl  ^  ex  —  el  im  ^s— ab,  and  ai  aa  cx  —  ca  •=  fs—  ac,  and  alssok 

SS"  CK  —  CD   as  |-S  —  CB. 

NoiF,  by  die  first  rain,  ag  .  ce  ss  Hmt  A  acx,  and  ao  .  Fe  sa  the  A  abx,  thex«f. 
AS  .  CF  «B  A  ACB.  Also  bf  the  parallels,  a«  :  ca  : :  df  or  ia  :  cf,  theref.  Ae  .  cf 
s=(A  ACB  s)  CO  .  IA  B  ce  .  OF,  conssq.  ao  .  cf  .  co  .  df  =:  A*  acb. 


But  CO  .  CF   ss  ck  .  OL 


^s.  -^t  —  AB,  and  AO  .  df 

A" 


ss    AX  .    AL 


*.- 


AC 


jf*— Bc :  theref.  ao  .  cf  .  co  .  df  :9  A'  acb  as  ^s.  ^  f—  ab.  |^8— ac.  j^  —  bc 
is  the  square  of  the  area  of  the  triangle  abc    q,  k.  d* 


OA<i*wtjie. 


Because  the  rectangle  ao  .  cf  «•  the  A  abc,  and  stnce  ce :  ag  :  :  cf  :  df,.  draw- 
ing the  first  and  second  tenns  into  cSt  and  the  third  and  fourth  into  ao^  the  pro* 
por.  becomes  ce  .  cf  :  ao  .  cf  : :  a*  .  cf  :  ag  .  df,  or  ca  .  cf  :  A  abc  :  :  A  abc  : 
AO .  OF,  that  is»  theA  abc  is  a  mean  proportional  between  CG  •  cf  an^  .ag,  •  of,  or 
between  Is.  Is—  ab  and  ^9  —  ac.  ^s  —  bc     c.  e.  o. 

Ex.  I. 
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£i.  1.  To  find  the  area  of  the  triangle  whose  three  sides 
are  «0,  30,  40. 

20  45  45  45 

SO  20  SO  40 

40  —  .            —  -^ 

25  let  rem.     15  2d  rem.  5  3d  rem, 

2)90  _  _  _ 
45  half  sam 

Then  45  X  26  X  15  X  5  =  84376, 
The  root  of  which  is  290-4737,  the  area. 

Ehi.  2.     How  maoy  square  jards  of  plastering  are  in  a  tri- 
angle, whose  sides  are  30,  40,  50,  feet  ?  Ans.  66|. 

El.  4.     How  many  acres,  lie.  contains  the  triangle,  whose 
sides  are  2569, 4900,  5025  links  ? 

Ans.  61  acres,  1  rood,  S9  perches. 


PROBLEM  ni. 

To  find  the  Area  of  a  Trapezoid, 

Add  together  the  two  parallel  sides ;  then  multiply  their 
sam  by  the  perpendicular  breadth,  or  the  distance  between 
them ;  and  take  half  the  prodact  for  the  area.  By  Geom. 
theor.  29. 

£z    1.  In  a  trapezoid,  the  parallel  sides  are  750  and  1225, 
and  the  perpendicular  distance  between  them  1 540  links  :  to 
fii^d  the  area. 
1325 
750 


1975  X  770  =  152076  square  links  «=  15  acr.  S3  perc. 

Ex.  2.  How  many  square  feet  are  contained  in  the  plank, 
whose  length  is  1  !2  feet  six  inches,  the  breadth  at  the  greater 
end  15  inches,  and  at  the  less  end  11  inches  ? 

Ans.  IS-^}  feet. 

Ex*  3.  In  measuring  along  one  side  ab  of  a  quadrangular 
field,  that  side,  and  the  two  perpendiculars  let  fall  on  it  from 
the  two  opposite  corners,  measured  as  below,  required  the 
content. 

AP 


AF  =    110  links 
A(^  ^     746 

AB   =   1110 

CP  =    362 
D<i  =     596 
Aos.  4  acres,  1  rood, 

OF  PLANES. 

6-792  perches. 
PROBLEM  IV. 

c 
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I) 

A  ?                Q.      B 

To  find  the  Area  of  any  Trapezium. 

Divide  the  trapeziam  into  two  triangles  by  a  diagonal  ; 
then  find  the  ureas  of  these  triangles,  and  add  them  toge- 
ther. 

Or  thus,  let  fall  two  perpendiculars  oo  the  diagonal  from 
the  other  two  opposite  angles  ;  then  add  these  two  perpendi- 
culars together,  and  multiply  that  sum  bj  the  diagonal,  taking 
half  the  product  for  the  area  of  the  trapezium. 

Ei    1.  To  Qnd  the  area  of  the  trapezium,  whose  diagonal, 
is  42,  and  the  two  perpendiculars  on  it  16   and  18. 
Here  16  -}-  18  =    34,  its  half  in  17. 

Then  42  X  17  s  714  the  area. 

• 

Ex.  2.  How  many  sqnare  yards  of  paving  are  in  the  tra- 
pezium, whose  diagonal  is  66  feet,  and  the  two  perpendiculars 
let  tall  on  it  28  and  33^  feet  ?  Ans.  22'^ j^^  yards. 

Ex.  3.  In  the  quadrangular  field  abcd,  on  account  of  ob- 
structions there  could  only  be  taken  the  following  measures, 
viz.  the  two  sides  bc  265  and  ad  ;  20  yards,  the  diagonal  ac 
378,  and  the  two  distances  of  the  perpendiculars  from  the 
ends  of  the  diagonal,  namely,  ae  100,  and  or  70  yards.  Re- 
quired the  construction  of  the  figure,  and  the  area  in  acres, 
when  4840  square  yards  make  an  acre  ? 

Ans.  17  acres,  2  roods,  21  perches. 

PROBLEM  V. 

To  find  the  Area  of  an  Irregular  Polygon. 

Draw  diagonals  dividing  the  proposed  polygon  into  trape- 
ziums and  triangles.  Then  find  the  areas  of  all  these  sepa- 
rately, and  add  them  together  for  the  content  of  the  whole  ^q- 

EXAMPLE. 
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MKNSUllATION 


Example.  To  find  the  cootent  of  the  irregaUr  figure 
ABCDRFOA,  ID  which  are  girea  the  followiog  diagonalB  and  per- 
pendicalarSf  namely, 

B 

AC  66 

fd62 

uc  44 

cm  13 

en  18 

oo  12 

Ep    8 

Dq  23 

Ans.    1878^ 


PROBLEM  Vl. 


To  find  the  Area  of  a  Regular  Polygon, 

Rule  1.  MujLTivt.\  the  perimeter  of  the  polygon,  or  sum 
of  itt  tfiden,  by  the  perpendicular  drawn  froib  ito  centre  on 
one  of  its  sides,  and  take  half  the  product  for  the  area*. 

Ex.  1.  To  find  (he  area  of  a  regular  pentagon,  each  side 
being  25  feet,  and  the  perpendicular  from  the  centre  on  each 
side  is  l7-::J04773r. 

Here  25  V  5  =  1«6  is  the  perimeter. 
And  17-2047737  X   125  =  2 1 50- 5967 126. 
Its  half  1 07 :>-298356  is  the  area  sought. 

Rule  11.  Square  the  side  of  the  polyt^on  ;  then  multiply 
that  square'  by  the  tabular  area,  or  multiplier  set  against  its 
name   in  the   following  table,  and  the  product  will  be  the 

area.t 

No. 


i 


*  This  is  (nx\y  iu  effect  resolving  the  |)oljrgOQ  into  as  imuiy  eaual  triangles  as  it 
has  sides,  bv  liraiving^  lines  from  tlie  centre  to  all  tbe  angles  *  meo  finding  tfaeir 
areas,  and  adding  them  together. 

->•  This  role  is  founded  on  the  pro{>erty,  that  like  polygons,  being  similar 
%ure9t  are  (o  one  another  as  the  squares  of  their  liLe  sides  i  which  is  provad  in 
the  Geom.  theor.  89.  Now,  the  multipliers  ui  the  table,  are  the  areas  of  tlie  re- 
sprctivR  fwlv^ns to  (he  nide  1 .     Whence  the  nile  is  mnnifest, 

JYote. 
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No.  of 
8idea. 


3 

4 
5 
6 
7 
8 
9 
10 
11 


Names. 


Trigon  or  triangle 

Tetragon  or  square 

Pentagon 

Heiagon 

Heptagon 

Octagon  >.* 

Nonagon 

Decagon 

Undecagon 

Dodecagon 


Areas,  or 
Multipliers. 


0-4330127 
1*  0000000 
1-7204774 
2-6980762 
3-6339124 
4*8284271 
6-1818242 
7-6942088 
9-3666399 
11-1961624 


Erui.  Taking  here  the  same  example  as  before,  namely,  a 
pentagon,  whose  side  is  26  feet. 
Then  26'  being  as  626, 
And  the  tabular  area  1-7204774 ; 
Theref.  1-7204774  x  626  »  1076-298376,  as  before. 

Ex.  2.  To  find  the  area  of  the  trigon,  or  equilateral  trian- 
gle ^whose  side  is  20.  Aus.  173*20608. 

Ex.  3.  To  find  the  area  of  the  hexagon  whose  side  is  20 . 

Ans.  1039-23048:: 

Ex.  4.  To  find  the  area  of  an  octagon  whose  side  is  20. 

Ans.  1931-37084. 

Ex.  6.  To  find  the  area  of  a  decagon  whose  side  is  20. 

Ans.  3077  68362. 


JVb<r«  The  areas  in  the  table,  te  each  side  1,  may  be 
compvied  in  the  felknrfaig  nanner :  From  the  centie  c  of 
tha  poljrgQB  draw  Knee  to  every  angle,  dividing  the  whole 
Sgnre  into  as  manT  equal  triangles  as  the  {mygon  has 
tides;  and  let  abc  be  one  of  thoie  triangles,  the  perpen- 
^alar  of  whfeh  is  co.  Divide  360  degrees  by  the  nnm- 
ber  of  sides  hi  thej»olygon»  the  quotient  gives  the  angle  at 
the  centie  acb.  The  naif  of  this  gives  ine  angle  Acn; 
and  this  taken  from90<>,  leaves  the  angle  cad.    Then  it  A      D      B 

will  be,  as  radios  ie  to  ad,  so  is  tsng.  angle  cad,  to  the  perpendicular  cd.  This 
pen)endicnlar,  multiplied  k>y  the  half  bass  ad,  gives  the  aroa  of  the  triangle  abc  ; 
which  being  mohiplied  by  the  number  of  the  triangles,  or  of  the  sides  of  the  po> 
tygOD,  gives  its  wliole  atea,  as  hi  the  table,  for  every  one  of  the  figures. 


Vol.  !. 
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PROBLEM 


'    MENSURATION 


To/nd  the  Diameter  and  dreumftretut  of  my  CXrcU,  An  one 
from  th4  othtr. 

This  may  be  done  nearly  by  either  of  thft  two  followiag 
pro  portions, 

viz.   Ai  7  is  to  22.  lo  is  tbe  diameter  to  the  circomfertncc. 
Or,  Ai  1  is  to  31416,  so  is  the  diameter  to  the  clrcnttifer- 

Ei.  1.  To  find  the  circomferftnce  of  the  circle  whose  dia^ 
meter  is  SO. 
By  the  Gnt  rule,  es  7  :  32  ::  SO  :  62f,  the  ansirer. 

Ex.2. 


"  For,  l«  *■*»  b«  my  chcto,  •rboMi  ccdOb  ii  i,  and 
at  «■,  ac  be  uv  two  equal  irct.     Draw  Iha  Mrenl 

melcT  DAB,  whicn  produce  lo  i,  (ill  Br  be  eqnil  lo  Iha 
chord  wD- 

Tben  tb.  two  ipwKBlei  WfngUa  on,  Dsr, ■reeqni- 

^^Hcqually  DE  :  Di : '  nil '  Dr.  Bui  Uu  twotriugles 
•  IB.  DCB  an  idanlicit,  or  Justin  all  reipecM,  becauaa 
Uia;  ban  Iha  aivle  r  ^  Oh  aogls  bdc,  being  each 
equl  M  (be  nogiB  1.0%,  tbese  being  Bibtoiid«d  1>)  ihe 


idra^ia  abc 


o  (be  e' 


^•^Py 


lal  to  (be  opposite  uilenor  ao' 
ujgTeji  baFe  aJio  (ho  side  tr  b 
tlie  wde  bd  i  therefore  (he  lide  11  i*  ain  equal  to  the 
aide  DCn  liettce  the  pn>poFt!oii  above,  vh.  di:  dh  l  - 
caun  Di  ^  DH  :  :  BB  :  3di  -f  DC.     Then,  bj  Kkiag 


ncfuglei  oT  tin  ez- 


Now,  if  (he  radio*  di  be  lakaii  e  I.  Ihj*  eipreauon  beccaiea  db    c3  8  +  dc, 
urfhoKelhe  row  na  — ^/i  +  o''     Th»t  it,  If  the  meawraof  (h.  iMpje- 
nMulal  chord  oT  ur  arc  be  ncreaacd  by  tin  nwiiber  3,  the  aqau*  not  of  tbe     - 
nVi  will  be  the  supptanenlal  cbord  of  balflhal  arc. 

Hoi,  to  apply  Ifaia  to  the  cakolatioci  of  the  ORCunhmce  of  (be  circle,  let  Ibe 
ace  AC  be  taken  equal  to  ^  of  Ihe  drramlemce,  and  be  ncceHively  Uaectedby 
IheaboredKoromT  iboi,  the  choril  ac  of  i  of  (be  ciTCaistorencM,  is 'the  nde  of 
the  inacribed  icgnlat  beiagoo,  and  ia  tbarefbre  eqaal  to  the  ladim  at  or  I; 

bence,  in  (he  ritht-angled  triangle  acb,  il  will  be  re  =.  ^*o*—tc'  ^^^-x' 
o  V  JsL-TSaOGOWIS,  Ibe  tapplcimntBl  cbocd  of  1  of  (lie  periphery. 

lien. 
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£z.  2.  If  the  circumference  of  the  earth  he  25000  miles, 
what  it  its  diameter  ? 

By  the  2d  rale,  as  3-1416  :  1  :  :  26000 :  795r|  nearly  the 
diameter* 

NoTB  BY  R.  Adrain.  Haviog  applied  my  new  theory  of 
meet  probaUe  ?alaet  to  the  delermioation  of  the  magoitade 
and  figure  of  the  earth,  1  fouod  the  true  mean  diameter  of 
the  earth,  taken  as  a  globe,  to  be  7918*7  English  miles,  and 
consequently  its  circumference  24^77*4  E.  miles,  and  a  degree 
of  a  great  circle  equal  to  69  1039  miles. 


Then,  by  the  foregoioj^  theorem,  hj  always  bisecting  the  arcs,  snd  adding  S 
to  the  last  square  root,  tmre  will  be  foond  toe  fcupplemental  chords  of  the  12th, 
the  5Mth,  the  48th,  ttie  96tfa,  Ac.  parts  of  the  peripbeiy  i  thus. 


^3-7320608076 
^3*9318616625 
V^3*9828897227 
^3-99/i7l78466 
V^  3-9989291 743 
^3-9997322767 
^3*9999330678 
V^3- 9999832669 


1-9S18616626^ 

1-9828897227 

1 -99671 78466 

1*9989291743 

1  -9997322757 

1-9999330678 

1*9999832669 


a 

a 
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1^ 

fix 
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Soioe  then  it  is  found  that  3-9999839669  it  tha  aqnara  of  the  sapplevientai 
chord  of  the  1536th  part  of  the  periphery,  let  this  number  be  taken  from  4|  which 
is  the  square  of  theaiameter,  aud  the  remainder  O000Ol67SSt  will  be'theaqnajv 
of  the  chord  of  the  said  1596th  part  of  the  peripherr,  and  consequently  the  root 
V^0-00a0l67SSI  (bOO040906119  is  the  length  of  that  chord}  this  number  tfaeo 
being  multiplied  by  1536,  gives  6  28S1788  for  the  perimeter  of  a  ivffular  polygon 
of  1536  sides  inscribed  in  the  ciicle ;  which,  as  the  sides  of  the  poTygou  neariy 
coinoide  with  the  circumference  of  the  circle,  must  also  express  the.  length  of  the 
circumference  itself,  very  nearly. 


But  HDW,  to  show  how  oewr  this  determiuatioB  is  to  the 
truth,  let  Aflp  as  0-0040906112  represent  one  side  of  such 
a  regular  polygon  of  1536  sides,  and  sbt  a  side  of  an* 
Other  similar  polygon  described  about  the  circle;  and 
firom  the  centre  ■  let  the  perpendicular  vftR  be  drawn, 
bisecting  ap  and  sr  in  q  and  a.  Then,  since  aq  is^  jp 
AT0OH)O9O45dO56,  and  ba^ssi  1,  therefore  ift'=XA' 
«-  Aa'  a>  '9999958167,  and  consequently  its  root  gives 
90  m  '9999979664  i  then  because  of  the  pncallels  ap,  it. 
It  is  BQ :  KB  :  :  AP  :  ST  : :  as  the  whole  inscribed  perime- 
ter:  to  the  circumscribed  one,  that  is,  as  '9999979084 : 
I  :  :  6-2831788  :  6*2831920  the  perimeter  of  the  circumscribed  polygon.    Now, 

the 
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PROBLEM  VIII. 
To  find  ike  Length  of  any  Arc  of  a  Circle, 

Multiply  the  decimal  *01745  by  the  degrees  in  the  giTen 
arc,  and  that  product  by  the  mdias  of  the  circle,  for  the  length 
of  the  arc.* 

Ex.  1.  To  find  the  lenaih  of  an  arc  of  SO  degree*,  the  vm" 
diua  being  9  feet.  •  Ana.  4*7116. 

Ex.  2.  To  find  the  length  of  an  arc  of  ir  lOT,  or  ir^, 
the  radiaa  being  10  feet.  Ana.  S«  1231. 


PROBLEM  IX. 


To  find  (he  Area  of  a  Circle,] 

Rule  !•  Multiply  half  the  circnmference  by  half  the 
diameter.  Or  mnltiplyrthe  whole  circumference  by  the  whole 
diameter,  and  take  ^  of  the  product. 


.fe*. 


ftfl  circnmfereacc  of  the  circle  bQiog-  greater  than  the  periawter  of  the  umer  po- 
lygoo,  batlett  than  that  of  the  outer,  it  must  consequentlj  be  greater  than 

6*2831788, 
but  less  than  6*9831990, 
aod  must  tbereiore  be  nearljr  equal  ^  their  sum,  or  6*3831854, 

which  in  fact  is  true  to  the  Uist  ^ure,  which  should  be  a  3  instead  of  the  4. 

HsDoe,  the  circumference  bemg  6*9831854  when  the  diameter  is  S,  it  will  be 
the  half  of  that,  or  3*1415927,  when  the  diameter  is  1,  to  which  the  ratio  in  An 
rule,  TIE.  1  to  3']4]6  is  very  near.  Also  the  other  ratio  in  the  rule,  7  to  92  or  t 
to  3^  B  3*149^,  ftc.  is  another  near  approximation. 

»  It  ha?inc  been  found,  iq  the  demonstration  of  the  foregoing  problem,  that 

?2$*;-o?*.  .*",  ^  *  ^^^^  **  *>  ^«  'e»Kt**  of  <be  whole  circumference  is 
6^31854,  which  consists  of  360  degrees}  therefore  as  360»  : 6*9831854 :  :  !• : 
•01745,  Ac.  the  length  of  the  arc  of  1  degree.  Hence  the  decimal  01745 
multiplied  br  anj  number  of  degrees,  will  give  the  length  of  the  arc  of  those  de^> 
grees.  And  because  the  circumferences  and  arcs  are  m  proportion  as  the  dia- 
meters, or  as  the  radii  of  die  circles,  therefore  as  tbe  radius  1  is  to  any  other  ta« 
dim  r,  so  is  the  length  of  the  are  above  mentioned,  to  *01745  X  degees  in  the 
arc  Xr,  which  is  tbe  length  of  that  arc,  as  in  the  rule. 

f  The  first  rule  is  proved  in  the  Geom.  tfaeor.  94. 

And  the  2d  and  3d  rules  are  deduced  from  the  first  rule,  in  this  manner.-^Bj 
that  rule,  ^,  -a.  4  is  the  area,  when  d  denotes  the  diameter,  and  c  tbe  ciicmn- 

fersnce. 
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Rvz.E  II.  Square  the  diaineter»  and  moltipfy  that  square  hj 
the  decinial  -7664»  for  the  area. 

RvLB  III.  Square  the  circumference,  and  mnltiply  that 
square  hy  the  decimal  *07958. 

Ex.  1.  To  find  the  area  of  a  circle  whose  diameter  is  10» 
and  its  circumference  21*416. 

By  Rule  1.  By  Rule  t.  By  Rule  3. 

3t-4i6  -7854  31-416 

10  10>  ak    100  «  31-416 


^a. 


4)314- 16  --j.^.  986-986 

78-64  •  ^^^*  -07968 


78'64 


So  that  the  area  is  78-64  hy  all  the  three  rules. 

Ex.  2.  To  find  the  area  of  a  circle,  whose  diameter  is  7, 
and  circumference  t2,  Ans.  38|. 

Ex.  3.  How  many  square  yards  are  in  a  circle  whose  dia- 
meter is  3^  feet  Ans.  1*069. 

Ex.  To  find  the  area  of  a  circle  whose  circumference  is 
12  feet.  Ans.  11*4696. 

PROBLEM  X. 

To  And  the  Area  of  a  CXretUar  Ring^  or  of  ik§  Spaee  included 
between  the  Circun^erencei  if  two  Circlea ;  the  one  being  eon* 
iained  within  the  other* 

Take  the  difference  between  the  areas  of  the  two  circles^ 
as  Ibond  hy  the  last  problem,  for  the  area  of  the  ring.- 


fercnoe.  Bat»  bj  prob.  7»e  it  cv  3-14164;  thenfim  (he  nid  anaie  ^  4,  be- 
come! d  X  3- 14164  ^  4  s  -7S54d',whidi  gives  the  leoond  ra1e.-A1tew br 
the  nine  pioli.  7,dii  0  c^  6'14l6{tlierafi»eeguiitiiesMiiefintafee<le^-4, 

becomes  e  -^  31416  X  «  -f- 4  <»  e*  -S- 13-5664,  wfaidi  is  c- e'  X  -07958, 
bw  teUng  the  raciproctl  of  18  5664,  or  chaiiging  tbet  divisor  into  the  maltiplier 
.  -07958 ;  whkh  gives  the  9d  rale. 

Cbrol,  Hence*  the  aiees  of  difiereot  diclos  are  in  proportion  to  one  soother, 
as  the  sqeare  of  their  diameteit,  or  as  the  tqnare  of  their  circmnlbrences,}  as  be- 
(hm  proved  in  theOeoro.  theor.  93. 

which 
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Wbieb  is  tk«  sane  thing,  Mbtract  the  square  of  the  leas  dia- 
meter frooi  the  square  of  the  greater,  and  meltiplj  their  dil^ 
ference  >jr  '7054. — Or  lastljr.  multipljr  the  siiia  of  Hie  diame- 
ters b^  the  difference  of  the  same,  and  that  product  b¥  *78M ; 
which  is  still  the  same  thing,  becaase  the  product  or  the  lam 
and  difference  of  any  two  quantities,  is  equal  to  the  difference 
of  their  squares. 


Ex.  I .  The  diameters  of  two  concentric  circlet  being  10 
and  6«  required  the  area  of  the  ring  contained  between  their 
circumferences.  * 

Here  10  +  6  »  16  the  snm,  and  10 — .6  >=  4  the  diC 
Therefore  -7864  X  16  X  4  s>.  -7864  X  64  =  602660, 
the  area. 
Ex.  €.  What  is  the  area  of  the   ring,  the  diameters  of 
whose  bounding  circles  are  10  and  20  ?  23b«62. 


PROBLEM  XI. 

To  find  the  Area  of  the  Sector  of  a  drjtle. 

RuLf  1.  Multiply,  the  radius,  or  half  the  diameter,  hj  half 
the  arc  of  the  sector,  for  the  area.  Or,  multiply  the  whole 
diameter  bv  the  whole  arc  of  the  sector,  and  take  ^  of  the 
product.  The  reason  of  which  is  the  same  as  for  the  first 
rule  to  problem  9,  for  the  whole  circle. 

|ii7L|&  if.  Compute  the  area  of  the  whole  circle  :  then 
saj,  as  360  is  to  the  degrees  in  tbe  arc  of  the  sector^  so  is 
the  area  of  the  whole  circle  to  the  area  of  the  sector. 

Thin  is  eyident,  because  the  sector  is  proportional  to  the 
length  of  the  arc,  or  to  the  degrees  contained  jn  it. 

Ex.  I.  To  find  the  area  of  a  circa  I  ar  sector^  whose  arc 
contains  18  degrees  i  the  diameter  being  3  feet  ? 

1.  Bj  the  1st  Rule. 

Firsts  3- t4li6  X  3  «b  9*424B,  the  circiMnfei^oce. 

And  360  :  18  :  :  9-4  U8  :  -47124  the  leogth  of  the  wc. 

Then  *47I24  X  3  -^  4  :&  1-41372  -r  4  >=  •36343,ihe area. 

2.  By  the  2d  Rule. 

First,  7854  X  S>  :=  70686,  the  area  of  the  whole  circle. 
Theti,  as  360  :  18  :  :  7-0686    :  -36343,  the  area   of.t|ie 


sector. 


Ex.2. 
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£x.  8,  To  find  the  area  of  a  teotor,  whose  ndHas  is  10, 
and  are  90.  Ana.  I00# 

Ex*  3.  Required  the  area  of  a  seetor,  whose  ra^s  U  86, 
and  its  arc  conteiniog  147**  ft^.  Ads.  8U4'9086« 

« 

PROBLEM  XII. 

Tojind  the  Area  of  a  Segment  of  a  Circle, 

» 

RuLfi  1.  Fidd  the  area  of  the  sector  having  the  same  are 
with  the  segoteol,  hy  the  last  prohleoi. 

Find  also  the  area  of  the  triangle,  formed  bj  the  chord  of 
the  segaieot  and  the  two  radii  of  the  sector. 

Then  add  these  two  together  for  the  answer,  wben  the  seg- 
ment is  greater  than  a  semicircle  ;  or  subtract  then  when 
it  is  less  than  a  semicircle.  --As  is  evident  by  inspection. 

Ex.  I.  To  find  the  area  of  the  segiiieot  acbda,  its  chord  Aa 
being  12,  and  the  radius  ak  orcE  10. 

First,  As  AS  :  sin.  ^f>  00*"  :  :  ad  :  sin. 
d6"52'J»36*67  degrees,  the  degrees  in  the 
Z.  AEc  or  arc  ac.  Their  double,  73*74,  are 
the  degrees  in  the  whole  arc  aca. 

Now  -7854  X  400  =  314- 16,  the  area  of 

the  whole  circle*  Jf 

Therefore  S^O"*  :  73  74  : :  314  16  :  M-3604,  area  of  the 
sector  ai;be.  _ 

Again  */  ak*  —  ad^  =  ^  lOO  —  S6*a  v^64^8sEOt:. 

Theret.  ao  x  dg  s=  6  x  8  »  46,  the  area  of  the  triangle 

AEB. 

Hence  sector  ACBE-^thaogile  aeB  ^  16*3504,  area  of  seg. 

ACBDA. 

Rule  II.  Divide  the  height  of  the  segment  bj  the  diametet, 
and  find  the  quotient  in  the  column  of  heights  in  the  following 
table  :  Take  out  the  corresponding  area  in  the  next  column 
on  the  right  hand  ;  and  multiply  it  by  the  square  of  the  cif* 
cte's  diameter,  for  the  area  of  the  segment.* 

/(fnte. 


*  Hie  truth  df  this  mie  depends  on  the  principle  of  tlMiler  plane  S|;timb 
which  ai«  to  one  enother  at  the  square  of  fbeir  like  fmear  ditnenskxis.  The  se^ 
inents  in  the  table  are  thoee  of  a  chicle  whose  diameler  l»t ;  Mid  thetat  cohiaiii 

conKaios 
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JVbfc.  When  the  quotient  it  not  found  exactly  in  the  taUe. 
propertion  maj  be  made  between  the  next  lets  and  greater 
area,  in  the  same  manner  as  is  done  for  logarithms,  or  any 
other  taMe. 


TahU  rftht  Artaa  of  Circular  S^mtnU, 


i 

il 

1) 

reaof 
Segm. 

eight. 

• 

reaof 
'  Segm. 

% 

^9     ^% 

as 

•01 

<  • 

X 

Ti 

<1 

05 

Ti 

s 
Tl 

^« 

Ti 

^J 

•0013:* 

•04701 

•11990 

•20738 

*30310 

•02 

•0037fi 

•12 

•06339 

22 

•12811 

•32 

•21667 

43 

•31304 

•03 

•00687 

•13 

*0600( 

•23 

•13646 

•33 

•22603 

•43 

•32293 

•04 

•01064 

•14 

•06683 

•24 

•14494 

•34 

•23647 

•44 

33284 

•06 

•01 46^ 

•16 

•07387 

26 

16364 

•36 

•24498 

•45 

•34278 

•06 

•01924 

•16 

0811 1 

•2« 

•16226 

•36 

•2546^ 

•46|-36274 

•07 

•02417 

•17 

•0886v< 

•27 

•17109 

•37 

264  IP 

•47r36272 

08 

•02944 

18 

•096  If) 

•28 

•18002 

36 

2738f 

•48 

•37270 

•09 

•03602 

•19 

•10390 

•29 

•18905 

•39 

•2836?' 

49 

•38270 

•10 

•04088 

•20i*lll82i 

•30 

•19817  1-40 

•29337 

•60 

•39270 

Ex.  2.  Taking  the  same  example  as  before,  in  which  are 
gjiyen  the  chord  ab  12,  and  the  radius  10,  or  diameter  20. 

And  having  found,  as  abore,  db  ss  8  ;  then  ca  —  de  ss  cd 
SB  10  —  8  ss  2.  Hence,  by  the  rule,  co  -f*  cf  =  2  ^  20  «•  1 
the  tabular  height.  This  being  found  in  the  first  column  of 
the  table,  the  corresponding  tabular  area  is  •04088.  Then 
•04088  X  20>  s  -04088  X  400  «  16*362,  the  area,  nearly 
the  same  as  before. 

Ex.  3.  What  is  the  area  of  the  segment,  whose  height  is 
1 8,  and  diameter  of  the  circle  60  ?  Ans .  636  •376« 

Ex.  4.  Required  the  area  of  the  segment  whose  chord  is 
16»  the  diameter  being  20  ?  Ans.  44*728. 


ooDlaiiiB  Ibe  comspoodiog  heigbts  or  vened  sioes  divided  by  the  diametar. 
Thus  than,  tha  area  oTUib  skaHar  saffmaiit,  taken  from  tbe  table,  and  mnlttplitid 
V  tbe  fqoare  of  tbe  dissMler,  fives  tbe  area  of  the  segmeDt  to  this  diametar. 

PROSLG&T 


OF  PLANES. 
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PROBLEM  xnr. 

To  meaiure  Uug  Irregular  Figures. 

Take  or  measure  the  breadlh  at  both  ends,  aod  at  seVeral 
places  at  equal  distanceii.  Then  add  together  all  these  ioter- 
mcdiate  breadths  and  half  the  two  extremes,  which  sum  mul- 
tiply by  the  length,  and  divide  by  the  number  of  parts  for  the 
area.* 

J^Tote.  If  the  perpendiculars  or  breadths  be  not  at  equal 
distances,  compute  all  the  parts  separately,  as  so  many  trape- 
zoids,  aod  add  them  all  together,  for  the  whole  area. 

Or  else,  add  all  the  perpendicular  breadths  together,  and 
divide  their  sum  by  the  number  of  them  for  the  mean  breadth, 
to  multiply  by  the  length  ;  which  will^ve  the  whole  area, 
not  far  from  the  truth. 

Ex.  1 .  The  breadths  of  an  irregular  figure,  at  five  equi- 
distant places,  being  8*2,  7-4,  9-2,  10*2,  8-6  ;  and  the  whole 
length  39  ;  required  the  area  ? 

8-2  36.2  sum. 

8-6  39 


2)  16*8  turn  of  the  extremes. 


3168 
1056 


8-4  mean  of  the  extremes.      -^ 

7-4  4)  1372  8 

9-2  

10-2  343-2  the  area. 


36*2  sum. 


Ex. 


*  This  rale  if  made  out  as  followt : — Let 
ABCD  be  the  irregular  piece  >  hayiog  the  se- 
veral breadths  ai>,  kf,  ah,  ik,  BC,at  the  equal 
distances  ab,  ■o,  oi,  ib.  Let  the  several 
breadths  in  order  be  denoted  by  the  corres- 
ponduig^  letters  a,  6,  c,  d,  e,  and  the  whole 
length  AB  by  I'l  then  compute  the  areas  of 

the  parts  into  which  the  figure  is  divided  bjr  the  perpendiculars,  as  so  many  tra- 
pexoids,  by  prob.S,  and  add  them  all  together.    Thus,  the  sum  of  the  parts  is. 


6  "he 
8 


J«  + 


c4.d         .    ,    d  4.0 


(|«+  6  i-c  +  d  J«)  X 


1/  aCm  +  b  +  c-*-  d)^l  which  is  the  whole  area,  agreeing  with  the  rule :  m 

ben* 


Vol.  I. 


54 
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Ex.  2.  The  length  of  an  irregular  figure  being  84,  an<l  the 
breadths  atnis  equidiMant  places  17-4,  20  6,  14  2,  16-5,  20.  1, 
24*4  ;  what  is  the  area  ?  Ans.   1550*64. 


PRDBIXM  ZIV. 

To  find  iht  Area  of  an  Elliiii  or  OvaL 

Multiply  the  longest  diameter,  or  axis  by  the  shortest ; 
then  iDultiplj  the  product  by  the  decimal  7854,  for  the  area. 
As  appears  from  cor.  2,  theor.  9,  of  the  EUipse,  in  the  Conic 
Sections. 

Ex.  1.  Required  the  area  of  an  ellipse  whose  two  axei 
are  70  and  60.  Ans.  2748-9. 

Ex.  2.  To  fiud  the  area  of  the  oval  whose  two  axes  are 
24  and  18.  Ans.  339.3928. 

PROBLEM  TV. 

To  find  the  Area  of  an  Elliptic  Segment, 

Find  the  area  of  a  corresponding  circnlar  segment,  having 
the  same  height  and  the  same  vertical  axis  or  diameter.  1  hen 
say,  as  the  said  vertical  axis  is  to  the  other  axis,  parallel  to 
the  segment's  base,  so  is  the  aiea  of  the  circular  segment  be- 
fore found,  to  the  area  of  the  elliptic  segment  sought.  This 
mle  dso  comes  from  cor.  2,  theor  3  of  the  EUipse. 

Otherwise  thu$.  Divide  the  height  of  the  segment  by  the 
vertical  axis  of  the  ellifise  ;  and  find,  in  the  table  of  circular 
segments  to  prob.  12.  the  circular  segment  having  the  above 
quotient  for  its  versed  sine  :  then  multiply  all  together,  this 
segment  and  the  two  aies  of  the  ellipiie  for  the  area. 

Ex.  1.  To  find  the  area  of  the  elliptic  segment,  whose 
height  is  20,  the  vertical  axis  being  70,  and  the  parallel  axis 
60. 


being  the  aritbmetical  mean  between  (he  extremes,  or  half  tbe  sum  of  them  both, 
and  4  the  number  of  tibe  perti.  And  tbe  eame  fer  any  other  number  of  part« 
frhataver. 

Here 
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Here  20-^-70  gives  28^  the  quotient  or  yened  sine  ;  to 
which  in  the  table  aniwers  the  seg.  '18618 

then         70 


12*96260 
60 


648*13000  the  area. 

Ex.  2.  Reqaired  the  area  of  an  elliptic  segment,  cat  off 
parallel  to  the  shorter  axis  ;  the  height  being  10,  and  the 
two  axes  ^6  and  36.  Ans.   162*03. 

Ex.  3  To  liod  the  area  of  the  elliptic  segment,  cat  off 
parallel  to  the  longer  axis  ;  the  height  being  6,  and  the  axis 
S6and  36.  Ans.  97-8426. 

PROBLEM  XVI: 
To  find  the  Area  of  a  Parabola,  or  its  Segment, 

Multiply  the  base  by  the  perpendicular  height ;  then  take 
two-thirds  of  the  product  for  the  area.  As  is  proved  in  theo- 
rem 17  of  the  Parabola,  in  the  Conic  Sections. 

Ex.  I .  To  find  the  area  of  a  parabola ;  the  height  being  2, 
and  the  base  12. 

Here  2  X  12»34.     Then  |of  24  «:  16,  is  the  area. 

Ex.  2.  Required  the  area  of  the  parabola,  whose  height  is 
10,  and  its  base  16.  Ans.  I06f . 


MENSURATION  OF  SOLIDS. 

• 

Br  the  Mensuration  of  Solids  are  determined  the  spaces 
included  by  contiguous  surfaces  ;  and  the  nom  of  the  measures 
of  these  including  surfaces,  is  the  whole  sor&ce  or  superficies 
of  the  body.  *  > 

The  measure  of  a  solid,  is  called  its  solidity,  capacity,  or 
content. 

Solids  are  measured  by  cubes,  whose  sides  are  inches,  or 
feet,  or  yards,  Itc.  And  hence  the  solidity  of  a  body  is  said 
to  be  so  many  cubic  inches,  feet,  yards,  kc.  as  will  fill  its  capa- 
city or  space,  or  another  of  an  equal  magnitude. 

The 
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The  leafrt  folid  measure  is  tbe  cabio^  inch,  other  cubes 
being  taken  from  it  according  to  the  proportion  in  the  follow* 
iog  table,  which  is  formed  by  cubing  the  linear  proportions. 

Tcible  of  Cubic  or  Solid  Mtasurei, 

•        1 728     cubic  inches  make  1  cubic  foot 

87     cubic  feet  -  1  cubic  yard 

166}  cubic  yards  -  1  cubic  pole 

64000     cubic  poles  -  1  cubic  furlong 

612    cubic  furlongs       •  I  cubic  mile 

PROBLEM  I. 

To  find  tite  Superficies  of  a  Prism  or  Cylinder. 

Multiply  the  perimeter  of  one  end  of  the  prism  by  the 
length  or  height  of  the  solid,  and  the  prodqct  will  be  the  sor- 
«/ace  of  all  its  sides.  To  which  add  also  the  area  of  the  two 
ends  of  the  prism,  when  required.* 

Or,  compute  the  areas  of  all  the  sides  and  ends  separately, 
and  add  them  all  together. 

'^  Ex.  1.  To  find  the  surface  of  a  cube,  the  length  of  each 
side  being  20  feet.  Ans.  2400  feet. 

Ex.  2.  To  find  the  whole  surface  of  a  triangular  prism, 
whose  length  is  20  feet,  and  each  side  of  its  end  or  base  18 
inches.  -  Ans.  91.948  feet. 

Ex.  3.  To  find  the  convex  surface  of  a  round  prism,  or 
cylinder,  whose  length  is  20  feet,  and  the  diameter  of  its 
base  is  2  feet.  Ans.  125-664. 

Ex.  4.  What  must  be  paid  for  lining  a  rectangular  cistern 
with  lead,  at  2d^  a  pound  weight,  the  thickness  of  the  lead 
being  such  as  to  weigh  71b.  for  each  square  foot  of  surface  ; 
the  inside  dimensions  of  the  cisfern  being  as  follow,  viz.  th4 
length  3  feet  2  inches,  the  breadth  2  feet  8  inches,  and  depth 
2  feet  6  inches  ?  Ans.  2/.  3s.  IC^d. 


*  The  truth  of  this  will  easily  appear,  bj  conndering  that  the  aidei  of  anj 
prism  are  paralldog^rams,  whose  commoa  length  is  tbe  same  at  tbe  leogUi  of  tkle 
solid,  and  their  breadtbs  taken  all  together  make  up  the  perimeterow  the  ends 
of  Ibesaroe. 

And  the  rale  is  evidently  tbe  same  for  ibe  earfece  of  a  cylinder. 

PROBLEM 
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PROBLEM  II. 
Tojind  the  Surface  of  a  regular  Pyramid  or  Cone. 

Multiply  the  perimeter  of  the  hase  by  the  slant  height, 
or  perpendicular  from  the  vertex  on  a  side  of  the  base,  and 
half  the  product  will  evidently  be  the  surface  of  the  sides,  or 
the  sum  of  the  areas  uf  all  the  triangles  which  form  it.  To 
which  add  the  area  of  the  end  or  base,  if  requisite. 

£x.  1.  What  is  the  inclined  surface  of  a  triangular  pyra- 
mid, the  slant  height  being  20  feet,  and  each  side  of  the  base 
3  feet  ?  Ans.  90  feet. 

Ex.  2.  Required  the  convex  surface  of  a  cone,  or  circular 
pyramid,  the  slant  height  being  50  feet,  and  the  diameter  of  its 
base  ^  feet,  Ans.  667  69. 

PROBLEM  HL 

To  find  the  Surface  of  the  Frustrum  of  a  regular  Pyramid  or 
Cone  ;  being  the  lower  part  when  the  top  is  cut  off  by  a  plane 
parallel  to  the  bate* 

Add  together  the  perimeters  of  the  two  ends,  and  multiply 
their  sum  by  the  slant  height,  taking  half  the  product  for  the 
answer.  —  As  is  evident,  because  the  sides  of  the  solid  are 
trapezoids,  having  the  opposite  sides  parallel. 

Ex  1.  How  many  square  feet  are  in  the  surface  of  the 
frustrum  of  a  square  pyramid,  whose  slant  height  is  10  feet  - 
also,  each  side  of  the  base  or  greater  end  being  3  feet  4  in- 
ches, and  each  side  of  the  less  end  2  feet  2  inches  ? 

Ans.  110  feet. 
Ex.  2.  To  find  the  convex  surface  of  the  frustum  of  a  cone 
the  slant  height  of  the  frustum  being  1 2  j  feet,  and  the  cir- 
cumferences of  the  two  ends  6  and  8*4  feet.         Ans.  90  feet. 

PROBLEM  IV. 
To  find  ih€  Solid  Content  of  any  Prism  or  Cylinder. 

Find  the  area  of  the  base,  or  end,  whatever  the  figure  of 
it  may  be  ;  and  multiply  it  by  the  length  of  the  prism  or  cy- 
linder, for  the  solid  content.''^ 


•  This  rale  appemn  from  tbe  Geom.  tbeor.   110,  cor.  3.    The  same  Ts  more 
particularly  fhoirn  at  ibIIowB :  Let  the  annexed  rectangular  parallelopipedon  be 

the 


71 
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Note.  For  a  cabe»  take  the  cube  of  its  side  l>y  multiplyinc; 
this  twice  by  itself;  and  for  a  parallelopipedoD,  nuUiply  th« 
length,  breadth,  aod  depth  all  together,  for  the  content. 

Ex.  I.  To  find  the  solid  content  of  a  cube,  Whose  side  is 
24  inches.  Ana.  13824. 

£k.  S.  How  many  cubic  feet  are  in  a  block  of  marble,  its 
length  being  3  feet  2  inches,  breadth  2  feet  8  inches,  and  thick- 
ness 2  feet  U  inches  ?  Ans,  21|^. 

Ex  3.  How  many  gallons  of  water  will  the  cistern  con- 
tain, whose  dimensions  are  the  same  as  in  the  last  example » 
when  982  cubic  inches  are  contamed  in  one  gallon  ? 

Ans.  129^. 

Ex.  4«  Required  the  solidity  of  a  triangular  prism,  whose 
length  is  10  feet,  and  the  three  sides  of  its  triangular  eod  or 
base  are  3.  4.  5  feet.  Ans.  60. 

Ex.  6.  Required  the  content  of  a  round  pillar,  or  cylinder, 
whose  length  is  20  fvet,  and  circumference  5  feet  6  inches. 

Ans.  48  1459  feet. 


the aolid  tome  xneASured,  and  the  cube  r  the 
solid  imMiiriar  unit,  its  nd«  beicMr  1  inch, 
or  1  foot,  Ac. ;  also,  let  the  leoglh  and  bi«ad(b 
of  the  base,  abcd  and  also  the  height  ah«  be 
each  dirid^  iuto  spaces  equal  (o  the  lei>gth 
of  the  base  of  (bo  cube  r,  namely,  here  3  in 
the  length  and  3  in  the  bnadtb,  making  3 
timesdor6  fquares,  in  the  base  ac,  each 
equal  to  the  base  of  the  cube  ?.  Hence  it  is 
manifest  that  the  parallelopipedon  will  con- 
tain the  cube  p,  as  many  (unes  as  the  base 
AC  cnntajos  the  base  of  (be  cube,  repeated  as 
ofteDMtlie  height  AH  coiiUins  the  height  of 

the  cube.     That  is,  the  content  of  any  papal  ^ 

lelopipedon  is  found,  by  multiplying  the  area  of  the  base  by  the  altitude  oTthat 
solid. 

And,  because  all  prism  and  cylinders  are  equal  to  paratlelopipedons  of  eqtnd 
bases  aod  altitudes,  by  Geom.  theor.  108,  it/oUows  that  the  rule  is  general  for 
all  such  solids,  whatever  the  figure  of  (he  base  mar  be. 
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PROBLEM  V. 
Tojind  the  Content  of  any  Pyramid  or  Cone. 

Find  the  area  of  the  base,  and  naaltiply  that  area  by  the 
perpendicalar  height ;  then  take  ^  of  the  product  for  the  con- 
tent.* 

Ex.  1.  Required  the  tolidity  of  the  sqaarc  pyramid,  each 
side  of  its  base  being  30,  and  its  perpendicular  height  ^6. 

Afts.  7600. 

Ex.  3.  To  find  the  content  of  a  triangular  pyramid,  whose 
perpendicalar  height  is  30,  and  each  side  of  the  base  3. 

Ans.  38-97117. 

Ex.  3.  To  6nd  the  content  of  a  triaagnliit  pyramid,  its 
height  being  14  feet  6  ioebes,  and  tW  three  sides  of  tt«  b«se 
5,  l»,  7  feet.  Ana.  7 1  -0362. 

Ex.  4.  What  is  the  content  of  a  pentagonal  pyramid  its 
height  being  12  feet,  and  each  side  of  its  base  2  feet  ? 

Ana.  27-5276. 

Ex.  5.  What  is  the  content  of  the  hexagonal  pyramid, 
whose  height  is  6*4  feet,  and  each  side  of  its  base  6  inches  ? 

Ans.  I'SBbfS^  feet. 

Ex.  6.  Required  the  coivtetkt  of  a  cone,  its  height  being 
1 0^  feet  and  the  circumference  of  its  base  9  feet. 

Ans.  22-66093. 

PROBLEM  VI. 

Tojind  the  Solidity  of  the  Frustrum  of  a  Cone  or  Pyramid. 

Ann  into  one  sum,  the  areas  of  the  two  ends,  and  the  m^an 
proportional  between  them  :  and  take  |  of  that  sum  for  a 
mean  area  ;  which  being  multiplied  by  the  perpendicular 
height  or  length  of  the  frustrum  will  giye  its  content  t 

JVote 


*  This  rate  foHowt  fram  that  of  (he  prism,  bccaasc  any  pyramid  is  ^  of  a 
prism  of  equal  ba«e  and  altitude  ;  by  Gcom.  theor.  115,  cor.  1  and  2. 
f  Let  ABCD  be  any  pyramid,  of  which  Bcoera  is  a  frustum.     And  put  a  '  for 

(he  area  of  the  base  bcd,  6*  the  area  of  the  top  ive,  &  the  height  ir  of  the  frus- 
tum, 
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jVWe.  This  general  rule  may  be  otherwise  expressed,  as 
follows,  when  the  ends  of  the  frustum  are  circles  or  regular 
polygons.  In  this  latter  case,  square  one  side  of  each  poly-, 
ion,  and  also  multiply  the  one  side  by  the  other  ;  add  all 
these  three  producU  together  ;  then  multiply  their  sum  by 
the  tebular  area  proper  to  the  polygon,  and  take  one-third  of 
the  product  for  the  mean  area,  to  be  multiplied  by  the  length 
to  give  the  solid  content.  And  in  the  case  of  the  frustum 
of  a  cone,  the  ends  being  circles,  square  the  diameter  or  the 
'  circumference  of  each  end,  and  also  multiply  the  same  two 
'  dimensions  together ;  then  take  the  sum  of  the  three  pro- 
ducU and  multiply  it  by  the  proper  tabular  number,  viz.  by 
•7864  when  the  diameters  are  used,  or  by  'Ol9b\i  in  using  the 
circumferences  ;  tfeen  taking  one- third  of  the  product  to  mul- 
tiply by  the  length,  for  the  content. 

Ex.  1.  To  find  the  number  of  solid  feet  in  a  piece  of  tim- 
\>er,  whose  bases  are  squares,  each  side  of  the  gre4tter  end 
being  16  inches,  and  each  side  of  the  less  end  6  ioebes  ;  also 
the  length  or  perpendicular  altitude  24  feet.  Ans.  1  \^ 

Ex.  2.  Required  the  content  of  a  pentagonal  frustum, 
whose  height  is  6  feet,  each  side  of  the  base  18  inches,  and 
each  side  of  the  top  or  less  end  6  inches.      Ans.  9*31936  feet 


tunii  aod  c  Uie  hei|^ht  ai  of  the  top  paxt  above  it 
Theo  c  A4~  ah  is  the  height  of  the  whole  pyra- 
mid. 

Hence,  by  the  last  prob.  -^  a^  ic  +A)  ia the coa- 
teat  of  the  whole  pyramid  abcd,  and  j-  6'c  (be  con- 
tent Qf  the  top  part  Airo ;  therefore  the  difference 
■J  o*  (c-4-A)— i  **  c  is  the  content  of  the  frus- 
tarn  BCDGFi.  Bat  the  qaantity  c  being  no  dimen- 
sion of  the  fnisturo,  it  must  be  expelled  from  this  S  C 
ormula,  by  sobstitnting  its  value,  found  m  the  following  manner.  By  Geom 
theor.  112,  o'  :  b  : :  (c  4-  W*  :  c*,  or  ft  :  6  : :  c  +  A  :  c,  hence  'Geom.  th.  69 

a  —  6  :  6  :  :  /i :  c,  and  a  •—  6  :  a  :  :  & :  c  ^h ;  hence  therefore  c  =  >  and 

a  •—  0 
ah 
e  •!-  &  ei      - ;  then  these  raises  of  c  and  c  4-  ^  being  substituted  for  them 

in  the  expression  for  the  oontent  of  the  frurtum,  gives  that  content   B9^a'x 

JZr^  -i  ^^^T^TE  =1*  +-^7rr==i  ^  X  («"   +  «6  +  6»>  ;  which 
is  the  rule  above  given;  ah  being  the  mean  between  a*  and  6*. 

Ey.    3. 
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£z.  3.  To  fiod  the  content  of  a  conic  frustum,  the  alti- 
tude being  18,  the  greatest  diameter  8,  and  the  least  diame- 
ter 4.  Ans.  627*7888. 

Ex.  4.  What  is  the  solidity  of  the  frustum  of  a  cone,  the 
altitude  being  25,  also  the  circumference  at  the  geater  end 
being  2o,  and  at  the  less  end  10  ?  Ans.  464*216. 

Ex.  5.  If  a  cask,  which  is  two  equal  conic  frustums  joined 
together  at  the  bases,  have  its  bung  diameter  28  inches,  the 
head  diameter  20  inches,  and  length  40  inches ;  how  many 
gallons  of  wine  will  it  hold.  Ans.  79*0613. 


PROBLEM  VII. 

To  find  the  Surface  of  a  Sphere^  or  any  Segment. 

Rule  1.  Multiply  the  circumference  of  the  sphere 
by  its  diameter,  and  the  product  will  be  the  whole  sur^e 
of  it. 

Rule  II. 


•  Th6fe  nilM  come  Irani  the  ibllowiog  theorems,  lor  the  mHace  of  a  inheie, 
ns.  That  the  eaid  rarfwe  is  equal  to  tbecanre  mriiioe  of  its  dreujiiBcribiiir 
cvUaclert  or  that  it  is  eqaal  to  4  great  circles  of  the  sans  sphere,  or  of  the  same 
fDanieteri  which  are  tfaos  proved. 

Let  ABci)  be  a  cylinder,  circamscribing  the 
si^re  noB }  tile  wnner  geoenled  fay  the  ro- 
tation of  the  rectans^le  racH  about  the  axis  or 
diameter  fh  )  and  (he  latter  by  the  rotation  of 
the  semicircle  rea  aboot  the  same  diameter 
WR,  Drew  two  lines  kl,  mii,  perpendicular  to 
the  axis  ioteroepting  die  parts  Uf,  or,  of  the 
cjrlinder  and  spnere ;  then  will  the  ring  or  cy- 
Imdric  sorfiice  geaereted  by  the  rotation  of  lv, 
be  equal  to  the  rii^  w  spherical  surface  gene- 
rated by  die  arc  op.  For  first,  suppose  the  pa- 
rallels KL  and  MM  to  be  indefinitely  near  toge- 
ther ;  drawing  lo,  and  also  oa  parallel  to  ln.  Then,  the  two  triangles  ixo,  of^p, 
being  eauiangnlar,  it  is,  as  op  :  Of}  or  La  :  :  lo  or  kl  :  xo: .-  circumference  de- 
scrited  by  kl  :  circumf.  described  by  xo;  therefore  the  rectangle  op  X  ciicumtl 
of  xo  is  eoud  to  the  rectangle  ln  x  circumf.  of  xl  i  that  is,  the  ring  described 


by  or  on  tne  sphere,  is  equal  to  the  ring  described  by  uc  on  the  cylinder. 


And 


Vol.  I. 
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Rule  11.  Square  the  diameter  and  multiply  that  square  by 
3' Ml 6,  for  the  surface. 

Rule  III.  Square  the  circumference ;  then  either  multi- 
ply that  square  by  the  decimal  *3l83,  or  divide  it  by  3*1416, 
lor  the  surface. 

Note»  For  the  surface  of  a  segment  or  frustum,  multiply  the 
whole,  crrcumference  of  the  sphere  by  the  height  of  the  part 
required. 

Ex.  1.  Required  the  convex  superficies  of  a  sphere,  whose 
diameter  is  7,  and  circumference  22.  Ans.  154. 

Ex.  2.  Required  the  superficies  of  a  globe,  whose  diameter 
is  24  inches.  Ans.  1809-66 16. 

£z.  3.  Required  the  area  of  the  whole  surface  of  the 
earth,  its  diameter  being  7918*7  miles. 

Ans.   196994111  iq.  miles. 

Ex.  4.  The  axis  of  a  sphere  being  42  inches,  what  is  the 
convex  superficies  of  the  segment  whose  height  is  9  inches  ? 

Ans.  1 187  5248  inches. 

Ex.  6.  Required  the  convex  surface  of  a  spherical  zone, 
whose  breadth  or  height  is  2  feet,  and  cut  from  a  sphere  of 
12^  feet  diameter.  Ans.  78*54  feet. 


And  ai  this  is  every  where  the  cute,  therefore  the  rams  of  any  correspoodii^ 
number  of  these  are  also  equal ;  that  is,  the  whole  surface  of  the  spiiere,  describ- 
ed by  the  whole  semicircle  for,  is  equal  to  the  whole  curve  surface  of  the  cylin- 
der, described  by  the  height  bc  \  as  well  as  the  surface  of  any  segment  described 
by  ro,  equal  to  the  surface  of  tlie  corresponding  seg^ment  described  by  bl. 

Corol-  1.  Hence  the  surface  of  the  sphere  is  equal  to  4  of  its  preat  circles,  or 
equal  to  the  circumference  mrBu,  or  of  dc,  multiplied  by  the  height  bc,  or  by  the 
diameter  m. 

Corol.  2.  Hence  also,  the  surfince  of  any  such  part  as  a  se|;ment  or  frustum,  or 
zone,  is  equal  to  the  same  circumference  of  the  sphere,  multiplied  by  the  height 
of  the  said  part.  And  consequently  such  spherical  currc  surfaces  are  to  one  an- 
other in  the  same  proportion  as  their  altitude!!. 
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PROBLEM  VIII. 
To  find  the  Solidity  of  a  Sphere  or  Globe, 

Rule  I,  Multiply  the  surface  by  the  diameter,  and  take  i 
of  the  product  for  the  content.*  Or,  which  is  the  tame 
thing,  multiply  the  square  of  the  diameter,  by  the  circumfe* 
rence,  and  take  }  of  the  product. 

Rule  II.     Take  the  cube  of  the  diameter,  and  multiply  it 
by  the  decimal  -5236,  for  the  content. 

Rule  III.  Cube  the  circumference,  and  multiply  by 
•01688. 

Ex.  ].  To  find  the  content  of  a  sphere  whose  axis  is  12. 

Ans.  904-7808. 
Ex.  2.  To  find  the  solid  content  of  the  globe  of  the  earth 
supposing  its  diameter  to  be  7918*7,  and  consequently  its  cir- 
cumfereDce  S4877-4  miles. 

Ans.  2G0002677536  miles. 

PROBLEM  IX. 

To  find  the  Solid  Content  of  a  Spherical  Segment. 

t  Rule  I.     From  3  times  the  diameter  of  the  sphere  take 

doable 


i"' 


*  Fop  pat  <i  bs  tiie  dhuneter,  c  ea  the  circumference,  and  «  ~  the  soiface  of 
the  sphera,  or  of  its  circumBcribing  cylinder  t  also,  a  =  the  namberd«1416. 

Then ,  ^  «  is  s:  the  base  of  the  cy  finder,  or  one  great  circle  of  the  sphere ;  and 
<i  is  the  height  of  the  cylinder ;  theraibre  ^d»  is  the  content  of   the  cylinder. 

Bat  f  of  die  cylinder  is  the  sphere,  by  th-  117,  Gcom.  that  is,  f-  of  ids,  or  ids  in 
the  spiere;  which  is  the  first  mle. 

Again, because  the  eur&ce « is  ssad*  ;  therefoi^  i^^^  ss*  j>ad^  ss  -SiSBd^' 
is  the  content,  as  in  the  2d  rale.  Klaod  being  s=  c  -r  atherefi>re  j-  ad^ 
^  a*  aa    01688,  the  3d  rale  for  the  content. 

t  By  corol.  3,  of  theor.  1 17,  Geotn.  it  appears 
that  the  spheric  segment  pvn,  is  equal  to  the  dif- 
ferBQCc  between  the  cylinder  ablo.  and  the  conic 
frastum  ABMQ. 

But,  puttin|^  d  ^  ABor  fh  the  diameter  of  the 
sphere  or  cyhnder,  h  "  wm.  the  height  of  the  seg- 
ment, r  =  PK  the  radios  of  its  base,  and  a  b 
3  1416  i  then  the  content  of  the  cone  abi  is  = 

J«rf'  X  3  Fi*"  A«mI'  J  and  by  the  similar  cooes 
ABI,  Quif  as  Fi'  *•  Ki'  ; :  jff  ad^  '•  -^  ad^  x 
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dottUe  the  height  of  the  legment :  then  nraltiply  the  remain- 
der by  the  square  of  the  height,  and  the  product  by  the  deci- 
mal *6236,  for  the  content. 

RvLB  H.  To  3  timet  the  iquare  of  the  radius  of  the 
segment's  base,  add  the  square  of  its  height ;  then  multiply 
the  sum  by  the  height,  and  the  product  by  '5236,  for  the  con- 
tent 

Ex.  1.  To  find  the  content  of  a  spherical  segment,  of  2  feet 
in  height,  cut  from  a  sphere  of  8  feet  in  diameter. 

Ana.  41-888. 
Ex.  2.  What  is  the  solidity  of  the  segment  of  a  sphere,  its 
height  being  9,  and  the  diameter  of  its  base  20  ? 

Ans.  1795-4244. 


Note,  The  general  rules  for  meaaahngall  soita  of  ligues 
having  been  now  delivered,  we  may  next  proceed  to  apply 
them  to  the  several  practical  uses  in  life,  as  follows* 


4*-*  ^  1    J* 

^L )>  OB  the  cone  qmi  ;  therefore  the  cone  abi  —  fiie  cone  fim  ^  rt»* 

r 

_J||.arf3X  (^^>»   m^adF   4  — fHlJb*  ^  i«*»  is  =  the  conic  fiurtmn 

ABMfi. 

And  iad^kis  esm  the  cylinder  ablo. 

ThentfaediAnnceof  tbeteinoie  ^oift'— foA^    «a  }ah*  X    (3<I-2&)t 
for  Ibe  ipbeiic  tegment  rwa »  which  is  the  fott  rale. 

Agi4n,  became PE*  m  nc  X  u  O^or.  (otheor.  87f  GeomJ  or r'  =  A  Uh^\t 

thnefoMd  »It-|-;^,enddd-«kai  %-  +  A  ^       >.     **; which   being 

Sra  ^hM 
sabstitnted  in  the  fonner  rule,  it  becomet  i  oA'  X   — — r »  i  o^*  X 

n 

(5r*  +  A' )f  Which  is  the  2d  rale. 

JAfU,  Bj  subtracting  e  segment  from  half  a  tphere,  or  from  another  segnant, 
the  content  of  anjr  firostum  or  zone  may  be  found. 


LAND 


[439] 

LAND  SURVEYING- 

.  SECTION  I. 

DESCRrpnON  AND  USE  OF  THE  INSTRUMENTS. 

1.  OF  THE  CHAIN. 

LAND  is  measured  with  a  cbaia,  called  Goater^s  Chain, 
from  its  iD.veotor,  the  length  of  which  it  4  poles,  or  23  yards, 
or  66  feet.     It  coniiists  of  lOO  equal  links  ;  and  the  length  of 
each  link  is  therefoxe  yW  ^^^  jard»  or  yVV  ^^  *  ^oo^>  o^  '^'^^ 
inches. 

Land  is  estimated  in  acres,  roods,  and  perchea.  Aa  acre  is 
eqoal  to  10  square  chains*  or  aa  much,  as  10  chains  in  length 
and  1  chain  in  breadth.  Or,  in  ^fards,  it  is  220  x  22  =  4840 
square  yards.  Or,  in  poles,  it  is  40  x  4=160  square  poles. 
Or^  in  links,  it  is  1000  x  1 00  =  U)0000  square  links  :  these 
b^i^g  all  the  same  q^uantity. 

Also,  an  acre  is  divided  into  4  parts.called  roods«  and  a  rood 
into  40  parts  called  perches,  which  are  square  poles,  or  the 
square  of  a  pole  of  5^  yards  long^  or  the  square  of  {  of  a  chain, 
or  of  26.  links,  which  u  625  square  links.  So  that  the  divi- 
sions of  land  measure,  will  be  thus  : 

625  sq.  links  =  1  pole  or  perch 
40perch«s  :=  1  rood 
4  roods       =  i  acre. 
The  leogUi  of  lines  measured  with  a  chain^  are  best  set 
down,  in   links  as  iole^ers,  every  chain  in  length  being  100 
links  ;  and* not  in  chains  and  decimals.     Therefore,  after  the. 
content  is  found,  it  will  be  in  square  links  ;  then  cut  off  ^ve^ 
of  the  figures  on  the  right  baud  for  decimals,  and  the  rest  will 
be  acres.     These  decimals  are  then  multiplied  by  4  for  roods,, 
and  the  decimals  of  these  again  by  40  for  perches. 

Exam.  Suppose  the  lengjth  of  a  rectangular  piece  of  ground 
be  792  links,  aed  ite  breadth  385;  to  find  the  area  in  acres, 
roods,  and  perches. 

792  3*04920 

385  4 


3960  '19680 

G336  40 

2376  

7-87200 


304920 


Ans.  3  acres,  0  roods,  7  perches. 
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2.  OF  THE  PLAIN  TABLL. 

This  iostrument   consists  of  a  plain    rectangular  board,  of 
any  convenient  size  :  the  centre  of  which,  when  used,  is  fixed 
bj  means  of  screws  to  a  three-legged  stand,  having  a  ball  and 
socket,  or  other  joint,  at  the   top   by  means  of  whicb<,  when 
the  legs  are  fixed  on  the  ground,  the  table  is  inclined  in  any 
direction. 
To  the  table  belong  various  part-",  as  follow  : 
iT  A  frame  of  wood,  made  to  fit   round  its  edges,  and  to 
be  taken  ofif  for  the  convenience  of  putting  a  sheet  of  paper 
on  the  table.     One  side  of  this  frame  is  usually  divided   into 
equal  parts,  for   drawing  lines   across   the   table,  parallel   or 
perpendicular  to  the  sides;  and  the  other  side   of  the  frame 
is  divided  into  360  degrees,  to  a  centre  in  the  middle  of  the 
table  ;  by  means  of  which  the  table  may  be  used  as  a  theodo- 
lite, &c. 

2.  A  magnetic  needle  and  compass,  either  screwed  into  the 
fide  of  the  table,  or  fixed  beneath  its  centre,  to  point  out  the 
directiuns,  and  to  be  a  check  on  the  sights. 

3.  An  index,  which  is  a  brass  two -foot  scale,  with  either  a 
small  telescope,  or  open   sights    set  perpendicularly  on  the 
ends.    These  sights  and  one  edge  of  the  index  are  in  the  same 
plane,  and  that  is  called  the  fiducial  edge  of  the  index. 

To  use  this  instrument  take  a  sheet  of  paper  which  will 
cover  it,  and  wet  it  to  make  it  expand  ;  then  spread  it  fiat  on 
the  table,  pressing  down  the  frame  on  the  edges,  to  stretch  it 
and  keep  it  fixed  there  ;  and  when  the  paper  h  become  dry, 
it  will,  by  contracting  again,  stretch  itself  smooth  and  fiat  from 
any  cramps  and  nnevenness.  On  this  pa|>er  is  to  be  drawn 
the  plan  or  form  of  the  thing  measured. 

Thus,  begin  at  any  proper  part  of  the  ground,  and  make  a 
point  on  a  convenient  part  of  the  pnper  or  table,  to   repre- 
sent that  place  on  the  ground ;  then    fix   in    that  point  one 
leg  of  the  compasses,  or  a  fine  steel    pin,    and  ap|»ly  to   it 
the  fiducial  edge  of  the  index,  moving  it  round  till   through 
the  sights  you  perceive  some  remarkable  object,  as  the  corner 
of  a  field,  &LC,  :  and  from  the  stalioo-poiot  draw  a  line  with 
the  poinfof  the  compa^^ses  along  the  fiducial  edge  of  the  in- 
dex, which  is  called  setting  or  taking  the  object :  then  set 
another  object  or  corner,  and  draw  its  line  ;  do  the  same   bj 
another  ;  and  so  on,  till  as  many  objects  are  taken  as  may  be 
thought  fit.    Then  measure  from  the  station  towards  as  many 
of  the  objects  as  may  be  necessary,  but  not  more,  taking  the 
requisite  offsets  to  corners   or  crooks  in   the' hedges,  laying 
the  measures  down  on  their  respective  lines  on  the  table. 

Then 


SURVEYING.  431 

Then  at  any  convenient  place  measured  to,  fix  the  table  in 
the  same  position,  and  set  the  objects  which  appear  from  that 
place  :  and  so  on,  as  before.  And  thus  continue  till  the  work 
is  finished  roeusuring  such  line^  only  as  are  necessary,  and 
determining  as  many  hs  may  he  by  intersecting  lines  of  direc- 
tion drawn  from  different  stations. 

Of  shifting  the  Paper  on  the  Plain  Table, 

When  one  paper  is  fsill,  and  there  is  occasion  for  more  ; 
draw  a  line  in  any  manner  through  the  farthest  point  of  the 
last  station  line,  to  which  (he  work  can  be  conveniently  laid 
down  :  then  take  the  sheet  of  (he  (able,  and  fix  another  on, 
drawing  a  line  over  it,  in  a  part  the  most  convenient  for  the 
rest  of  the  work  ;  then  fold  or  cut  the  old  sheet  by  the  line 
drawn  on  it,  applying  the  edge  (o  the  line  on  the  new  sheet, 
and,  aa  they  lie  in  that  position,  continue  the  last  station  line 
on  the  new  paper,  placing  on  it  the  rest  of  the  measure,  be- 
ginning at  where  the  old  sheet  left  off.  And  so  on  from  sheet 
to  sheet. 

When  the  work  is  done,  and  you  would  fasten  all  the 
sheets  together  into  one  piece,  or  rough  phm,  the  aforesaid 
lines  are  to  be  accurately  joiiied  together,  in  the  8ame  manner 
as  when  the  lines  were  trani<ferred  from  the  old  sheets  to  the 
new  ones.  But  it  is  to  be  noted,  that  if  the  said  joining  lines, 
on  the  old  and  new  sheets,  have  not  the  same  inclination  to 
the  side  pf  the  table,  the  needle  will  not  point  to  the  original 
degree  when  the  table  is  rectified  ;  and  if  the  needle  be  re- 
quired to  respect  stiil  the  same  degree  of  compass,  theeas^iest 
way  of  drawing  the  lines  in  the  same  position,  is  to  draw  them 
both  parallel  to  the  same  sides  of  the  table,  by  means  of  the 
equal  divisions  marked  on  the  other  two  sides. 

OF  THE  THEODOLITE. 

The  theodolite  is  a  brazen  circular  ring,  divided  into  360 
degrees,  &c.  and  having  an  index  with  sights,  or  a  telescope, 
placed  on  the  centre,  about  which  the  index  is  moveable  ; 
also  a  compass  fixed  to  the  centre,  to  point  out  courses  and 
check  the  sights  :  the  whole  being  fixed  by  the  centre  on  a 
stand  of  a  convenient  height  for  use. 

In  using  (his  instrument,  an  exact  account,  or  field-book,  of 
all  measures  and  things  necessary  to  be  remarked  in  the  plan, 
must  be  kept,  from  which  to  make  out  the  plan  on  returning 
home  from  the  ground. 

Begin  at  such  part  of  the  ground,  and  measure  in  such  di- 
rections as  are  judged  most  convenient  ;  taking  angles  or  di- 
rections to  objects,  and  measuring  such  distances  as  appear 

necessary, 
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necetMry,  uoder  the  same  restnctiom  as  in  the  use  of  the 
plain  table.  And  it  is  safest  to  fix  the  theodolite  id  the  ori^- 
Bal  fositieo  at  every  station,  by  means  of  fore  and  back  ob- 
jects* and  the  compass,  exactly  as  in  using  the  plain  table  ; 
registering  the  nomber  of  degrees  cut  o£f  by  the  iodes  when 
directed  to  each  object  ;  and,  at  any  station*  placing  the  index 
St  the  same  degree  as  when  the  direction  towards  that  sta- 
tion was  taken  iVom  the  last  preceding  one,  to  fix  the  theodo- 
lite there  in  the  original  position. 

The  best  method  of  laying  down  the  aforesaid  lines  of  di- 
rection, is  to  descrit>e  a  pretty  lai^e  circle  ;  then  quarter  it, 
and  lay  on  it  the  several  namber  of  degrees  cat  off  by  the  in- 
dex in  each  direction,  and  drawing  lines  from  the  centre  to  all 
these  marked  points  in  the  circle.  Then,  by  means  of  a  pa- 
rallel ruler,  draw  from  station  to  station,  Unas  parallel  to  the 
aforesaid  lines  drawn  from  the  centre  to  the  respectiye 
points  in  the  circumference. 

4.  OF  THE  CROSS. 

The  cross  consists  of  two  pair  of  sights  set  at  right  angles 
to  each  other,  on  a  staff  having  a  sharp  point  at  the  bottom,  to 
fix  in  the  ground. 

The  cross  is  very  useful  to  measure  small  and  crooked 
pieces  of  ground.  The  method  is,  to  measure  a  base  or 
chief  line,  usually  in  the  longest  direction  of  the  piece,  from 
comer  to  corner  ;  and  while  measuring  it,  finding  the  places 
where  perpendiculars  would  fall  t)n  this  line,  from  the  seve- 
ral corners  and  bends  in  the  boundary  of  the  piece,  with  the 
cross  by  fixing  it,  by  trials,  on  such  parts  of  the  line,  as  that 
through  one  pair  of  the  sight  both  ends  of  the  line  may  appear, 
and  through  the  other  pair  the  corresponding  bends  or  cor- 
ners ;  and  then  measuring  the  lengths  of  the  said  perpendic- 
ulars. 

REMARKS. 

Besides  the  fore -mentioned  instruments,  which  are  moat 
commonly  used,  there  are  some  others  ;  as, 

The  perambulator,  used  for  measuring  roads,  and  other 
great  distances,  level  ground,  and  by  the  sides  of  rivers.  It 
has  a  wheel  of  8^  feet,  or  half  a  pole,  in  circumference,  by 
the  turning  of  which  the  machine  goes  forward  :  and  the  dis- 
tance measured  is  pointed  out  by  an  index,  which  is  moved 
round  by  clock* work. 

Levels,  with  telescopic  or  other  sights,  are  used  to  find  the 
level  between  place  and  place,  or  how  much  oae  place  is 
higher  and  lower  than  another.  And  in  measuring  aoj  slo- 
ping or  oblique  line,  either  ascending  or  descending,  a  small 

pocket 
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pocket  level  is  useful  for  showiog  bow  mauy  links  for  each 
chain  are  to  be  deducted,  to  reduce  the  line  to  the  horizontal 
length. 

An  offset-staff  is  a  very  useful  instrument,  for  measuring  the 
offsets  and  other  short  distances.  It  is  10  links  in  length, 
being  divided  and  marked  at  each  of  the  10  links. 

Ten  small  arrows,  or  rodfi  of  iron,  or  wood,  are  used  to 
mark  the  end  of  every  chain  length,  in  measuring  lines.  And 
sometimes  pickets,  or  staves  with  flags,  are  set  up  as  giarks  o# 
objects  of  direction. 

Various  scales  are  also  used  in  protracting  and  measuring 
on  the  plan  or  paper  ;  such  as  plane  scales,  line  or  chords, 
protractor,  compasses,  reducing  scale,  parallel  and  perpendi- 
cular rules,  &c.  Of  plane  scales  there  should  be  several 
eizes,  as  a  chain  in  I  inch,  a  chain  in  f  of  an  inch,  a  chain  in 
^  an  inch,  &c.  And  of  these,  the  best  for  use  are  those  that 
are  laid  on  the  very  edges  of  the  ivory  scale,  to  mark  off  dis- 
tancesy  without  coospasaes. 

SECTION  II. 

THE  PRACTICE  OF  SURVEYING. 

This  part  contaios  the  several  works  proper  to  be  done  in 
the  field,  or  the  ways  of  measuring  by  all  the  instruments,  and 
in  all  flitoations. 

PROBLEM  I. 

To  Mettture  a  Line  or  Ditianee. . 

To  measure  a  line  on  the  ground  with  the  chain  :  Having 
provided  a  chain,  with  10  small  arrows,  or  rods,  to  Bx  one 
into  the  ground,  as  a  mark,  at  the  end  of  every  chain  ;  two 
persons  take  hold  of  the  chain,  one  at  each  end  of  it ;  and  ali 
the  10  arrows  are  taken  by  one  of  them  who  goes  foremost^ 
and  is  called  the  leader  ;  the  other  being  called  the  foilower« 
for  distinction's  sake. 

A  picket,  or  station-staff  being  set  up  in  the  direction  of  the 
line  to  be  measured,  if  there  do  not  appear  some  marks  na- 
turally in  that  directioo,  they  measure  straight  towards  it,  the 
leader  fixing  down  an  arrow  at  the  end  of  every  dbaioy 
which  the  follower  always  takes  op,  as  he  comes  at  it,  tiH 
all  the  ten  arrows  are  used.  Theyare  then  dil  returned  to 
the  leader*  to  use  over  again.  And  thus  the  arrows  are 
chaagMl  firem  the  one  to  the  other  at  every  10  cfaaiM'  leagtb; 
till  the  whole  line  is  finished  ;  then  the  number  of  cbafigel 

Vot.  I-  66  of 
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of  the  arrows  shows  the  number  of  tens,  to  which  the  fol' 
lower  adds  the  arrows  he  holds  in  his  haod^  and  the  namber 
of  links  of  another  chain  over  to  the  mark  or  end  of  the 
line.  So,  if  there  have  been  3  changes  of  the  arrows,  and 
the  follower  hold  6  arrows  and  the  end  of  the  line  cut  off  45 
links  more,  the  whole  length  of  the  line  is  set  down  in  links 
thus,  3646. 

When  the  ground  is  not  level,  but  either  ascending  or  de- 
•cending  ;  at  every  chain  length,  lay  the  offset-staff,  or  link- 
staff,  down  in  the  slope  of  the  chain,  on  which  lay  the  small 
pocket  level,  to  show  how  many  links  or  parts  the  slope  line 
is  longer  than  the  true  level  one ;  then  draw  the  chain  for- 
ward so  many  links  or  parts,  which  reduces  the  line  to  the 
horizontal  direction. 

PROBLEM  U. 
To  take  Angles  and  Bearings, 

Let  b  and  c  be  IWo  objects,  or 
two  pickets  set  up  perpendicular  ; 
and  let  it  be  required  to  take  their 
bearings,  or  the  angles  formed  be- 
tween them  at  any  station  a; 

] .   With  (he  Plain  Table. 

The  table  being  covered  with  a  paper,  aqd  fixed  on  ito 
stand  ;  plant  it  at  the  station  a,  and  fix  a  fine  pin,  or  a  fiK>t  of 
the  compasses,  in  a  proper  point  of  the  paper,  to  repre- 
sent the  place  A  :  Close  by  the  side  of  this  pin  lay  the  fiducial 
edge  of  the  index,  and  turn  it  about,  stiJl  touching  the  pin, 
till  one  object  b  can  be  seen  through  the  sights  :  then  by  h  e 
fiducial  edge  of  the  index  draw  a  line.  In  the  same  manner 
draw  another  line  in  the  direction  of  the  other  object  c.  And 
it  is  done. 

2.  With  the  Tlieodoliie,^. 

Direct  the  fixed  sights  along  one  of  the  lines,  as  ab,  by 
turning  the  instrument  about  till  the  mark  b  is  seen  through 
these  sights  ;  and  there  screw  the  instrument  fast  Then 
turn  the  moveable  index  round,  till  through  its  sights  the  other 
mark  c  is  seen.     Then  the  degrees  cut  by  the  index,  on  the 

Graduated  limb  or  ring  of  the  instrument^  show  the  quantity  of 
e  angle. 

3.  Wfith 
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3.  ffith  the  Magnetic  Needle  and  Compass. 

Tarn  the  iostniineDt  or  compass  so,  that  the  north  end  of 
the  needle  point  to  the  flower-de-lace.  Then  direct  the 
sights  to  one  mark  as  b,  and  note  the  degrees  cat  l)y  the  nee- 
dle. Next  direct  the  sights  to  the  other  mark  c,  and  note  again 
the  degrees  cut  by  the  needle.  Then  their  sam  or  difference, 
as  the  case  may  be,  will  give  the  quantity  of  the  angle  bag. 

4.  By  Measurement  with  the  chain^  ^c. 

Measure  one  chain  length,  or  any  other  length,  along  both 
directions,  as  to  b  and  c.  Then  measure  the  distance  b  c,  and 
it  is  done.  This  is  easily  transferred  to  paper,  by  making  a 
triangle  ^bc  with  these  three  lengths,  and  then  measuring  the 
angle  a. 

PROBLEM  III. 

To  Survey  a  Triangular  Fieffj^Bc. 

•  f  * 

1 .  By  the  Chain. 

AP     794 

AB   1321 
PC     826 

A  P    B 

Haying  set  up  marks  at  the  comers,  which  is  to  be  done  in 
all  cases  where  there  are  not  marks  naturally ;  measure  with 
(he  chain  from  a  to  p,  where  a  perpendicular  would  fall  from 
the  aiude  c,  and  set  up  a  mark  at  p,  noting  down  the  distance 
AP.  Then  complete  the  distance  ab,  by  measuring  from  p  to 
B.  Having  set  down  this  measure,  return  to  p,  and  measure 
the  perpendicular  pc.  And  thus,  having  the  base  and  perpen- 
dicular, the  area  from  them  is  easily  found.  Or,  having  the 
place  p  of  the  perpendicular,  the  triangle  is  easily  constructed. 

Or,  measure  all  the  three  sides  with  the  chain,  and  note 
them  down.  From  which  the  content  is  easily  found,  or  Uie 
figure  is  constructed. 

2.  By  taking  9<^me  of  the  Angles* 

Measure  two  sides  ab,  ac,  and  the  angle  a  between  them. 
Or  measure  one  side  ab,  and  the  two  adjacent  angles  a  and  b. 
From  either  of  these  ways  the  figure  is  easily  planned ;  then 
by  measuring  the  perpendicular  cp  on  the  plan,  and  multi* 
plying  it  by  half  ab,  the  content  is  found. 

PROBLEM 
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PEOBUBII IV. 

To  Meamre  a  Four-nded  FUld. 
I .  By  the  Ckaifh* 


JlE 

214 

210  DE 

AW 

362 

306  BF 

AC 

592 

Measure  along  one  of  the  diagonals,  as  ac  ;  and  either  the 
two  perpendiculars  de,  bf,  as  in  the  last  problem  ;  or  else 
the  sides  jib,  bc,  cd,  da.  From  either  of  which  the  figure 
may  be  planned  and  computed  as  before  directed. 


OUurwise  by  the  Qtain, 


AP       110 

A«     745 

AB    1110 


352  9C 

595  «D 


Measure  on  the  longest  side,  the  diitances  ap,  a(i,  ab  ;  and 
the  perpendiculars  pc,  «d. 

2.  By  taking  $ome  of  ihe  Anglu. 
Measure  the  diagonal  ac  (see  the  last  fig.  but  one])»  and  tj)e 
^ngbes  CAB,  CAD,  ACB,  ACD.— Or  measure  the  lour  sidesi»  and 
any  one  of  the  angles,  as  bad. 

Or  thus. 
AB  486 
BC  394 
en  410 
JPA  462 
.       BAn  78»  86' 

PROBLEM  v. 

7b  Saroe^  any  Fitld  by  ike  Qiain  <mly* 

Haying  set  up  marks  al  the  corners,  where  necessary,  of 
the  proposed  field  abcdefo,  walk  over  the  ground,  and  con- 
sider bow  it  can  t>esl  be  divided  in  triangles  and  trapexioois  ; 
and  measare  tbem  si^parately,  as  in  the  lait  two  prdbleae* 
Thes,  (lie  fbUpwing  ^ore  is  divided  into  the  two  trapesiuBss 
ABce,  OD£F»  an4  the  triangle  oco.  Then*  iti  the  first  tEH* 
pezium,  beginning  at  a,  meesat«  the  dij^nal  ac,  and  tke 

two 


Thus. 

AC  591 

CAB  37* 

9a 

CAD   41 

16 

ACB  7S 

26 

ACD   64 

40 
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two  perpendiculars  cm,  bd.  Then  the  base  gc,  and  the 
perpendicular  nq.  Lastly*  the  diagonal  df,  and  the  two 
perpendiculars  pe,  oo.  All  which  measures  write  against  the 
corresponding  parts  of  a  rough  figure  drdwn  to  resemble 
the  figure  surveyed,  or  set  them  down  in  any  other  form  you 
choose. 

Thus, 


▲m 

136 

ISO 

mo 

An 

410 

180 

nn 

AC 

560 

cq 

CO 

162 

440 

230 

qn 

FO 

237 

120 

oo 

Fp 
¥1^ 

288 
620 

80 

PE 

Or  thus  : 

Measure  all  the  sides  ab,  bc,  cd,  db,  ef,  fo,  oa  ;  and  the 
diagonals  ag,  co,  gd,  df-. 


I 


OtkermUe. 

Many  pieces  of  land  may  be  very  well  surveyed,  by  mea- 
suring any  base  line,  either  within  or  without  them,  with  the 
erpendiculars  let  fall  on  it  from  every  comer.  For  they  are 
>y  those  means  divided  into  several  triangles  and  trapezoids, 
all  whose  parallel  sides,  are  perpendicular  to  the  base  line  ; 
and  the  sum  of  these  triangles  and  trapeziums  will  be  equal 
to  the  figure  proposed  if  the  base  line  fall  within  it ;  if  not, 
the  sum  of  the  parts  which  are  without  being  taken  from  the 
sum  of  the  whole  which  are  both  within  and  without,  will 
leave  the  area  of  the  figure  proposed 

In  pieces  that  are  not  very  large,  it  will  be  sufficiently  ex- 
act to  find  the  points,  in  the  base  line,  where  the  several  per- 
pendiculars will  ^1,  by  means  of  the  cross ^  or  even  by  judging 
by  the  eye  only  and  from  thence  measuring  to  the  corners 
for  the  lengths  of  the  perpendiculars. — And  it  will  be  most 
convenient  to  draw  the  line  so  as  that  all  the  perpendiculars 
siay  fall  within  the  figure. 

Thus,  in  the  following  figure,  beginning  at  a,  and  measuring 
along  the  line  aq,  the  distances  and  perpendiculars  on  the 
right  and  Mi  are  a^  below.  Ab 
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Ab 

315 

350  bB 

AC 

440 

70  cc 

Ad 

585 

320  dD 

AC 

CIO 

50  «£ 

Af 

4G 

990 
1020 

470  fF 
0 

PROBLEM  VI- 
To  Measure  the  Off^tets. 
Ahiklmo  being  a  crooked  hedge,  or  brook,  he.  From  a 
meiMure  io  a  straight  directioo  along  the  side  of  it  to  b.  And 
ID  roeasuriDg  along  this  hoe  ab,  observe  when  jou  are  direct- 
ly opposite  an  J  bends  or  corners  of  the  boandary,  as  at  c,  d, 
e,  &c. ;  and  from  these  measure  the  perpendicalar  offsets  ch, 
di,  &c.  with  the  offset-staff,  if  they  are  not  very  large,  other- 
wise with  the  chain  itself ;  and  the  work  is  done.  The  regis- 
ter or  field-book,  may  be  as  follows  : 


0£b.  left. 

Base  line  ab 

0 

®       A 

ch        02 

45     AC 

di         84 

S20     Ad 

ek        70 

340     Ae 

fl         98 

510     Af 

gm       57 

634     Ag 

Bn       91 

785     AB 

Ao 


PROBLEM  VII. 

To  survey  any  Field  wiih  the  Plain  Table, 

1 .  From  one  Station, 

Plant  the  table  at  any  angle  as 
c,  from  which  all  the  other  angles, 
or  marks  set  up,  can  be  seen  : 
torn  the  table  about  till  the  needle 
point  to  the  flower-de-luce  ;  and 
there  screw  it  fast.  Make  a  point 
for  c  on  the  paper  on  the  table, 
and  lay  the  edge  of  the  index  to  c, 
turning  it  about  c  till  through  the  A  B 

sights  you  see  the  mark  d  :  and  by  the  edge  of  the  index 
draw  a  dry  or  obscure  line  :  then  measure  the  distance  cd, 
and  lay  that  distance  down  on  the  line  cd.  Then  turn  the 
index  about  the  point  c,  till  the  mark  e  be  seen  through  the 

sights, 
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sights,  by  which  draw  a  lioe,  and  measure  the  distance  to  e, 
laying  it  on  the  line  from  c  to  e.  In  like  manner  determine 
the  positions  of  ca  and  cb,  by  turning  the  sights  successiyely 
to  A  and  B  ;  and  lay  the  lengths  of  those  lines  down.  Then 
connect  the  points,  by  drawing  the  blackiines  cd,  de,  ea,  ab, 
Bc,  for  the  boundaries  of  the  field. 

2.  From  a  Station  Within  the  Field. 

When  all  the  other  parts  cannot 
be  seen  from  one  angle,  choose  some 
place  0  within,  or  even  without,  if 
more  convenient,  from  which  the 
other  parts  can  be  seen.  Plant  the 
table  at  0,  then  fix  it  with  the  needle 
north,  and  mark  the  point  0  on  it. 
Apply  the  index  succesfively  to  0, 
turning  it  round  with  the  sights  to 
each  angle,  a,  b,  c,  d,  e,  drawing 
dry  lines  to  them  by  the  edge  of  the  index  ;  then  measuring 
the  distance  oa,  ob,  &c.,and  laying  them  down  on  those  lines. 
Lastly »  draw  the  boundaries  ab.  bc,  cd,  dc,  ea. 

3.  By  going  round  Ike  Figure, 
When  the  figure  is  a  wood,  or  water,  or  when  from  some 
other  obstruction  you  cannot  measure  lines  across  it ;  begin 
at  any  point  a,  and  measure  around  it  either  within  or  without 
the  figure,  and  draw  the  directions  of  all  the  sides  thus : 
Plant  the  table  at  a  ;  turn  it  with  the  needle  to  the  north  or 
flower-de-luce  ;  fix  it,  and  mark  the  point  a.  Apply  the  index 
to  A,  turning  it  till  you  can  see  the  point  e,  and  there  draw  a 
line  :  then  the  point  b,  add  thei«  draw  a  line  :  then  measure 
these  lines,  and  lay  them  down  from  a  to  b  and  b.  Next  move 
the  table  to  b,  lay  the  index  along  the  line  ab,  and  turn  the 
table  about  till  you  can  see  the  mark  a,  and  screw  fast  the 
table ;  in  which  position  also  the  needle  will  again  point  to  the 
flower-de-luce,  as  it  will  do  indeed  at  every  station  when  the 
table  is  in  the  right  position.  Here  turn  the  index  about  b  till 
through  the  sights  you  see  the  mark  c  ;  there  draw  a  line, 
measure  bc,  and  lay  the  distance  on  that  line  after  you  have 
set  down  the  table  at  c.  Turn  it  then  again  into  its  proper 
position,  and  in  like  manner  find  the  next  line  cd.  And  so  on 
quite  around  by  e,  to  a  again.  Then  the  proof  of  the  work  will 
be  the  joining  at  a  :  for  if  the  work  be  all  right,  the  last  di- 
rection BA  on  the  ground,  will  pass  exactly  through  the  point 
A  on  the  paper ;  and  the  measured  distance  will  also  reach 
exactly  to  a.  If  these  do  not  coincide,  or  nearly  so,  some 
error  has  been  committed,  and  the  work  must  be  examined 
over  again.  PROBLEM 
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PROBIXM  VIII. 
To  Survey  a  Field  with  the  HieodoliU^  ^c. 
1.  From  One  Point  or  Station. 
Wheit  all  the  angles  caa  be  seen  from  one  point,  as  the  an- 
gle c  (first  fig.   to  last  prob.)  place  the  instrument  at  c,  and 
tarn  it  about,  till  through  the  fixed  fights  you  see  the  markB» 
and  there  fis  it.    Then  tutu  the  moTeable  index  about  till  the 
mark  a  be  seen  through  the  sights,  and  note  the  degrees  cut 
on  the  instrument.    Next  turv  the  index  snccemTely  to  e  and 
D»  noting  the  degrees  cut  off  at  each ;  which  gires  all  the  ao- 
^es  BCA,  Bcfi,  BCD.     Lastlj,  measare  the  lines  cb,  ca,  cb,  cd; 
and  enter  the  measures  in  a  field-book,  or  rather  against  the 
correftponding  parts  of  a  rough  figure  drawn  by  guess  to  re* 

semble  the  field. 

< 

1 .  From  a  point  Within  or  Without, 

Plant  the  instrument  at  0  (last  fig.)  and  turn  it  alsonttittthe 
fixed  sights  point  to  any  object,  as  a  ;  and  there  screw  it  faat. 
Then  turn  the  moveable  index  round  till  the  sights  paint  suc- 
cessively to  the  other  points  b.  d,  c,  b«  noting  the  degrees  cut 
off  at  each  of  them  ;  which  gives  all  the  angles  round  the 
point  0.  Lastly,  measure  the  distances  oa,  ob,  oc,  on,  ob, 
noting  them  down  as  befoie,  and  the  work  is  done. 

3.  By  going  ronnd  the  Field, 

By  measuring  round,  either  ^  33 

within  or  without  the  field,  pro- 
ceed thus.  Having  set  up  marks 
at  b,  c,  &c.  near  the  corners  as 
usual,  plant  the  instrument  at 
any  point  a,  and  turn  it  till  the 
fixed  index  be  in  the  directiea 
ab,  and  there  screw  it  fast :  then 
turn  the  moveable  index  to  the 
direction  ap  ;  and  the  degrees 

cut  off  will  be  the  angle  a.  Measure  the  line  ab,  and  plant 
the  instrument  at  b,  and  there  in  the  same  manner  observe 
the  angle  a.  Then  measure  bc,  and  observe  the  angle  c* 
Then  measure  the  distance  cd,  and  take  the  angle  d.  Then 
measure  de,  and  take  the  angle  e.  Then  measure  bf,  aad 
take  the  angle  f.     And  lastly  measure  the  distance  fa. 

To  prove  the  work ;  add  all  the  inward  angles  a,  b,  c, 
&c.  together  ;  for  when  the  work  is  right,  ^etr  sum  will  be 
equal  to  twice  as  many  right  angles  as  the  figure  has  sides, 
wanting  4  right  angles.  But  when  there  is  an  ang^e,  as  p> 
that  bends  inwards,  and  you  measure  the  external  aiigie, 

which 
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which  is  less  than  two  right  angles,  snbstract  it  from  4  right 
angles,  or  360  degrees,  to  give  the  iatemal  angle  greater  than 
a  semicircle  or  180  degrees. 

Otherwise, 

Instead  of  observing  the  internal  angles,  we  may  take  the 
external  angles,  formed  without  the  6gure  by  producing  the 
sides  farther  out.  And  in  this  case,  when  the  work  is  right, 
their  sum  altogether  will  be  equal  to  360  degrees.  But  when 
one  of  them,  as  f,  runs  inwards,  substract  it  from  the  sum  of 
the  rest,  to  leave  36o  degrees. 

PROBLEM  IX. 
To  Survey  a  Field  with  Crooked  Hedges,  ^e. 

With  any  of  the  instruments*  measure  the  lengths  and 
positions  of  imaginary  lines  running  as  near  the  sides  of  the 
field  as  you  can  ;  and,  in  going  along  them,  measure  the  off- 
sets in  the  manner  before  taught  ;  then  you  will  hare  the  plan 
on  the  paper  in  using  the  plain  table,  drawing  the  crooked 
hedges  through  the  ends  of  the  off-sets  ;  but  in  surveying  with 
the  theodolite,  or  other  instrument,  set  down  the  measures 
properly  in  afield-book  or  memorandum- book,  and  plan  them 
after  returning  from  the  field  by  laying  down  all  the  lines  and 
angles. 


E  ^^^.^  D 

So,  in  surveying  the  piece  abgde,  set  up  marks  a,  b,  c,  d, 
dividing  it  so  as  to  have  as  few  sides  as  may  be.  Then  begin 
at  any  station,  a,  and  measure  the  lines  ah,  be,  cd,  da,  taking 
their  positions,  or  the  angles  a,  b,  c,  d  ;  and,  in  going  along 
the  lines,  measure  all  the  offsets,  as  at  m,  n,  o,  p,  &c.  along 
every  station-lfaie. 

And  this  is  done  either  within  the  field,  or  without,  as  may 
be  most  convenient.  When  there  are  obstructions  within,  as 
wood,  water,  hilb,  &c.  then  measure  without,  as  in  the  next 
following  figure. 

Vol.  I.  57  PROBLEM 
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PROBLEM  X 
To  Survey  a  Field,  or  any  other  Things  hy  Tapo  Stations, 

This  19  performed  by  choosing  two  stations  from  which  al! 
the  marks  and  objects  can  be  seen  ;  then  measoriDg  the  dis- 
tance between  the  stations,  and  at  each  station  taking  the  angles 
formed  bj  every  object  from  the  station  line  or  distance. 

Th^  two  stations  may  be  taken  either  within  the  bounds,  or 
in  one  of  the  sides,  or  in  the  direction  of  two  of  the  objects, 
or  quite  at  a  distance  and  without  the  Iraunds  of  the  objects  or 
part  to  be  surveyed. 

In  this  manner,  not  only  grounds  may  be  surveyed,  without 
even  entering  them,  but  a  map  may  be  tnken  of  the  principal 
parts  of  a  county,  or  the  chief  places  of  a  town,  or  any  part  of 
a  river  or  coast  surveyed,  or  any  other  inaccessible  objects  ;  by 
taking  two  stations,  on  two  towers,  or  two  hills,  or  such-Jike. 


F 
PROBLEM  XJ. 

To  Survey  a  Large  Estate. 

If  tiie  estate  b€  very  hirge,  and  contain  a  great  number  of 
fields,  it -cannot  well  be  done  by  surveying  all  the  fields 

singly 
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singly,  aod  then  pattiDg  them  together  ;  nor  can  it  be  done  bj 
taking  all  the  angles  and  boundaries  that  enclose  it.  For  in 
these  cases,  any  small  errors  will  be  so  much  increased,  as  to 
render  it  very  much  distorted.     But  proceed  as  below. 

1 .  Walk  over  the  estate  two  or  three  times,  in  order  to  get  a 
perfect  idea  of  it,  or  till  you  can  keep  the  figure  of  it  pretty 
well  in  mind.  And  to  help  your  memory, draw  an  eye-draught 
of  it  on  paper,  or  at  least  of  the  principal  parts  of  it,  to  guide 
you  ;  setting  the  names  within  the  fields  in  that  draught.. 

2.  Choose  two  or  more  emment  places  in  the  esUite,  for 
stations,  from  which  all  the  principal  parts  of  it  can  be  seen  $ 
selecting  these  stations  as  far  distant  from  one  another  as  con- 
venient. 

3.  Take  such  angles,  between  the  stations,  as  yon  thipk 
necessary,  and  measure  the  distances  from  station  to  station, 
always  in  a  right  line :  these  things  must  be  done,  till  you 
get  as  many  angles  and  lines  as  are  sufficient  for  determining 
all  the  points  of  station.  And  in  measuring  any  of  these  station- 
distances,  mark  accurately  where  these  lines  meet  with  any 
hedges^  ditches,  roads,  lanes,  paths,  rivulets,  &c.  ;  and  where 
any  remarkable  object  is  placed,  by  measuring  its  distance  from 
the  station-line ;  and  where  a  perpendicular  from  it  cuts  that 
line.  And  thus  as  you  go  along  any  main  station-line ,  take 
offsets  to  the  ends  of  all  hedges,  aod  to  any  pond,  house,  mill, 
bridge.  &c.  noting  every  thing  down  that  is  remarkable. 

4.  As  to  the  inner  parts  of  the  estate,  they  must  be  deter- 
mmed,  in  like  manner,  b^  new  station- lines :  for  after  the 
main  stations  are  determined,  and  every  thing  adjoining  to 
them,  then  the  estate  must  be  subdivided  into  two  or  three 
parts  by  new  station-lines ;  taking  inner  stations  at  proper 
places,  where  you  can  have  the  best  view.  'Measure  these 
gtation-lines  as  you  did  the  first,  and  all  their  intersections 
with  hedges,  and  offsets  to  such  objects  as  appear.  Then 
proceed  to  survey  the  adjoining  fields,  by  taking  the  angles 
that  the  sides  make  with  the  station-line,  at  the  intersections* 
and  measnring  the  distances  to  each  corner,  from  the  inter- 
sections. For  the  station-lines  will  be  the  bases  to  all  the 
future  operations  ;  the  situation  of  all  parts  being  entirely 
dependent  on  them  ;  and  therefore  they  should  be  taken  of 
as  great  length  as  possible ;  and  it  is  best  for  them  to  run 
along  #ome  of  the  hedges  or  boundaries  of  one  or  more  fields, 
or  to  pass  through  some  of  their  angles.  All  things  being 
determined  for  these  stations* ,  you  must  take  more  inner  sta- 
tions, and  continue  to  divide  and  subdivide  till  at  last  yoa 
come  to  single  fields ;  repeating  the  same  work  for  the  inner 

stations 
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statioofl  as  for  the  outer  ones,  till  all  is  done  ;  and  close  the 
work  as  oAen  as  you  can,  and  in  as  few  lines  as  possible. 

6.  An  estate  may  be  so  situated  that  the  whole  cannot  be 
surveyed  together  ;  because  one  part  of  the  estate  cannot  be 
seen  from  another.  In  this  case,  you  may  divide  it  into  three 
or  four  parts,  and  survey  the  parts,  separately,  as  if  they  were 
lands  belonging  to  different  persons ;  and  at  last  join  them  to- 
gether. 

6.  As  it  is  necessary  to  protract  or  lay  d^wn  the  work  as 
you  proceed  in  it,  you  must  have  a  scale  of  a  due  length  to 
doit  by.  To  get  such  a  scale,  measure  the  whole  length  of 
the  estate  in  chains  ;  then  consider  how  many  inches  long 
the  map  is  to  be  ;  and  from  these  will  be  known  how  many 
chains  you  must  have  in  an  inch  ;  then  make  the  scale  ac- 
cordingly, or  choose  one  already  made. 

PROBLEM  XH. 
To  Survey  a  County,  or  large  Tract  of  Land. 

1.  Choose  two,  three,  or  four  eminent  places,  for  stations ; 
such  as  the  tops  of  high  hills  or  mountains,  towers,  or  church 
steeples  which  may  be  seen  from  one  another ;  from  which 
most  of  the  towns  and  other  places  of  note  may  also  be  seen  ; 
and  so  as  to  be  as  far  distant  from  one  another  as  possible. 
On  these  places  raise  beacons,  or  long  poles,  with  flags  of 
different  colours  flying  at  them,  so  as  to  be  visible  fiom  all  the 
other  stations. 

S.  At  all  the  places  which  you  would  set  down  in  the  map, 
plant  long  poles,  with  flags  at  them  of  several  colours  to  dis- 
tinguish the  places  from  one  another  ;  fixing  them  on  the  tops 
of  church  steeples,  or  the  tops  of  houses,  or  in  the  centres 
of  smaller  towns  and  villages. 

These  marks  then  being  set  up  at  a  convenient  number  of 
places,  and  such  as  may  be  seen  from  both  stations  ;  go  to 
one  of  these  stations,  and,  with  an  instrument  to  take  angles, 
standing  at  that  station,  take  all  the  angles  between  the  other 
station  and  each  of  these  marks.  Then  go  to  the  other 
station,  and  take  all  the  angles  between  the  first  station  and 
each,  of  the  former  marks,  setting  them  down  with  the  others, 
each  against  its  fellow  with  the  same  colour.  You  may,  if 
convenient,  also  take  the  angles  at  some  third  station,  which 
may  serve  to  prove  the  work,  if  the  three  lines  intersect  in 
that  point  where  any  mark  stands.  The  marks  must  stand  till 
the  observations  are  finished  at  both  stations  :  and  then  they 
may  be  taken  down,  and  sst  up  at^new  places.  The  same 
operations  must  be  performed,  at  both  stations,  for  these 
new  places  :  and  the  like  for  others*    The  instrument  for 

taking 
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• 
(akiog  angles  must  be  an  exceeding  good  one,  made  od  pur- 
pose with  telescopic  sights,  and  of  a  good  length  of  radios. 

3.  And  though  it  be  not  absolutely  necessary  to  measure 
any  distance,  because,  a  stationary  line  being  laid  down  from 
any  scale,  all  the  other  lines  will  be  proportional  to  it  ;  yet  it 
is  better  to  measure  some  of  the  lines,  to  ascertain  the  dis- 
tances of  places  in  miles,  and  to  know  huw  many  geometrical 
miles  there  are  in  any  length  ;  as  also  from  thence  to  make  a 
scale  to  measure  any  distance  in  miles.  In  measuring  any  dis- 
tance, it  will  not  be  exact  enough  to  go  along  (he  high  roads ; 
which  by  reason  of  their  turnings  and  windings,  hardly  ever 
lie 'in  a  right  line  between  the  stations ;  which  must  cause 
endless  reductions,  and  require  great  trouble  to  make  it  a  right 
line  ;  for  which  reason  it  can  never  be  exact.  But  a  better 
way  is  to  measure  in  a  straight  line  with  a  chain,  between  sta* 
tion  and  station,  over  hills  and  dales,  or  level  fields,  and  all 
obstacles.  Only  in  case  bf  water,  woods,  towns,  rocks,  banks. 
&c.  where  we  cannot  pass,  such  parts'  of  the  line  must  be 
measured  by  the  methods  of  inaccessible  distances ;  and  be- 
sides allowing  for  ascents  and  descents,  when  they  are  met 
with  A  good  compass,  that  shows  the  bearing  of  the  two 
stations,  will  always  direct  us  to  go  straight,  when  the  two 
stations  cannot  lie  seen;  and  in  the  progress,  if  we  can  go 
straight,  offsets  may  be  taken  to  any  remarkable  places,  like- 
wise noting  the  intersection  of  the  station* line  with  all  roads, 
rivers,  &c. 

4.  From  all  the  stations,  and  in  the  whole  progress,  we 
must  be  very  particular  in  observing  sea-coast,  river-mouths, 
towns,  castle>«,  houses,  churches,  mills,  trees,  rocks,  sands, 
roads,  bridges,  fords,  ferries,  woods,  hills,  mountains,  rills, 
brooks,  parks,  beacons,  sluices,  floodgates,  locks,  &c.  and  in 
general  every  thing  that  is  remarkable. 

5.  AAer  we  have  done  with  the  first  and  main  station-lines, 
which  command  the  whole  county  ;  we  must  then  take  inner 
stations  at  some  places  already  determined  ;  which  will  divide 
the  whole  into  several  partitions  :  and  from  these  stations  we 
muAt  determine  the  places  of  as  many  of  the  remaining  towns 
as  we  can.  And  if  any  remain  in  that  part,  we  must  take  more 
stations,  at  some  places  already  determined,  from  which  we 
may  determine  the  rest.  And  thus  go  through  nil  the  parts 
of  the  county,  taking  station  aAer  station,  till  we  have  deter- 
mined the  whole.  And  in  general  the  station-distances  must 
always  pass  through  such  remarkable  points  as  have  been  de- 
termined before^  by  the  former  stations. 

PROBLEM 
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PROBLEM  XIII. 
To  Survty  a  Town  or  City. 

This  may  be  done  with  aoy  of  the  instraments  for  taking 
angles,  but  best  of  all  with  tb**  plain  table,  where  e?erj  mi- 
nvte  part  is  drawn  Hhile  in  sight.  Instead  of  the  cominon 
•onrejing  or  Giinter*s  chain,  it  will  be  heM,  for  this  porpose, 
to  bare  a  chain  60  feet  long,  di tided  into  50  links  of  one  foot 
each,  and  an  offset  staff  of  10  feet  long. 

Begin  at  the  meeting  of  two  or  more  of  the  principal 
streets,  through  which  we  can  hare  the  longest  prospectSy  to 
get  the  longest  stution -lines  :  there  having  fixed  the  instra- 
meot,  draw  lines  of  direction  along  those  streets,  using  two 
men  as  marks,  or  poles  set  in  wooden  pedeatab,  or  perhaps 
some  remarkable  places  in  the  houses  at  the  fiirther  ends,  aa 
windows,  doors,  comers,  &c.  Measure  these  lines  with  the 
chain,  taking  oiisets  with  the  staff,  nt  all  comers  of  streets, 
bendings,  or  windings,aiid  to  ail  remarkable  things^as  cbarcbea^ 
markets,  balls,  colleges,  eminent  houses,  &c.  Then  remove 
the  instrument  to  another  station,  along  one  of  Uiese  lines  ; 
and  there  repeat  ihe  same  pmcess  as  before.  And  so  on  till 
the  whole  is  finished. 


.  Thus,  fix  the  instrument  at  a,  and  draw  lines  in  the  direc- 
tion of  all  the  streets  meeting  there  ;  then  measure  ab,  noting 
the  street  on  the  leA  at  m.  At  the  second  station  b,  draw 
the  directions  of  the  streets  meeting  there  :  and  measure 
from  B  to  c,  noting^the  places  of  the  streets  at  n  and  o  as  yoQ 
pa99  by  them.  At  the  third  station  c,  take  the  direction  of  all 
the  streets  meeting  there,  and  measure  en.  At  ndo  the  same, 
and  measure  de,  noting  the  place  of  the  cross  streets  at  p. 
And  in  this  manner  go  through  all  the  principal  streets.  This 
done,  pro<*eed  to  the  smaller  and  intermediate  streets  ;  and 
lastly  to  the  lanes,  alleys,  courts,  yards,  and  erery  part  that 

it  may  be  thought  proper  to  represent  in  the  plan.  * 

PROBLEM 
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PROBLEM  XIV. 

To  lay  down  the  Plan  of  any  Survey. 

If  the  survey  was  taken  witb  the  plaia  table,  we  have  a 
rough  plan  of  it  already  un  the  pa|ier  which  covered  the  table. 
But  if  the  survey  was  with  any  other  instrumeut,  a  plan  of  -it 
is  to  be  drawn  from  the  measures  that  were  taken  in  the  sur- 
vey ;  and  first  of  all  a  rough  plan  on  paper. 

To  do  this,  you  must  have  a  set  of  proper  instruments,  for 
laying  down  both  lines  and  angles,  kc, ;  as  scales  of  various 
sizes  (the  more  of  theni,  and  the  more  accurate  the  better), 
scales  of  chorda,  protractors,  perpendicular  and  parallel  ru- 
lers,  &c.     Diagonal  scales  are  best  for  the  lines,  because  they 
extend  to  three  figures,  or  uliaiiw-mn*-  itoks,  which  are  100 
parts  of  chains.      But  in  using  the  diagonal  scale,  a  pair  of 
compasses  most  be  em|»loyed,  to  take  off  the  lengths  of  the 
principal  lines  very  accurntely.     But  a  scale  with  a  thin  edge 
divided,  is  much  rendier  for  laying  down  the  perpendicular 
offsets  to  crooked  hedges,  and  for  marking  the  places  of  those 
offsets  on  the  station  line  ;  which  is  done  at  only  one  applica- 
tion of  the  edge  of  (tie  scale  to  that  line,  and  then  pricking  off 
all  at  once  the  distances  along  it.     Angles  are  to  be  laid  down 
either  with  a  good  scale  of  chords,  which  is  perhaps  the  most 
accurate  way,  or  with  a  large  protractor,  which  is  much  rea- 
dier when  many  angles  are  to  be  laid  down  at  one  point,  as 
they  are  pricked  off  all  at  once  round  the  edge  of  the  protractor. 
In  general,  all  lines  and  angles  must  be  laid  down  on  the  plan 
in  the  same  order  in  which  (hey  were  measured  tn  the  field, 
and  in  which  they  are  written  in  the  field«book  ;  layin}^  down 
first  the  angles  for  the  position  of  lines,  next  the  lengths  of 
the  lines,  witb^'the  places  of  the  offi^ets.  and  then  the  lengths 
of  the  offsets  themselves,  all  with  dry  or  obscure  lines  ;  then 
a  black  line  drawn  through  the  extremities  of  all  the  ofisets, 
will  be  the  hedge  or  boumiing  line  of  the  field,  &c.     After  the 
principal  bounds  and  lines  are  laid  down  and  made  to  fit  or 
close  properly,  proceed  next  to  the  smaller  objects,  till  you 
have  entered  every  thing  that  ought  to  appear  in  the  plan,  as 
houses,*  brooks,  trees,  hills,  gates,  stiles,  roads,  lanes,  mills, 
bridges,  woodlands,  &c.  &c. 

The  north  side  of  a  map  or  plan  is  commonly  placed  up- 
permost, and  a  meridian  is  somewhere  drawn,  with  the  com- 
pass or  flower-de-luce  pointing  north.  AIho,  in  a  vacant  part, 
a  scale  of  equal  parts  or  chains  is  drawn,  with  the  title  of  th€ 
tnap  in  conspicuous  characters,  atid  embellished  with  a  com- 
partment. Hills  are  shadowed  to  distinguish  them  in  the  map, 
Colour  the  hedges  with  different  colours  ;  represent  hilly 

grounds 
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grounds  by  broken. bills  and  valleys  ;  draw  single  dotted  Hoes 
for  foot-paths,  and  double  ones  for  horse  or  carriage  roads. 
Write  the  name  of  each  field  and  remarkable  place  withio  if, 
and,  if  yon  choose,  its  content  in  acres,  roods,  and  perches. 

In  a  very  large  estate,  or  a  county,  draw  vertical  and  hori- 
zontal lines  through  the  map,  denoting  the  spacei^  bet  weea  them 
by  letters  placed  at  the  top,  and  bottom,  and  sides,  for  readily 
finding  any  field  or  other  object  mentioned  in  a  table. 

In  mapping  countief>,  and  estates  that  have  uneven  grounds 
of  hills  and  valleys,  reduce  all  oblique  lines,  measured  up  hill 
and  down  hill,  to  horizontal  straight  lines,  if  that  iiras  not  done 
during  the  survey,  before  they  were  entered  into  the  field- 
book,  by  making  a  proper  allowance  to  shorten  them.  For 
which  purpose  there  is  cvmnnniljr  m  Buiall  table  engraven  on 
some  of  the  instruments  for  surveying. 

TBE  NEW  METHOD  OF  SURVEYING. 

PROBLEM  XV. 
To  Survey  and  Plan  6y  the  New  Method, 

Iff  the  former  method  of  measuring  a  large  estate,  the  ac- 
curacy of  it  depends  both  on  the  correctness  of  the  instra- 
ments,  and  on  the  care  in  taking  the  angles.  To  avoid  the 
errors  incident  to  such  a  multitude  of  angles,  other  methods 
have  of  late  years  been  used  by  some  few  skilful  surveyors : 
the  most  practical,  expeditious,  and  correct,  seems  to  be  the 
following,  which  is  performed,  without  taking  angles,  by  mea- 
suring with  the  chain  only. 

Choose  two  or  more  eminences,  as  grand  stations,  and  mea- 
sure a  principal  base  line  from  one  station  to  another  ;  noting 
every  hedge,  brook,  or  other  remarkable  object,  as  you  pass 
by  it  ;  measuring  also  such  short  perpendicular  lines  to  the 
bends  of  hedges  as  may  be  near  at  hand.  From  the  extremi- 
ties of  this  base  line,  or  from  any  convenient  parts  of  the 
same,  go  ofi"  with  other  lines  to  some  remarkable  object  situ- 
ated towards  the  sides  of  the  estate,  without  regarding  the 
angles  they  make  with  the  base  line  or  with  one  another  ; 
still  remembering  to  note  every  hedge,  brook,  or  other  ob- 
ject, that  you  pass  by.  These  lines,  when  laid  down  by  inter- 
sections, will,  with  the  baj»e  line,  form  a  grand  triangle  on 
the  estate  ;  several  of  which,  if  need  be,  being  thus  mea- 
*sured  and  laid  down,  you  may  proceed  to  form  other  smaller 
triangles  and  trapezoids  on  the  sides  of  the  former ;  and  so  on 
till  you  finish  with>  the  enclosures  individually.  By  which 
means  a  kind  of  skeleton  oi  the  estate  may  first  be  obtained, 

and 


SURVKYIN6.  449 

and  the  chief  lines  serve  as  the  bases  of  such  triangles  and 
trapezoids  as  are  necessary  to  fill  op  the  interior  parts. 

The  fieid-book  is  ruled  ^Qto  three  colamns,  as  usual.  Iq 
the  middle  one  are  set  doun  the  distiinces  on  the  chain-fine, 
at  which  any  mark,  ofi&ct,  or  other  observation,  is  made  ;  and 
in  the  right  and  left  hand  columns  are  entered  the  offsets  and 
observations  made  on  the  right  and  left  hand  respectively  of 
the  chain  line  ;  sketching  on  the  sides  the  shape  or  resem- 
blaoce  of  the  fences  or  boundaries. 

It  is  of  great  advantage  both  for  brevity  and  persptciiity, 
to  begin  at  the  bottom  of  the  leaf,  and  write  upwards ;  denot- 
ing the  crossing  of  fences,  by  lines  drawn  across  the  middle 
column,  or  only  a  part  of  such  a  line  on  the  right  and  left  op* 
posite  the  figures,  to  avoid  confusion;  and  tb^ comers, of 
fields,  and  other  remarkable  turns  in  the  fences  where  offsets 
ve  taken  to.  by  lines  joining  in  t  e  manner  the  fences  do  ;  as 
will  be  best  seen  by  comparing  the  book  with  the  plan  anpeK* 
ed  to  the  field-book  following,  p.  4.S0. 

The  letter  in  the  left-hand  corner  at  the  beginning  of  every 
line«  is  the  mark  or  place  measured  fromi  and  that  at  the 
right  hand  comer  at  the  end,  i?  the  mark  measured  to ;  But 
when  iti«  not  convenient  to  go  exactly  from  a  mark.,  the  place 
measured  from  is  described  iuch  a  distance  from  one  trmrk 
towards  anotfur  ;  and  where  a  former  mark  is  not  measured 
to,  the  exact  plare  is  ascertained  by  saying,  turn  io  the  rij^ht 
oi  left  hand,  such  a  distance  to  stick  a  marjb,  it  being  always 
understood  that  those  distances  are  taken  in  tbe  chain-line. 

The  charactt^rs  used  are,  (  for  turn  to  the  right  hand^^  for 
iutn  to  the  left  hand^  and-^pluced  over  an  offset,  to  show  that 
it  is  not  taken  at  right  angles  with  the  chain  line,  but  in  the 
direction  of  some  straight  fence  ;  being  chiefly  used  when 
crossing  their  directions  :  which  is  a  better  way  of  obtaining 
their  true  places  than  by  offsets  at  right  angles. 

When  a  line  is  measured  whose  position  is  (Jetermiped» 
either  by  former  work  (as  in  the  case  of  producing  a  given 
line,  or  measuring  from  one  known  place  or  mark  to  another) 
or  by  itself  (as  in  the  third  side  of  the  triangle)^  it  is  called  a 
fast  line^  and  a  double  line  across  the  book  is  drawn  a^  the 
conclusion  of  it  ;  but  if  its  position  is  not  determined  (as  in 
the  second  side  of  the  triangle,  it  is  called  a  loose  line,  and  a 
single  line  is  drawn  across  the  book.  When  a  line  becomes 
deterpiined  in  position,  and  is  aAer««ards  continued  farther,  a 
double  line  half  through  the  book  is  drawn. 

When  a  loose  line  is  measured,  it  becomes  a^olutely  ne- 
cessary to  measure  some  other  line  that  will  determine  itv 
position.     Thus,  the  first  line  ah,  or  bh,  being  the  base  of  a 
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triangle  is  aliraye  detertnined  ;  bat  the  position  of  the  second 
aide  hj^  does  not  become  determined,  till  the  third  side  jb  ia 
measured  ;  then  the  position  of  both  is  determined,  and  the 
triangle  may  be  constructed. 

At  the  beginning  of  a  line,  to  fix  a  loose  line  to  the  mark 
or  place  measured  from,  the  sign  of  turning  to  the  -right  or 
left  hand  must  be  added,  as  at  k  in  the  second,  and  j  in  the 
third  line  ;  otherwise  a  stranger,  when  laying  down  the  work, 
may  as  easily  construct  the  triangle  hjb  on  the  wrong  side  of 
the  line  ah^  as  on  the  right  one  ;  but  this  error  cannot  be 
fallen  into,  if  the  sign  above  named  be  carefully  observed. 

In  choosing  a  line  to  fii  a  loose  one,  care  most  be  taken' 
that  it  does  not  make  a  very  acute  or  obtuse  angle  ;  as  in  the 
triangle  par,  by  the  angle  at  b  being  very  obtuse,  a  small  de- 
viation from  truth,  even  the  breadth  of  a  point  dtp  or  r  would 
make  the  error  at  b,  when  constructed,  very  considerable  ; 
but  by  constructing  the  triangle  /)b^,  such  a  deviation  is  of  no 
consequence. 

Where  the  words  leave  off  are  written  in  the  field-book,  it 
signifies  that  the  taking  of  offsets  is  from  thence  discontinued  ; 
and  of  course  something  is  wanting  between  that  and  the  next 
offset,  to  be  afterwards  determined  by  measuring  some  other 
line. 

The  field-book  for  this  method,  and  the  plan  drawn  from 
it,  are  contained  in  the  four  following  pages,  engraven  on  cop- 
per-plates ;  answerable  to  which,  the  pupil  is  to  draw  a  plan 
from  the  measures  in  the  field-book,  of  a  larger  size,  viz.  to 
a  scale  of  a  double  size  will  be  convenient,  such  a  scale  being 
also  found  on  most  instruments.  In  doing  this,  begin  at  the 
commencement  of  the  field-book,  or  bottom  of  the  first  page, 
and  draw  the  first  line  oh  in  any  direction  at  pleasure,  and 
then  the  next  two  sides  of  the  first  triangle  hhj  by  sweeping 
intersecting  arcs  ;  and  so  all  the  triangles  in  the  same  man- 
ner, after  each  other  in  their  order  ;  and  afterwards  setting 
the  perpendicular  and  other  offsets  at  their  proper  places,  and 
through  the  ends  of  them  drawing  the  bounding  fences. 

Note,  That  the  field-book  begins  at  the  bottom  of  the  first 
page,  and  reads  up  to  the  top  ;  hence  it  goes  to  the  bottom  of 
the  next  page,  and  to  the  top  ;  and  thence  it  passes  from  the 
bottom  of  the  third  page  to  the  top  which  is  the  end  of  the 
field-book.  The  several  marks  measured  to  or  from,  are  here 
denoted  by  the  letters  of  the  alphabet,  first  the  small  ones  a, 
6,  c,  d.  &c.  and  after  them  the  capitals  A,  B,  C,  D,  &c.  But, 
instead  of  these  letters,  some  surveyors  use  the  numbers  in 
order,  1,  2,  S,  4j&c. 

or 


SURVEYING. 


451 


OF  THE  OLD  KfND  OF  FI£U>  BOOK. 

In  surveying  with  the  plain  table,  a  field-book  is  not  used, 
as  every  thing  is  drawn  on  the  table  immediately  when  it  is 
measured.  But  in  surveying  with  the  theodolite,  or  any  other 
instrument,  some  kind  of  a  field-book  must  be  used,  to  write 
down  in  it  a  register  or  account  of  all  that  is  done  and  occurs 
relative  to  the  8ury#y  in  hand. 

This  book  every  one  contrives  and  rules  as  he  thinks  fittest 
for  himself.  The  following  is  a  specimen  of  a  form  which  has 
been  foilnerly  used.     It  is  ruled  into  three  columns,  as  below. 

Here  0  1  is  the  first  station,  where  the  angle  or  bearing  is 
106*^  26'.  On  the  leO,  at  73  links  in  the  distance  or  principal 
line,  is  an  offset  of  92  ;  and  at  610  an  offset  of  24  to  a  cross 
hedge.  On  the  right  at  0,  or  the  beginning,  an  offset  25  to 
the  comer  of  the  field  ;  at  248  Brown's  boundary  hedge  com- 
mences ;  at  610  an  offset  35  ;  and  at  964,  the  end  of  the  first 
line,  the  0  denotes  its  terminating  in  the  hedge.  And  so  on 
for  the  other  stations. 

A  line  is  drawn  under  the  work,  at  the  end  of  erery  station- 
line,  to  prevent  confusion. 

Form  of  this  Field  Book. 


stations. 

Ofibets  and  remarks 

BearingiB, 

Offsets  and  remarks 

on  the  left 

and 
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TJien  the  plan,  on  asmaU  scale  drawn  from  the  ahove  field- 
bopky  will  be  as  in  the  following  figure..  But  the  pupti  may 
di^fv  a  plan  of  3  or  4  tiroes  the  size  on  his  paper  book.  The 
dcAti^d  iipes  denote  the  3  chain  or  measured  lines,  and  the 
black  lines  the  boundaries  on  the  right  and  leil. 


But  some  skilful  surveyors  now  make  use  of  a  different 
method  for  the  held -book,  namely,  beginuing  at  the  bottom 
ofthepag^and  writing  upwards  ;  sketching  also  a  neat  bound- 
ary on  either  hand,  resembling  the  parts  near  the  measured 
lines  as  tbey  pass  along  ;  an  example  of  which  will  be  giyen 
further  on,  in  the  method  of  surveying  a  large  estate. 

Ip  smaller  surveys  and  measurements,  a  good  way  of  set- 
ting down  the  work,  is  to  draw  by  the  eye  on  a  piece  of  pa- 
per, a  figure  resembling  that  which  is  to  be  measured ;  and  so 
writing  the  dimension^,  as  they  are  found,  against  the  corres- 
ponding parts  of  the  fif^ure.  And  this  method  m»y  be  prac- 
tised to  a  considerable  extent,  even  in  the  larger  surveys. 

Another  specimen  of  a  field-book,  with  its*  plan,  n  as  fol- 
lows ;  being  a  single  field,  surveyed  with  the  chain,  and  the 
theodolite  for  taking  angles :  which  the  pupil  will  likewise 
draw  of  a  larger  size. 
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SECTION  III. 

OF  COMPUTING  AND   DIVIDING. 

PROBLEM  XVI. 

To  Compute  the  Contents  of  Fields. 

1.  CoMFUTB  the  cootentfl  of  the  figures  as  divided  into  tri- 
aDglee,  or  trapeziams,  by  the  proper  rules  for  these  figures 
laid  down  in  fneasoriog  ;  multiplying  the  perpendiculars  by 
the  diagonals  or  bases,  both  in  links,  and  divide  by  2  ;  the 
quotient  is  acres,  afler  having  cut  ofi*  five  figures  on  the  right 
for  decimals.  Then  bring  these  decimals  to  roods  and  perches, 
by  multiplying  first  by  4,  and  then  by  40.  An  example  of 
which  is  given  in  the  description  of  the  chain,  pag.  429. 

2.  In  small  and  separate  pieces,  it  is  usual  to  compute  their 
contents  from  the  measures  of  the  lines  taken  in  surveying 
them,  without  making  a  correct  pLm  of  them. 

3.  In  pieces  bounded  by  very  crooked  and  winding  hedges, 
measured  by  offsets,  all  the  parts  between  the  offsets  are  most 
accurately  measured  separately  as  small  trapezoids. 

4.  Sometimes  such  pieces  as  that  last  mentioned,  are  com- 
puted by  finding  a  mean  breadth,  by  adding  all  the  ofisets  to- 
gether,  and  dividing  the  sum  by  the  number  of  them,  account- 
ing that  for  one  of  them  where  the  boundary  meets  the  sta- 
tion-lme,  (which  increases  the  number  of  them  by  I,  for  the 
divisor,  though  it  does  not  increase  the  eum  or  quantity  to  be 
divided)  :  then  multiply  the  length  by  that  mean  breadth. 

6.  But  in  larger  pieces  and  whole  estates,  consisting  of  many 
fields,  it  is  the  common  practice  to  make  a  rough  plan  of  the 
whole,  and  from  it  compote  the  contents,  quite  independent 
of  tKe  measures  of  the  lines  and  angles  that  were  taken  in 
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survey  log.  For  then  new  liDes  are  drawn  io  the  fields  on  the 
plan,  80  HB  to  divide  them  into  trapeziums  and  triangles,  the 
bases  and  perpendiculars  of  which  are  measured  on  the  plan 
by  means  of  the  scale  from  which  it  was  drawn,  and  so  multi- 
plied together  for  the  contents.  In  this  way,  the  work  is  very 
expeditiously  done,  and  sufficiently  correct ;  for  such  dimen- 
sions are  taken  as  afford  the  most  easy  method  of  calculation  ; 
and  among  a  number  of  parts,  thus  taken  and  applied  to  a  scale, 
though  it  be  likely  that  some  of  the  parts  will  be  taken  a  small 
matter  too  little,  and  others  too  great,  yet  they  will,  on  the 
whole,  in  all  probability,  very  nearly  balance  one  another, 
and  give  a  sufficiently  accurate  result.  AAer  all  the  fields  and 
particular  parts  are  thus  computed  separately,  and  added  all 
together  into  one  sum  :  calculate  the  whole  estate  independent 
of  the  fields  by  dividing  it  into  large  and  arbitrary  triangles 
and  trapeziums,  and  add  these  all  together.  Then  tf  this  sum 
be  equal  to  the  former,  or  nearly  so,  the  work  is  right ;  but  if 
the  sums  have  any  considerable  difference,  it  is  wrong,  and  they 
must  be  examined,  and  re-computed,  till  they  nearly  agree. 

6.  But  the  chief  art  in  computing,  consists  in  finding  the 
contents  of  pieces  bounded  by  curved  or  very  irregular  lines, 
or  in  reducing  such  crooked  sides  of  fields  or  boundaries  to 
straight  lines,  that  shall   inclose  the  same  or  equal  area  with 
those  crooked  sides,  and  so   obtain  the  area  of  the  curved 
figure  by  means  of  the  right  lined  one,  which  will  commonly 
bo  a  trapezium.     Now  this   reducing   the  crooked  sides  to 
straight  ones,  is  very  easily  and  accurately  performed  io  this 
manner  :  — Apply   the  straight  edge  of  a  thin,  clear  piece  of 
lanthorn-horn  to  the  crooked  line,  which  is  to  be  reduced,  in 
buch  a  manner,  that  the  small  parts  cut  off  from  the  crooked 
figure  by  it,  may  be  equal  to  those  which  art*  taken  in  :  which 
equality  of  the  parts  included  and  excluded  you  will  presently 
be  able  to  judge  of  very  nicely  by  a  little  practice  :  then  with 
a  pencil,  or  point  of  a  tracer,  draw  a  line  by  the  straight  edge 
of  the  horn.     Do  the  same  by  the  other  bides  of  the  field  or 
figure.     So  shall  you  have  a  straight-sided  figure  equal  to  the 
curved  one  ;  the  content  of  which,  being  computed  as  before 
directed,  will  be  the  content  of  the  crooked  figure  proposed. 
Or,  instead  of  the  straight  edge  of  the  horn,  a  horse  hair, 
or  fine  thread,  may  be  applied  across  the  crooked  sides  in  the 
same  manner  :  and  the  easiest  way  of  using  the  thread,  is  to 
string  a  small  slender  bow  with  it,  either  of  wire  or  cane,  or 
whalebone,  or  such  like  slender  elastic  matter  ;  for  the  bow 
keeping  it  always  stretched,  it  can  be  easily  and  neatly  appli- 
ed with  one  hand,   while  the  other  is  at  liberty  to  make  two 
marks  by  the  side  of  it,  to  draw  the  straight  line  by. 

EXAMPLE 
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Thus,  let  it  be  required  to  Bod  the  contents  of  the  same 
figure  as  in  Prob.  ix,  page  441,  to  a  scale  of  4  chains  to  on 
inch. 


Draw  the  4  dotted  straight  lines  ab,  bo,  cd,  da  ,  cutting  off 
equal  quantities  on  both  sides  of  them,  which  they  do  as  near 
as  the  eye  can  judge  ;  so  is  the  crooked  figure  reduced  to  an 
equivalent  right-lined  one  of  4  sides,  abcd.  Then  draw  the 
diagoual  bp,  which,  by  applying  a  proper  scale  to  it,  measures 
suppose  1266.  Also  the  perpendicular  or  nearest  distance 
from  A  to  this  diagonal,  measures  456  ;  and  the  distance  of  c 
from  it,  is  428. 

Then,  half  the  sum  of  456  and  428,  multiplied  by  the  dia- 
gonal 1256,  gives  555152  square  links,  or  5  acres,  2  roods, 
8  perches,  the  content  of  the  trapezium,  or  of  the  irregular 
crooked  piece. 

As  a  general  example  of  this  practice,  let  the  contents  be 
computed  of  all  the  fields  separately  in  the  foregoing  plaii 
in  page  452,  and  by  adding  the  contents  altogether,  the  whole 
sum  or  content  of  the  estate  will  be  found  nearly  equal  to 
10S|  acres.  Then,  to  prove  the  work,  divide  the  whole  plan 
into  two  parts,  by  a  pencil  line  drawn  across  it  any  way  near 
the  middle,  as  from  the  corner  /  on  the  right,  to  the  comer 
near  $  on  the  left ;  then  by  computing  these  two  large  parts 
separately,  their  sum  must  be  nearly  equal  to  the  former  sum, 
when  the  work  is  all  right. 

PROBLEM  XVII. 

To  Transfer  a  Plan  to  Another  Paper ^  ^c. 

After  the  rough  plan  is  completed,  and  a  fair  one  is  want- 
ed ;  this  may  be  done  by  any  of  the  following  methods. 

First 
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F%r$t  Method. — Lay  the  rough  plan  on  the  clean  paper, 
keeping  them  always  pressed  flat  and  close  together,  by  weights 
laid  CD  them.  Then,  with  the  point  of  a  fine  pin  or  pricker^ 
prick  through  all  the  corners  of  the  plan  to  be  copied.  Take 
them  asunder,  and  connect  the  pricked  points,  on  the  clean 
paper,  with  lines  ;  and  it  is  done.  This  method  is  only  to  be 
practised  in  plans  of  such  figures  as  are  small  and  tolerably 
regular,  or  bounded  by  right  lines. 

Second  Method. — Rub  the  back  of  the  rough  plan  over  with 
black-lead  powder  ;  and  lay  this  blacked  part  on  the  clean 
paper  on  which  the  plan  is  to  be  copied,  and  in  the  proper  , 
position.  Then,  with  the  blunt  point  of  some  bard  substance, 
as  brass  or  such-like,  trace  over  the  lines  of  the  whole  plan  ; 
pressing  the  tracer  so  much,  as  that  the  black  lead  under  the 
lines  may  be  transferred  to  the  clean  paper  ;  after,  which,  take 
off  the  rough  plan,  and  trace  over  the  leaden  marks  with  com- 
mon ink,  or  with  Indian  ink — Or,  instead  of  blacking  the 
rough  plan,  we  may  keep  constantly  a  blacked  paper  to  lay 
between  the  plans. 

Third  Method. — Another  method  of  copying  plans,  is  bj 
means  of  squares.  This  is  performed  by  dividing  both  ends 
and  sides  of  the  plan  which  is  to  be  copied  into  any  conveni- 
ent number  of  equal  parts,  and  connecting  the  corresponding 
points  of  division  with  lines  :  which  will  divide  the  plan  into 
a  number  of  small  squares.  Then  divide  the  paper,  on  which 
the  plan  is  to  be  copied,  into  the  same  number  of  squares, 
each  equal  to  the  former  when  the  plan  is  to  t>e  copied  of  the 
same  size,  but  greater  or  less  than  the  others,  in  the  propor- 
tion in  which  the  plan  is  to  bts  increased  or  diminished,  when 
of  a  different  Pize  Lai^tly,  copy  into  the  clean  squares  the 
parts  contained  in  the  corresponding  squares  of  the  old  plan  ; 
and  you  will  have  the  copy,  either  of  the  same  size,  or  great- 
er or  less  in  any  proportion. 

Fourth  Method. — A  fourth  method  is  by  the  instrument 
called  a  pentagraph,  which  also  copies  the  plan  in  any  size 
required. 

Fifth  Method. — But  the  neatest  method  of  any,  at  least  in 
copying  from  a  fair  plan,  is  thi.«.  Procure  a  copying  frame 
or  gUss,  made  in  this  m:mner  ;  namely  a  large  square  of  the 
best  window  glas^s,  set  in  a  broad  frame  of  wood,  which  can  be 
raised  up  to  any  angle,  when  the  lower  side  of  it  rests  on  a 
table.  Set  tbi:*  frame  up  to  any  angle  before  you,  facing  a 
strong  light ;  fix  the  old  plan  and  clean  paper  together,  with 
several  pins  quite  around,  to  keep  them  together,  the  clean 

paper 
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paper  being  laid  uppermost,  and  over  the  face  of  the  plan  to 
be  copied.  Lay  them,  wi(h  the  back  of  the  old  plan,  on  the 
glass  ;  namely,  that  part  which  you  intend  to  begin  at  to  copy 
tirst,  and  by  means  of  the  light  shining  -  through  the  papers 
you  will  very  distmrlly  perceive  every  line  of  the  plan 
through  the  clean  paper.  In  this  state  then  trace  all  the  lines 
on  the  paper  with  a  pencil.  Having  drawn  that  part  which 
covers  the  glass,  slide  another  part  over  the  glass,  and  copy 
it  in  the  same  manner.  rhen  cinotheir  part.  And  so  on,  till 
the  whole  is  copied.  Then  take  them  asunder,  and  trace 
all  the  pencil  lines  over  with  a  fine  pen  and  Indian  ink,  or 
^with  comm -n  ink.  And  thus  you  may  copy  the  finest  plan 
without  injuring  it  in  the  least. 


OF  ARTIFICERS'  WORKS. 

AKD 

TIMBER  MEASURING. 


1.  OF  THE  CARPENTER'S  OR  SLIDING  RULE. 

The  Carpenter's  or  Sliding  Rule,  is  an  instrument  much 
used  in  measuring  of  timher  and  artificers'  works,  both  for 
taking  the  dimen^^ions,  and  romputing  the  contents. 

The  instrument  non!«i!4t»<  of  two  equM  pieces,  each  afoot  in 
length,  which  arc  connected  toother  by  a  folding  joint. 

One  side  or  face  of  the  rule  i^  divided  into  inches,  and 
eighths,  or  half  quart ers*.  On  the  saOoe  face  also  are  several 
plane  scales,  divided  into  twelfth  parts  by  diagonal  lines; 
which  are  used  in  pi  uming  dimensions  that  are  taken  in  feet 
and  inches.  The  edge  of  the  rule  is  commonly  divided  de- 
cimally, or  into  tenths  ;  namely,  each  foot  into  ten  equal  parts, 
and  each  of  these  into,  ten  parts  again  :  so  that  by  means  of 
this  last  scale,  dimeoMions  areltaken  in  feet,  tenths,  and  hun- 
dredths and  multiplied  as  common  decimal  numbers*  which  is 

the  bei-t  way. 

On  ihe  one  part  of  the  other  fa«-e  are  four  Hoes,  marKed 
A,  B.  c  D  the  two  middle  ones  b  and  t  being  on  a  slider, 
which  runs  in  a  groove  made  in  the  stock  The  same-^um- 
bers  serve  for  both  these  two  middle  lines,  the  one  bemg 
above  the  aambers,  and  the  other  below. 

Voj,.  I.  ^^  ^^^^ 
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These  four  linetf  are  logarithmic  ones,  and  the  three  a,  b, 
c,  which  are  all  equal  to  one  another,  are  double  lines,  as 
they  proceed  twice  oter  from  1  to  10.  Tlie  other  or  lowest 
line,  D,  i«  a  ^ibgle  one,  proceeding  from  4  to  40.  It  is  also 
called  the  (irt  line,  from  its  n«e  in  computing  the  contents 
of  trees  and  timben;  and  on  it  are  marked  wo  at  1715,  and 
iG  at  18*95,  the  wine  and  ale  gage  points,  to  make  this  in- 
strument serre  the  purpose  of  a  gaging  role. 

On  the  other  part  of  this  face,  there  is  a  table  of  the  value 
of  a  load,  or  60  cubic  feet,  of  timber,  at  all  prices,  from  6 
pence  to  2  shillings  a  foot. 

When  1  at  the  beginning  of  any  line  is  accounted  1,  then. 
the  I  in  the  middle  will  be  10,  and  the   fO  at  the  end    100  ; 
but  when  one  at  the  begining  is  counted    10,  then  the  one  in 
the  midille  is  100,  and  the  10  at  the   end  1000 ;  and  so  oo. 
Aod  all  the  smaller  divisions  are  altered  proportionally. 


II.  ARTIFICEr%S'  WORK. 

Artificers  compute  the  contents  of  their  works  by  several 
different  measures.     As, 

Glazing  and  masonry,   by  the  foot :  Painting,  plastering, 
paving,  &c.  by  the  yard,  of  9  square  feet ;  Flooring,  par- 
titioning, roofing,  tiling,  i&c.  by  the  square  of  J  00  square 
feet  : 
And  brickwork,  either  by  the  yard  of  9  square  feet,  or  by 
the  perch,  or  square  red  or  pole,  containing  37^^  square 
feet,  or  30^  square  yards,  being  the  square  of  the  rod 
or  pole  of  16  J  feet  or  64  yards  long. 
As  this  number  27tJ  is  troublesome  to  divide  by,  the  J  is 
often  omitted  in  practice,  and  the  content  in  feet  divided  onlv 
by  the  27ft.  ^  ^ 

All  works,  lirnetber  superficial  or  solid,  are  computed  by 
the  rules  proper  to  the  figare  of  them,  whether  it  be  a  trian- 
gle,  or  rectao^e,  a  paraltelopiped,  or  any  other  figure. 


IIL  BRICKLAYERS'  WORK. 

BAckworx  is  estimated  at  the  rate  of  a  brick  and  a  half 
thick.     So  that  if  a  wall  be  more  or  less  than  this  standard 
thickness,  it  must  be  reduced  to  it,  as  follows  : 

Multiply  the  superficial  content  of  the  wall  by  the  number 
of  half  bricks  in  the  thickness,  and  divide  the  product  by  3. 

The 
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The  dimensioos  of  a  build%g  piay  be  taken  bjr  measuriDg 
half  roand  on  the  outside  and  half  round  it  on  the  inside  ;  the 
sum  of  these  two  gives  the  compass  of  tbe  yvaM,  to  be  XQulti- 
plied  bj  the  height,  for  the  coo-tent  of  the  m^teri^ls. 

Chimneys  are  commonly  measured  as  if  they  were  solid^ 
deducting  only  the  vacuity  from  the  hearth  to  the  mantle,  on 
account  of  < he  trouble  o  f  them.  All  windows,  doors,  &c. 
are  to  be  deducted  out  of  the  contents  of  the  walls  in  whicli 
they  are  placed. 

EXAMPLES. 

Exam.  1.  How  many  yards  and  rods  of  standar.d  brick- 
work are  io  a  wall  whose  length  or  compass  is  67  feet  3  in- 
ches, and  height  24  feet  6  inches  ;  the  wall  being  2|  bricks 
or  6  half-bricks  thick  f  Ans.  6  rods,  17f  yards. 

Exam.  2.  Required  the  content  of  a  wall  62  feet  6  inches 
long*  and  14  feet  8  inches  high,  and  2^  bricks  thick  ? 

Ans.   169-753  yards. 
Exam.  3.     A  triangular  gable  is  raised  17^  feet  high,  on  an 
end  wall  whose  length  is  24  feet  9  inches,  the  thickness  being 
2  bricks  ;  required  the  reduced  content  ? 

Ans.  32  08|yafd8l 
Exam.  4.  The  end  wall  of  a  house  is  28  feet  10  i^qhes 
long,  and  56  feet  8  inches  high,  tathe  et^ves  :  20  feet  high  is 
^  bricks  thick,  other  20  feet  high  is  2  bricks  thick,  and  the 
remaining  Id  feet  8  inches,  if  1|  brick  thick;  above  whioh 
is  a  triangniar  gable,  of  1  brick  thick  :  which  rises  42  ooQVMi 
of  brickt,  of  which  tj^  4  counses  make  a  foot.  What  is 
the  whole  cooteol  in  •tanoard  oea^iwe  ?    Aas*  963*'6f  6  jraids* 


IV.  MASONS'  WORK. 

To  masonry  belong  all  sorts  of  fttone-work  ;  and  the  mea- 
sure made  use  of  is  a  foot,  either  superficisd  or  solid. 

Walls,  columns,  blocks  of  stone  or  marble,  &c.  are  measur- 
ed by  the  cubic  foot ;  and  pavements,  slabs,  chimney-pieces, 
&c.  by  the  superficial  or  square  foot. 

Cubic  or  solid  measure  is  used  for  the  materials,  and  square 
measure  for  the  workmanship. 

In  the  solid  measure,  the  true  length,  breadth,  and  thick- 
'  ness  are  taken,  and  multiplied  continually  together.  In  the 
superficial,  there  must  be  taken  the  length  and  breadth  of 
every  part  of  the  projection  which  is  seen  without  the  gene- 
ral upritbt  fece  ef  the  building. 

^  ^  .  nAiiiiua9. 
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EXAMPLES. 

Exam    1      Required  the  »o\\A  content  of  a  wall.  53  feet  6 

inches  ling.  >«  f*«'  ^  '»*=''*'  ^'^^'  ""**  *  '"*''l '*"*,'' 1.3  r-  » 

All?    1  ^W*  leet- 

ExAM.  t.  What  if*  the  solid  content  of  a  wall,  ihe  lei.gih 
being  44  feet  ti  inches,  height  lO  feel  9  in.  he*,  and  2  feet 
thick  ?  Anj«.  o  .  I  •iJ'36  teet. 

Exam.  3.  Required  the  value  of  a  ra.*rble  alub,  iit  8«  per 
foot ;  the  length  heii*g  &  feel  7  inches,  and  breadth  I  foot  10 

inches  ?  ^"*  ^'-  '*•  *^1*^- 

Exam.  4.  In  a  chimnejr  piece,  suppose  the 
length  of  the  mantle  and  slab,  each  4  leel  6  inches 
breadth  of  both  together  -         3  2 

length  of  each  jamb         -         "       ,^  ^ 

breadth  of  both  together  -       '  1  9 

Required  th^  superficial  content  ?         Ans.  21  feet  10  inches. 


V.  CARPEVTERS*   and  JOINERS'  WORK. 

To  this  branch  belongs  all  the  wood  work  of  a  hoo^e,  such 
as  flooring,  partitioninfE«  roo6ng,  &ic. 

Large  and  plain  articles  are  usually  measnred  hy  the  square 
foot  or  yard,  &c. ;  but  enriched  mouldings  and  some  other 
articles,  are  oflen  estimated  by  running  or  lineal  measure  ; 
and  some  things  are  rated  by  the  piece. 

In  measuring  of  JoiMs.  take  the  dimen^iions  of  one  joist, 
and  multiply  its  content  by  the  number  of  ihem  :  considering 
that  each  end  is  let  into  the  wall  about  |  of  the  thickness,  as 
I  tought  to  be. 

Partiitons  are  measured  from  wall  to  wall  for  one  di- 
meosioD,  and  from  floor  to  floor,  as  far  as  they  extend,  for  the 
other. 

The  meoBure  of  Centering  for  Cellars  is  found  by  making  a 
string  pass  over  the  surface  of  the  arch  for  the  breadth,  and 
taking  the  length  of  the  cellar  for  the  length  :  but  in  groin 
centering,  it  is  usual  to  allow  double  measure »  on  account  of 
their  extraordinary  trouble. 

/«  Roofings  the  dimensions  as  to  length,  breadth,  and  depths 
are  taken  as  in  flooring  joists,  and  the  contents  computed  the 
same  way. 

In  Floor-boarding,  take  the  length  of  the  room  for  one  di- 
mension, and  the  breadth  for  the  other,  to  multiply  together 
for  the  content. 

F0r  Skair'£a$e9f  take  the  breadth  of  all  the  steps^  by  making 

•  a  line 
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a  line  ply  cloip  over  them,  from  the  top  to  the  bottom,  sind 
multiply  the  length  of  this  line  by  the  length  of  a  step,  for 
the  whole  area.  -  By  the  length  of  h  step  is  meant  the  length 
of  the  front  and  the  returns  at  the  two  ends  ;  and  by  the 
breadth  is  to  be  understood  the  girts  of  Us  two  outer  surfaces, 
or  the  tread  and  riser. 

For  the  Balustrade,  take  the  whole  length  of  the  upper  part 
of  the  hand- rail,  and  girt  over  its  end  till  it  meet  the  top  of 
the  newel  post,  for  the  one  dimension  ;  and  twice  the  length 
of  the  baluster  on  the  landing,  with  the  girt  of  the  hand-rail, 
for  the  other  dimension. 

For  Wainscoting,' iake  the  compass  of  the  room  for  the  one 
dimension  ;  and  the  height  from  the  floor  to  the  ceiling,  mak- 
ing the  string  ply  close  into  all  the  mouldings,  for  the  other. 

For  Doors^  take  the  height  and  the  breadth,  to  multiply 
them  together  for  the  area. — If  the  door  be  panneled  on  both 
sides,  take  double  its  measure  for  the  workofanship  ;  but  if 
one  side  only  be  panneled,  take  the  area  and  it8  half  for  the 
vforkmiiush'ip.-For  the  Surrounding  Architrave,  girt  it  about  the 
uppermost  part  for  its  length  ;  and  measure  over  it.  us  far  as 
it  can  be  seen  when  the  door  is  open,  for  the  breadth. 

WindoW'shtUters^  Bases,  Sic.  are  measured  in  like  manner. 

In  measuring  of  Joiners'  work,  the  string  is  made  to  ply 
close  into  all  the  mouldings,  and  to  every  part  of  the  work 
over  which  it  passes. 

EXAMPLES. 

Exam.  1.  Required  the  content  of  a  floor,  48  feet  6  inches 
long,  and  24  feet  3  inches  broad  ?  Ans.  1 1  sq.  76|  feet.' 

Exam.  2.  A  floor  being  36  feet  3  inches  long,  and  16  feet 
6  inches  broad,  how  many  squares  are  in  it. 

Ans.  6  sq.  98|  feet. 

Exam.  3.  Huw  many  squares  are  there  in  i73  feet  10  inch* 
es  in  length,  and  10  feet  7  inches  height,  of  partitioning  ? 

Ans.  Iti'3973  squares. 

Exam.  4.  What  cost  the  roofing  of  a  house  at  lOs.  6d.  a 
square  ;  the  length  within  the  walls  being  5?  f<$et  8  inches, 
and  the  breadth-  30  feet  *>  inches  ;  reckoning  the  roof  |  of 
the  flat  ?  Ans.  12/.  Vis    lljti. 

KXAM. 
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Exam.  5.  To  how  much,  af  6f.  p«r  sqaare^yard,  RmoUDts 
the  wainKoUog  of  a  room  ;  the  height,  taking  in  the  cor- 
nice and  BooldingB*  heiog  It  feet  6  inches,  and  the  whole 
coopais  83  feet  8  inchei ;  also  the  three  window -shutters  are 
each  7  feet  8  inches  by  3  feet  6  inches,  and  the  door  7  feet 
hj  3  feet  6  inches  :  the  doors  and  shutters,  being  worked  on 
both  sidef ,  are  reckoned  work  and  half  work  ? 

Ans.  361.   I2t.  9^. 


VI.  SLATERS'  AND  TILERS'  WORK. 

In  these  articles,  the  content  of  a  roof  is  found  by  multi- 
plying the  length  of  the  ridge  by  the  girt  over  from  eaves  to 
eaves  ;  making  allowance  in  this  girt  for  the  double  row  of 
slates  at  the  bottom,  or  for  how  much  one  row  of  slates  or 
tiles  is  laid  over  another. 

When  the  roof  is  of  a  true  pitch,  that  is,  forming  a  right 
angle  at  top  ;  then  the  breadth  of  the  building,  with  its  half 
added,  is  the  girt  over  both  sides  nearly. 

In  angles  formed  in  a  roof,  running  from  the  ridge  to  the 
eaves,  when  the  angle  bends  inwards,  it  is  called  a  valley  ; 
but  when  outwards,  it  is  called  a  hip. 
•    Deductions  are  made  for  chimney  shafts  or  window  holes. 

EXABfPLES. 

Exam.  1.  Required  the  content  of  a  slated  roof,  the  length 
being  45  feet  9  inches,  and  the  whole  girt  34  feet  3  inches  ? 

Ana-  I74^yard8. 
Exam.  2.  To  how  much  amounts  the  tiling  of  a  house,  at 
25«.  6d.  per  square  ;  the  length  being  43  feet  10  inches,  and 
the  breadth  on  the  flat  27  feet  5  inches  ;  also  the  eaves  pro- 
jecting IG  inches  on  each  side,  and  the  roof  of  a  true  pitch  ? 

Ans.  24Z.  9s.  bfd. 


VII.  PLASTERERS'  WORK. 


Plasterbiis'  work  is  of  two  kinds  ;  namely,  ceiling,  which 
is  plastering  on  laths  ;  and  rendering,  which  is  plastering  on 
walls  ;  which  are  measured  separately. 


The 
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The  conteots  are  estimated  either  by  the  foot  or  the^yard, 
or  the  square,  of  100  feet.  loriched  moQldings,  &c.  are  rated 
by  running  or  lineal  measure. 

DeductiouH  are  made  for  chimneys,  doors,  windows,  &c. 

EXAMPLES. 

Exam.  1.  How  many  yards  contains  the  ceiling  which  is  43 
feet  3  inches  long,  and  ^b  feet  6  inches  broad.? 

Ans.  122^. 
Exam.  2.  I'o  how  much  amounts  the  ceiling  of  a  room,  at 
10(2.  per  yard  ;  the  length  being  21   feet  8    inches,  and  the 
breadth  14  feet  10  inches  ?  Ans.  \L  9^.  8}d. 

Exam.  3.  The  length  of  a  room  is  18  feet  6  inches,  the 
breadth  1 1'  feet  3  inches,  and  height  10  feet  6  inches  ;  to  how 
much  amounts  the  ceiling  and  rendering,  the  former  at  Qd,  and 
the  latter  at  3d  per  yard  ;  allowing  for  the  door  of  7  feet  by 
3  feet  8,  and  a  fire-place  of  b  feet  square  ? 

Ans.  1/.  IBs  3|d. 
Exam.  4.  Required  the  quantity  of  plastering  in  a  room, 
the  length  being  14  feet  5  inches,  breadth  13  feet  2  inches, 
and  height  9  feet  3  inches  to  the  under  side  of  the  cornice, 
which  girts  8j-  inches,  and  projects  5  inches  from  the  wall  on 
the  upper  part  next  the  ceiling  :  deducting  only  for  a  door  7 
feet  by  4  ? 

Ans.  63  yards  5  feet  3^  inches  of  rendering  * 

18  5         G  of  ceiling 

39      0|^  of  cornice. 


VIII.  PAINTERS'  WORK. 


Painters*  work  is  computed  in  square  yards.  Every  part 
is  measured  where  the  colour  lies  ;  and  the  measuring  line  is 
forced  into  all  the  mouldings  and  corners. 

Windows  are  done  at  so  much  a  piece.  And^it  is  usual  to 
allow  double  measure  for  carved  mouldings,  &c. 


EXAMPLES. 


Exam.  1.  How  many  yards  of  painting  contains  the  rooni 
which  is  66  ieet  6  inches  in  compass,  and  12  feet  4  inches 
high  f  Ans.  89f^  yards. 

Exam.  9.  The  length  of  a  room  being  20  feet,  its  breadth 

14  feet 
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14  feet  Cinches,  and   height  10  feet  4  inches  ;   how  many  '  1 

yards  of  painting  are  in  it,  deducting  a  6replace  of  4  feet  by 
4  feet  4  inches,  an  J  two  ivindows  each  6  feet  by  3  feet  t 
inches  ?  Ans.  13^  yards. 

RxAM.  3.  What  cost  the  painting  of  a  room,  at  6d.  per 
yard  ;  its  length  being  4  feet  6  inches,  its  breadth  16  fret  3 
inches,  and  height  12  feet  9  inches  ;  also  the  door  is  7  feet  by 
3  feet  6,  and  the  window  shutters  to  two  windows  each  7  feet 
9  by  5  feet  6  ;  but  the  breaks  of  the  windows  themselves  are 
8  feet  6  inches  high,  and  1  foot  3  inches  deep  ;  including  also 
the  window  ciiU  or  seat)*,  and  the  soffits  above,  tbedimensions 
of  which  are  known  from  the  other  dimensions  :  but  deduct- 
ing the  fire-place  of  6  feet  by  6  feet  6  ? 

Aqs.  3/.  3s,  lOfd, 


IX.  GLAZIERS'  WORK. 

Glazirrs  take  their  dimensions,  either  in  feet,  inches,  and 
parts,  or  feet,  tenths,  and  hundredths.  And  they  compute 
their  work  in  square  feet. 

'  In  taking  the  length  and  breadth  of  a  window,  the  cross  bars 
between  the  squares  are  included.  Also  windows  of  round 
or  oval  forms  are  measured  as  square,  measuring  them  to  (heir 
greatest  length  and  breadth,  on  account  of  the  »vaste  in  cut- 
ting the  glass. 

EXAMPLES. 

Exam.   1 .  How  many  square  feet  contains  the  window  which 

is  4  25  feet  long  and  ^76  feet  broad  ?  Ans.    I  J|. 

KxAM.    2    What    will  the    glazing  of  o  triangle  sky  light 

come  to,  at  lUd.  per  foot  ;   the  base    being  K  feet  6  inches, 

and  the  perpendicular  height  6  feet  9  inches  ? 

Ans.  U.  \bt   IJd. 
Exam.    3.   There  is  a  house  with  ihree  tiers  of  windows, 
three  windows  in  each  tier,  their  common  breadth  3  feet   1 1 
inches  : 

now  the  height  of  the  first  tier  is  7  feet    0  inches 

of  the  second  6  8 

of  the  third  6  4 

Required  the  expense  of  glazing  at  iW.  per  foot  ? 

Ans.  13/.  n*.  lOid. 

Exam. 
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Exam.  4.  Required  the  expense  of  glazing  the  windows  of 
a  house  at  ISci.  a  foot  ;  there  being  three  stories,  and  thretf 
windows  in  each  story  : 

the  height  of  the  lower  tier  is  7  feet  9  inches 
of  the  middle  6  6 

of  the  upper  5  3^ 

and  of  an  oval  window  under  the  door  1         10^ 
the  common  breadth  of  all  the  windows  being  3  feet  9  inches  ? 

Ans.  12/.  6«.  6d. 


X.   PAVERS'   WORK. 

Pavkrs*  work  is  done  by  the  square  yard.  And  the  con- 
tent is  found  by  multiplying  the  length  by  the  breadth. 

EXAMPLES. 

Exam.  1.  What  cost  the  paving  a  foot-path,  at  Ss,  4d,  a 
yard ;  the  length  being  35  feet  4  inches,  and  the  breadth  8 
feet  3  inches  ?  Ans.  51.  1$  1  Hd. 

Exam.  2.  What  cost  the  paving  a  court,  at  35.  2d.  per  yard ; 
the  len^^th  \>eing  27  feet  10  inches,  and  the  breadth  14  feet  9 
inches  ?  .  Ans.  7/.  4f .  b^d. 

Exam.  3.  What  will  be  the  expense  of  paving  a  rectangular 
court  yard,  whose  length  is  63  feet,  and  breadth  45  feet ; 
in  wliich  there  is  laid  a  foot- path  of  5  feet  3  inches  broad^ 
running  the  whole  length,  with  broad  stones,  at  3f.  a  yard  ; 
the  rest  being  paved  with  pebbles  at  2».  6d»  a  yard  ? 

Ans.  40/  5f.  lO^d, 


XI.  PLyMBERS'  WORK. 

Plumbrrb'  work  is  rated  at  so  much  a  pound,  or  else  by 
the  hundred  weight  of «!!?  pounds: 

Sheet  lead,  used  in  roofing,  guttering,  &c.  is  from  6  to  10 
lb.  to  the  square  foot  And  a  pipe  of  an  inch  bore  is  common- 
ly 13  or  14  lb.  to  the  yard  in  length. 

EXAMPLES. 

Exam.  1.  How  much  weighs  the  lead  which  is  39  feet  6 
Vol.  1.  '60  incbei 
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.inchei  long,  and  3  fe«l  S  iochci  broad,  at  ^tb.  iaUtt  M|Dare 
foot  ?  Am.  lOSl^lb. 

Ekm.  S.  What  CMt  tfa«  coTering  and  gatterinc  a  rvof 
with  lead,  at  I  St.  the  cwt ;  the  1«Dgth  of  tb«  rooT  Midi  49 
feel,  nod  breadth  or  girt  orer  it  St  feet ;  the  gntteriDg  67 
feel  long,  aod  t  feet  wide  ;  the  former  9-831  lb.  and  the  Ut- 
ter 7-373  lb.  to  the  aquare  foot  ?  Am.  iiSl.  9t.  l\J. 


XII.   TIMBER  MEASURING. 

PROBLEM  I. 

Tifind  fkt  Area,  or  Superficial  ContaU,  of  a  Bwri  «r  Plattk. 

Mdltiplv  the  length  bj  the  mean  breadth. 

Nott.  When  the  board  ia  tapertng,  add  the  breadtbi  at  the 
two  enda  together,  and  take  half  the  turn  &r  (he  nean 
breadth.     Or  else  take  the  neao  breadth  in  the  middle. 

By  Am  Sliding  Rdt. 

&tX  12  on  B  to  the  breadth  in  in'che*  on  a  :  then  agwMt  the 
length  in  feet  on  b,  ii  the  cootent  en  a,  in  feel  and  fractional 
part«. 

EXAMPLES. 

Exam.  1.  What  is  the  value  of  a  plank,  at  Ud.  pet  foot. 

whose  length  ia  1 2  feet  6  incheB,  and  mean  breadth  1 1  in'diaa  ? 

Ana.  UM. 

KiiM.  2.  Required  the  conlrnt  of  a  board,  vrhote  length 

i;  1 1  leet  S  inches,  and  breadth  1  loot  10  inchei  t 

Am.  to  feet  b  inches  6". 

Euan.  3.  What  is  the  talne  of  a  plank,  which  is  12  feet   9 

inclieB  tcng,  and  I  foot  S  iocbes  broad,  at  2\d.  a  foot  %  ' 

Ans.  3t  3|rf. 

Kkak.  4.  Required  the  value  of  &  oaken  planks  at  3d.  per 

tbol,   uHchofthem  being  17^  feet  long  ;    and  I  be  ir  several 

breadths  as  follow),  namelj,  two  of  13^  inches  in  the  middle, 

one  of  H|  inches  io  the  middle,  and  the  two  reDaaining  ones, 

rarh  1 B  inches  atthe  broader  end.  and  11}  at  the  narrower  ^ 

Ana.  II.  5i.  ^4. 

PEOBLEM 
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FttOBUHII. 
Tojind  At  Solid  Content  of  Sqvrtd  or  Four-tidtd  Timhtr. 

Hni'Tm.v  tb«  meoo  breodtli  b;  the  mean  thicknau,  Ktd  the 
product  agva  b;  ihe  leogtb,  for  tb«  cootent  DMrly. 

By  Ot*  Sliding  Jbilc. 

CO  DC 

Aa  lengbt ;  18  or  10  ;;  quarter  g^rt  :  :  lolidUy. 

Thnt  is,  ai  the  length  in  feet  on  c,  ii  to  1 2  on  n,  when  the 

JMrter  ^rt  is  in  inches,  or  to  10  on  n,  when  it  is  in  tenths  of 
iet ;  so  li  the  qoarter  girt  on  d,  to  the  content  on  c. 

Ao(e  I.  irtbe  tree  taper  regnlarly  froai  the  one  end  to  the 
other  ;  eitber  take  the  mean  breadth  and  thickneH  in  the  mid- 
dle, or  lake  the  dimentions  at  the  tno  ends  and  half  their 
•«t»  will  be  the  mean  dimensiona  ;  which  mnltiplied  u  abore, 
will  gire  the  content  nearly. 

e.  ir  the  piece  do  not  taper  regularly,  but  be  nneatmlty 
tbiok  in  some  parts  ami  imiill  in  others  ;  take  aereral  difieteol 
dimenstoM,  add  them  all  t^ether,  and  divide  their  sum  by  the 
number  of  them,  lor  the  mean  dimentioiu. 

,  EXAMPLES, 

EiAN.  1.     the  leoxth  of  a   piece   of  timber  is  IS  kel  G 

inches,  the  breadths  at  the  greater  and  less  end  1  foot  6  inchen 

and  I  foot  3  inches,  and  the  thickness  at  the  greater  and  lc«i 

end  1  foot  3  inches  and  1   foot ;  required  the  solid  content  T 

Ads.  88feet7iuch<:e. 

ESAK.  S.  What  is  the  content  of  the  piece  of  timber,  whcue 
length  is  f4f  feet,  and  the  mean  breadth  and  thickness  each 
|-04feett  Ana.  £t>i  feci 

Gum.  3.  RequiredlhecoDtent  of  npieceoftimber,  nhose 
length  is  '20'88  feet,  and  ill  ends  nneqnal  squares,  the  sidci  ol' 
tba  greater  being  19^  inchea,  ud  the  side  of  the  less  <}i 
inches  1  Ans.  S9-76C2  reel. 

EiAH.  4.     Required  the  content  of  the  piece  of  limber 

whose  length  is  27-36  feel ;  at  the  greater  end  ihe  hreadih  ,g 

1  -78,  and  thickneaa  1  -23  ;  and  at    the  leas  end  the  breadth  j. 

1-04,  and  thickness  0-91  feet  ?  Ans,  41-278  feet 

PROBLEM 


i 
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Tojtnd  the  Soliditt/  of  Round  or  Untquartd  Timber. 

HvLTiFLv  the  vqusrc  of  the  qnarter  girt,  or  of  |  of  the 
mean  circumfereDce,  by  the  length,  for  the  coDleot. 

By  tht  Sliding  Rvlt. 

Aft  the  length  npon  c  :   12  or  10  apono  : 

quarter  girt,  in  ISths  or  lUlhi,  on  d  :  coDtent  one. 

Able  1.  Whei)  the  tree  ii  tapering,  take  the  mean  dimen- 
■iODS  as  in  the  (otiaer  problem»,  either  bjr  girling  i[  in  the  mid- 
dle, for  the  mean  girl,  or  al  the  two  endi,  and  lake  half  (he 
■nm  of  the  two  ;  or  by  girting  it  in  tereral  placea,  then  adding 
all  the  girta  together,  tuA  dividing  the  sum  bjr  the  number  of 
tbem.  for  the  mean  girt.  But  nben  the  tree  in  very  irrega- 
lar,  divide  it  intoaeveral  leogtfaa,  and  find  the  content  of  eacb 
part  separately. 

2.  This  rule,  which  is  commonly  used,  gt*e!>  the  ^nstrer 
aboat  j-  leai  than  the  true  quantity  in  tfie  tree,  or  neanynhat 
the  quantity  would  be,  after  the  tree  is  hewed  squars  in  the 
ufluil  way  :  so  that  it  aeema  ioteoded  to  make  an  allowance 
for  the  squaring  of  the  tree. 

EXAMPLES. 

EzuM.  1.  Apiece  of  round  timber  being  9  feet  (<  inches 
long,  and  its  mean  quarter  girt42incheB  ;  what  is  the  cod- 
leotr  Ana.  Il6i  feet. 

I-:x*ii.  2.  The  length  of  a  tree  it  24  feet,  its  gin  at  the 
thicker  end  14  feet,  and  at  the  smaller  end  f  feet  ;  required 
thccDnteot  ?  Ans.  96  feet. 

FiiH.  3.  What  ia  the  content  of  a  tree,  whose  mean  girt 
ii  3-  la  feet,  and  length  14  feet  6  iochet  ? 

Am.  8-992?  feet. 

GxiiM    4.  Required  the  content  of  a  tree,  whose  length  is 

17^  feet,  which  girts  in  five  different  jd  aces  as  follows,  namely, 

in  the  first  place    9'4.1  feet,  in  the   second  7-92,    in  the  third 

£•16,  in  the  fourth  4-74,  and  in  the  fifth  S  16  ? 

'^1  Ans.  42-5]  9625. 
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CONIC  SECTIONS. 


DEFINITIONS. 


1.  Conic  Sbctioks  are  the  figore*  made  by  a  pUne  mtting 


S.  According  to  tbfl  different  potitions  of  the  cntting  ptaoe, 
there  ariiefi*e  different  figure*  or  •eclioni,  oamel;.  ■  triao- 
de,  a  circle,  an  ellipaii.  an  hyperbola,  and  a  parabola  :  the 
uireelaat  of  which  onl;  are  peculiarly  called  Conic  Sections. 

3.  If  the  catting  plane  paaa  throaxh 
the  rertei  of  the  cone,  and  any  part  of 
the  baw,  the  leclioQ  will  evidently  b« 
a  triangle  ;  as  tab. 


4.  If  the  plane  cut  (he  cone  parallel 
to  (he  base,  or  make  no  angle  with  it, 
the  aection  will  be  a  circle-';  as  abd. 


6.  The  lection  dab  it  an  ellipie 
when  the  cone  iacnt  obti<|uely  through 
both  lidea,  or  when  the  plane  ia  inclin- 
ed to  the  baae  in  a  leia  angle  than  the 
aide  of  the  cone  ia. 
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6.  The  •ectioD  it  a  parabola,  when 
tbe  cooe  is  cat  by  a  plaiie  parallel  to 
tbe  Bide  or  when  tbe  catting  plane  and 
tbe  aide  of  the  cone  make  eqaal  angles 


7.  The  aection  is  an  hyperbola,  when 
the  cutting  plane  makes  a  greater  angle 
with  the  base  than  the  side  of  the  cone 

kes. 


6.  And  if  aR  Hie  sides  of  tbe  cone 
be  conlioued  throagh  the  vertex,  form- 
ing an  opposite  eqaal  cone,  and  tbe 
plane  be  «l»o  con  tinned  to  ciit  tbe  op- 
posite cone,  this  latter  secttoo  will  be 
the  opposite  hyperbola  to  the  ibrmer ; 
as  vse. 


9.  The  Vertices  of  any  section,  are  the  points  where  the 
cutting  plane  meets  tbe  opposite  sides  of  the  cone,  or  the 
sides  c^  the  Terticle  triangular  section  ;  as  a  and  a. 

Hence  the  ellipse  and  the  opposite  hyperbolas  have  each 
two  vertices  ;  bat  the  parabola  only  one  ;  unless  we  consider 
the  other  as  at  an  infinite  distance. 

10.  The  Axis,  or  Transverse  Wameter,  of  a  conic  aeotion, 
is  the  line  or  distance  ab  between  tbe  vertices. 

Hence  tbe  axis  of  a  parabola  is  infinite  in  length,  Ab  being 
only  a  part  of  it. 


i 


Ellipse. 


DEFINITIONS. 
EUipM,  H;p«rboIu. 


1).  The  Centra  c  is  tkc  middle  of  the  axil. 

Hence  the  centre  of  a  parabola  U  iofioitely  diitant  from  the 
rertex.  And  of  an  eUipie,  the  aiii  and  centre  lie  within  tbe 
CDrve  ;  but  of  an  hyperbola,  wiltaoal. 

■e.  A  Dianeter  ii  anj  right  line,  at  is  or  db,  drawn 
through  the  centre,  and  terminated  oo  each  aide  bj  tbe 
curve  ;  and  the  estremiliea  of  (he  diameter,  or  iti  intersec- 
tiooa  with  the  corre  are  ila  vertices. 

HenCB  all  the  diumeten  of  a  parabola  are  parallel  to  (he 
axia.  and  infinite  in  length.  And  hence  alio  every  diameter 
of  the  ellipae  and  hjperbola  have  two  vertices  ;  but  of  the 
parabola,  ouly  one ;  unless  we  cousider  the  other  as  at  aa  infi< 
oite  diitance, 

IS.  The  Conjugate  to  anv  diameter,  is  tbe  hat  drawn 
through  the  centre,  and  pamllel  to  the  tat^at  of  tbe  curve  >t 
the  vertex  of  the  diameter.  So  ro  parallel  to  the  tangent  at 
D,  is  the  conjugate  to  de  :  end  bi,  parallel  to  the  tangent  at  a, 
i>  the  conjugate  to  ab. 

Hence  the  cocjt^ate  m,  of  the  axis  ab,  ii  perpendicular 
(o  it. 

14.  Ad  Ordinate  to  any  diameter,  is  a  line  parallel  to  its 
conjugate,  or  to  the  tangent  at  its  vertex,  and  tenDinated  by 
the  IOmeter  and  curve.  So  ox,  xl,  are  ordinates  to  tbe  ax- 
is AB  }  and  MR,  «o,  ordioalea  to  the  diameter  de. 

Hence  the  ordinates  of  the  axis  are  perpendicular  to  it. 

15.  Ad  Absciss  is  a  part  of  any  diameter  contained  between 
its  vertex  and  an  ordinate  to  it ;  as  ak  or  bk,  or  nn  or  br. 

Hence,  in  the  ellipse  and  hyperbola,  every  ordinate  has 
two  determinHle  abiicissei ;  but  in  tbe  parabola,  only  one  ; 
the  other  vertex  of  tbe  diameter  being  infinitely  distant. 

16.  The  farimeler  of  any  diameter,  is  a  third  propprtional 
(0  ttiat  diameter  and  its  conjugate. 
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17.  The  Focui  tfl  the  point  in  the  anis  where  the  ordinate 
is  equal  to  half  the  parameter.  As  k  and  l.  where  dk  or  ei. 
it  equal  to  the  semi-panuneier.  The  name  focua  being  given 
to  thi«  point  from  the  peculiar  propeHy  of  it  mentioned  m  the 
corol.  to  theor.  9  in  the  Elhpae  and  Hyperbola  following,  and 
to  theor. '6  in  the  Parabola. 

Hence,  the  ellipt- e  and  hyperbola  have  each  two  foci ;  Iwit 

the  parabola  only  one* 


i 


18  If  !>*«.  FBO,  be  two  opposite  hyperbolw.  h«Ting  ab  for 
their' first  or  transTerse  axis,  and  ab  for  their  second  or  con- 
oeate  a«is.  And  if  dae,  f  bg.  be  two  other  opposite  hyperbo- 
las havine  the  Mine  axes,  but  in  the  contrary  order,  namely, 
ab  their  fir.t  a.i*.  and  ab  their  second  ;  then  these  two  latter 
curves  dae.  fbg,  are  called  the  conjugate  hyperbolas  to  the 
two  former  dae,  fbg.  and  each  pair  of  opposite  curves  omta- 
allv  cooiuKate  to  the  other. 

10.  And  if  tonuents  be  drawn  to  the  four  vertices  of  the 
carves,  or  extremities  of  ihe  a«e»,  forming  the  mscribed  rect- 
angle HiKi.  ;  the  diagonals  hck.  icl,  of  this  rectangle,  are 
called  the  asymptotes  of  the  curves.  And  if  these  asymplotes 
intersect  at  richt  aogles.  or  the  inscribed  rectangle  be  a  square, 
or  the  two  axes  ab  and  ab  be  equal,  then  the  hyperbolas  are 
■aid  to  be  right-angled  or  equilateral. 

SCHOUUM. 

The  rectangle  inscribed  between  the  four  conjo^te  hy- 
perbolas is  sfmilar  to  a  rectangle  ci'C'""^"^  t^r  J^ 
rilip«e.  by  drawing  tangenU.  in  like  manner,  to  the  f?"  ex- 
tremities of  (he  two  axes  :  and  the  asymptotes  or  diagonals 
n  the  hyperbola,  are  analogous  to  tho.e  .n  the  «"«P»e.  ^"t" 
Ung  this  curve  in  simil.r  poinU.  and  making  that  pair  of 
conjugate  diameters  which  are  equal  to  each  other.  Also, 
the  whole  figure  formed  by  the  f.mr  hyperbolas,  is,  as  it 
were,  an  ellip.e  turned  inside  out,  cut  open  at  the  ""«»«- 
ties.  D.  E,  F,  G,  of  the  said  equal  conjugate  diametew,  and 
thojie  four  point*  drawn  out  to  an  infinite  distance  ;  «««»/- 
vature  being  turned  the  contrary  way.  bat  the  «"•  f  ^  »^ 
recuogle  pusing  through  their  extremiUes,  continuing  fix^^. 
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THEOREM  I. 

The  squares  of  the  Ordinates  of  the  Axis  are  to  each  other  as 

the  Rectangles  of  their  Abscisses. 

Let  ayb  be  a  plane  passing  through 
the  axis  of  the  cone  ;  aoih  another 
section  of  the  cone  perpendicular  to 
the  plane  of  the  former ;  ab  the  axis 
of  this  elliptic  section  ;  and  fg,  hi,  ordi- 
nates  perpendicular  to  it.  Then  it  will 
be,  as  Fo*  :  hi'  : :  af  .  fb  :  ah  .  hb. 

For,  through  the  ordinates  fo,  hi, 
draw  the  circular  sections  kol,  min, 

parallel  to  the  base  of  the  cone,  having  kl,  mn,  for  their  dia- 
meters, to  which  Fo,  hi,  are  ordinates,  as  well  as  to  the  axis 
of  the  ellipse. 

Now,  by  the  similar  triangles  afl,  ahh,  and   bfk,  bhv, 

it  is  AF  :  AH  :  :  FL  :  hn, 
and  FB  :  HB  :  :  KF  :  MB  ;  . 

hence,  taking  the  rectangles  of  the  corresponding  terms, 
it  is,  the  rect.  af  .  fb  :  ah  .  hb  :  :  kf  .  fl  :  mh  .  hn. 

Bat,  by  the  circle,  kf  .  fl  «  fg',  and  mh  .  bn  s=  hi*  ; 
Thereiore  the  rect.  af  .  fb  :  ah  .  bb  :  :  fo^  :  hi*.     ^.  b.  p. 


THEOREM  n. 


As  the  Square  of  the  Transverse  Axis  : 
Is  to  the  square  of  the  Conjugate      : ; 
So  is  the  Rectangle  of  the  Abscisses  ; 
To  the  Square  of  their  Oiilinate. 

Vol.  I.  ex  That 
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That  109  AB>  :  ab*  of 
iCc*  :  ac>  :  :  AD  •  DB  :  Dft' . 


J  or,  by  theor.  1,  ac  .  cb  :  ad  .  db  :  :  cb*  :  de»  j 


c  be  the  centre,  then  a6  .  eft  =*«  Ac^\  i&od  61  it  tile  «e* 

mi-coDJogate. 
Therefore  ac«  :  ad    .  db  :  :  ac*  :  d£«  ; 

6f,  by  permatatioD,  ac«  :  ac«  :  :  ad  .  db    :  d*»  ; 
or,  by  qeadrnpliDg,  ab»  :  ab*  :  :  ad  .  db    :  de*.  I^.  t,  i>. 

Corol.  Orbydiv.AB:—  :  t  ad  .  dB  or  ca«— Cd«  t  iw«. 

AB 

(hat  U,  Aft  :  p  : :  AD  .  db  or  ca« — cd«  :  de«, 

ab' 
^iierep  i8  the  ye^ameter  — ,  by  the  aefitntlon  df  it. 

That  if,  Aa  the  trauBveraei 
Is  to  its  parameter. 
So  10  the  rectangle  of  the  abscisses  i 
To  the  square  of  their  erdii^ate. 

THEOREM  in. 

B  the  Sqvare  of  the  Conjugate  Axis : 

.A  to  the  square  of  the  Traosyerse  Axis  : ; 

So  is  the  Rectangle  of  the  Abscisses  of  th«  Conjugate,  or  the. 
l^iffereoce  of  the  Squares  of  the  Seofti-conjugate  and  Dift- 
tance  of  the  Centre  from  any  Ordinate  of  that  Aids  : 
To  the  Square  of  their  Ordinate. 


i 


That  is, 
Ca«  i  CB«  :  :  ad  .  db  or  ca'-=— cd*  dt*. 


i'or,  draw  the  ordinate  bd  to  the  transverse  ab. 
Then,  by  theor.  «,  ea«  :  ca»  :;  db*  :  ao  »  tti  ojr  ca*  —  cD'r 

or ca»  :  CA'  ::  cd*  t  CA''*«<*ds*«  ■ 

But-    -     -    -     -  ca«  :CA»  ::  ca«  :  cA»,. 

iheref.  by  subtf.  -  ca«  :  oA«  ::  ca**^t)d*  or  ad  <  db  :  dfe*. 

k>  E.  p. 

CoroL 


x^fF  TBn  e(A.i#»$.  m 


{JoLT^.  U  If  two  clrdes  be  dfif cpl^^  op  tjhe  two  4^€|ii  up 
djiam^e]:a,  the  ^e  liuiQribed  iivitliHi  tfce  eUipae^  af^  Ahe  9(rtl?' 
c^irciiniacribed  ^boi^t  it ;  tb^n  90jOTdip9te  io  t^f  cirque  F>|i  J^e 
to  the  correspondiDg  ordinate  if^  (^e  ^HfyBe,  v  tha  f^^^^if 
•this  ordinate^  is  to  the  other  axis. 

t  Tlii^t  90,  CA  :  ca  : ;  PQ  :  jdk, 

aqd  ca  :  CA  : :  dg  :  d«. 
For*  by  the  nature  of  the  circlp,  ad  .  p?  !F.i>99  ;  Ahi^ref*  t\F 
the  natqre  of  the  ellipse,  ca*  :  ca'  ::  ao  .  db  or  do*  :  ps*, 

or  CA  :  ca  :  :  DO  :  oe. 
;in  like  manner,     -     -      ca  :  ca  : :  dg  :  de. 
Also,  by  equality,       -      p9  :  pc  or  cd  : :  de  or  pc  :  ^, 
Therefore  ego  is  a  continued  straight  line. 

Coroi  t.  Hence  also ,  as  the  ellipse  and  circle  a^re  madf  ap 
of  the  same  number  of  corresponding  ordinates,  which  are 
all  in  the  aaine  proportion  of  the  two  axes,  it  follows  -that 
the  areaii  of  the  whole  circle  and  ellipse,  as  also  of  any  like 
parts  of  themf  ^re  in  the  same  proportion  of  the  two  axes, 
or  as  the  f  q^re  of  the  diameter  to  the  rectangle  of  the  .two 
axes  ;  that  is,  the  areas  of  the  two  circles,  and  of  the  ellipse, 
are  as  the  square  of  each  axis  and  the  rectangle  of  the  two  ; 
and  therefore  the  ellipse  .is  a  me^n  proportional  between  the 
two  ci9x:Ie8. 

I  THEOREM  nr. 

The  Square  of  the  Distance  of  the  Focus  frciip  the  C^pfi;e. 

is  equal  to   the  Difference  of  the  Sc|uares  of  tt^e   Sepii- 

ates  ; 
Or,  tlye  Square  of  Uie  Distance  between  the  Foci,  is  equal  ip 

the  Difference  of  the  Sqaaree  <>f  the  (wo  Axes. 


That  if,  cr«  a=  ca«  -~-ca*, 
or  f(*  ffs  ab*  —  ah*. 


b 

For,  to  the  focas  r  draw  Abe  or4id«te  y^  ;  which,  )^  thf 
definition,  will  be  the  sefDi-param^ler.     Th^n,  by  the  |]\eturf  - 
of  tbec^rve        -        -       ca?  :  c^«  :  :  jCA^TriRJr,'  :  i^c*  ; 
and  by  the  def.  of  the  pam.  ca*  :  ca*  :      .     ca'        :  fe'  ; 
therefore    ...        ca*  =ssca*  —  cr*  ; 
and  by  addit.  and  sabtr.  cp*  ^ca*  -^  ca'  ; 

or,  by  doubling*  -     Ff*=»AB>  .— ab^  ;  r.  «.  p. 

CnroJ. 
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Carol.  1.  The  two  temi-ues,  and  the  focal  diitance  from 
the  centre,  ere  the  sides  of  a  right-angled  triangle  cr  a  ;  and 
the  distance  fa  from  the  focus  to  the  extremity  of  the  conjn- 
gate  ajtis,  is  =  ac  the  semi-transverse. 

Carol,  2.  The  conjugate  semi-axis,  ca,  is  a  meao  iJk>por- 
tional  between  af,  fb,  or  between  Af,  fa*  the  distances  of  ei- 
ther focus  from  the  two  vertices. 

For  ChP  S»  CA«  —  CF*   =  (ca+CF)  .  (cA  —  Cf)  =  AF  .  FB, 

THEOREM  V. 

The  sum  of  two  lines  drawn  from  the  two  Foci  to  meet 
at  anj  point  in  the  curve,  is  equd  to  the  Transverse 
Axis. 


That  is, 

FE  +  fe  s=s  AB. 


For,  draw  ag  parallel  and  equal  to  ca  the  semi-conjugate  t 
and  join  co  meeting  the  ordinate  de  in  h  ;  also  take  ci  a  4th 
proportional  to  cA,  cf,  en. 

Then,  bj  theor.  2.  ca«  :  ao«   : :  ca*  ~  cd»  :  oe«  ; 

and  by  sim.  tri.         ca«  :  aq*  : :  ca*  —  cd*  :  ao*  —  db'  ; 

consequently.  de*5=ag*  —  dh*  =aca*— dm*. 

Also  FD  i«  cf  CO  CD,  and  fd*  =1  cf*  —  2cf  .  cd  -!•  cd*  ; 
and,  by  right-angled  triangles,  fe*  =:  fd*  +  de*  ; 
therefore  I-e*  =  cf*  -f-  ca*  —  ^2cf  .  cd  +  cd*  —  dh*. 

But  by  theor.  4         cf*  +  ca*  =s  ca*, 
and  by  supposition,  2cf  .  cd  a:  2ca  .  ci  ; 
theref.  fe*  =  ca*  —  2ca  .  ci  +  cb«  —  dh*. 

Again,. by  supp.  ca*  :  cd*  :  :  cf*  or  ca*  —  ao*  :  ci«  i 

and,  by  eim.  tri.  ca*  :  cd*  :  :  ca*   —  ao*  :  cd*  —  dh*  ; 

therefore      -       ci*=:cd*  —  dh*  ; 

consequently      fe*  =ji  ca*  —  2ca  .  ci  +  ci* . 

And  the  rector  side  of  this  square  is  fe  =  ca  -«  ci  =sai. 

Id  the  same  manner  it  is  found  that  fs  :=:  ca  +  ci  =  ni. 
Conseq.  by  addit.  fe  -f-  fe  =  ai  -f-  bi  =  ab.  '    ^.  e.  d. 

CorojK 
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Cord*  1.  Hence  ci  orcA — pb  is  a  4tfa  .pro]>ortional  to  ca, 

CFy  CD. 

CoroL  2.  And  fs— fbss9ci  ;  that  is  the  difference  between 
two  lines  drawn  from  the  foci,  to  an>  point  in  the  conre,  is 
doable  the  4th  proportional  to  ca,  cf,  cd* 

CoroL  3.  Hence  is  derived  the  Common  method  of  de« 
scribing  this  curve  mechanically  by  points,  or  with  a  thread 
thus : 

In  the  transverse  take  the  foci  f»  f» 
and  any  point  i.  Then  with  the  ra- 
dii Ai,  Bi,  and  centres  r,  f,  describe 
arcs  intersecting  in  b,  which  will  be 
a  point  in  the  carve.  In  like  man- 
ner, assuming  other  points  i,  as  ma- 
ny other  points  will  be  found  in  the 
curve.  Then  with  a  steady  hand 
the  curve  line  may  be  drawn  through  all  the. points  of  inter- 
section B. 

Or,  take  a  thread  of  the  length  ab  of  the  transverse  axis, 
and  fix  its  two  ends  in  the  foci  f,  f,  by  two  pins.  Then  carry 
a  pen  or  pencil  round  by  the  thread,  keeping  it  always  stretch* 
ed,  and  its  point  will  trace  out  the  curve  line. 

THEOREM  VI. 

If  from  any  Point  i,  in  the  Axis  produced,  a  Line  il  be  drawn 
touching  the  curve  in  one  point  l^  and  the  Ordinate  lm 
be  drawn  ;  and  if  c  be  the  Centre  or  Middle  of  ab  : 
Then  shall  cm  be  to  ci  as  the  Square  of  am  to  the  Square 

of  AI. 


That  is, 
CM  :  ci  : :  am*  :  ai'» 


For,  from  the  point  i  draw  any  other  line  ibh  to  cut  the 
curve  in  two  points  c  and  h  ;  from  which  let  fall  the  perpen- 
diculars BD  and  HO  ;  and  bisect  oa  in  k. 

Then,  by  thep.  1,  ad  .  ob  :  ag  .  gb  :  :  Dr.*  :  oh*, 
and  by  sim.  triangles,  id*  :  ic*  ::de*  :  gh*  ; 
theref.  by  equality,  ad    db  :  ao  .  ob  :  :  id'  :  lo*. 

But  DB  =  CB  +  CD  =  AC  +  CD  =  AG  +  DC  —  CG  =  2cK  +  AO, 

and  GB  =  CB  —  CO  =  AC  —  CO  =  AD  +  DC  —  CO  ^  8cK  +  ad; 
theref.  ad  .  2ck  +  ad  .  ag  :  ag  .  2ck  -f  ad  .  ao  :  :  id*  :  lo*, 
and,  by  div.  dq     Sck  :  lo*  —  id*  or  do  ^  Sim  ::  ad  .  2cs  + 

AD  .  AG  :  ID*,  &V 


4fB 


WHW?  lECTIWS. 


or     AD  .  ScK  :  AD  .  2iK  :  :  Ai>  :  2ck  +  ad  .  ao  :  id'  ; 

sQidy  fagr  cottp.  cc  :  ftp  :  ;  AD  .  AG  :  id* 
or         -  CK  :  ci  :  :  Ap  .  Ao  :  Aif  • 


AD  •  ID  n|-  lA, 


But,  wImd  tlM  liae  ih,  by  reTol.viog  aboot  the  point  i,<«i 
into  the  positioii  of  the  tangent  il,  then  the  points  k  and  a 
meet  in  the  point  l,  and  the  points  d,  k,  o,  coincide  mitk  the 
poiat  M :  and  then  the  4att  propovtion  hecomet  pif  :  ci  :  : 
am'  :  Ai*.     Q.  a.  P. 


THEOREM  Ytl. 


If  a  Tangent  and  Ordinate  1>e  drawn  from  any  Point  in  ft^e 
CarTO,  pieeting  the  Tninsyerae  Af  it ;  the  Semi-transTerfie 
xf\\\  be  a  Mean  proportional  between  the  Distances  of 4t^ 
said  Two  Interpections  from  (he  C^nt^e. 


That  is, 
CA  is  a  mean  proportional  be- 
tween CD,  and  CT  ; 
ipt»0  CA,  cif.  fre  conliqu^  x 
pry)fM>fViofial9. 


For  by  theor.  6,  cd  :  ct  :  :  ad»  :  at*. 


that  is, 

or 

aod 

or 

or 

hence  - 

lilMl 


CD  :  CT  :  :  (ca — cd)«  :  (cr — ca)«, 

CD  :  CT  :  :  cd«+ca«  :ca*+ct«, 
:  cd«+ca«  :  CT«— cp», 
:  CD«  +CA«  :  (ct+cb)  •  dt, 
OT  :  :  CD*H-CA»  :  cd  .  dt+ct  .  dt, 
:  :  CD  .  DT  :  CT  •  dt, 

CD  :  CT. 


CD 
CD 

cd' 

CD* 
CD* 


DT  : 
OT  : 
:  CD. 
:  CA* 
:  CA* 


th.er?fqre.fth.  79,  Geoip.ycp  :  ca  :  ;  pA  :  <3T.  A^.^^P- 

Gsro/.  Since  ct  js  alv^yH  n  third  proportiaiVBil  |o  ^,  .ca  ; 
if  the  points  d,  a,  i^maiQ  cAnslapt,  th^n  nrill  4|ie  ;p9ipt  T  he 
constant  also  ;  ^dtb^refoi^  all  the  taqgfenU  will.^ieAt^  tJm 
DQidS  T,  which  are  drawn  Jrpm  the  point  ^,  of  ctveryr^lfpH^ 
.dAscrihed  on  Hbe  sime  ^^js  ab.,  iyb?re  they  ar^^^ut  jiy  fflie 
Qamvtfp  ordinate  43^Fi]r^^  frvm  ifye  fj^int  p. 

TIICOMIM 
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If  thpers  l^e  amj  Taofeut  oMelir^  Four  PferptD^ctlOT*  to  tte 
Aiii  drawn  frotai  tfaeie  four  P4iB(i^maiii^^,  th^  Centfef  Uift 
tnrtf  Eztreiiriiies  of  the  Ajtfft^  iind  tbe  P^M  of  OnMM  f 
tboae  Fw#  Perpeddieiiliiiv  will  bv  {kioportionali. 


that  is, 
AG  :  OS  :  :  cH 


BI. 


For«  by  theor.  7,  tc  :  ac  :  :  ac  :  dc, 
theref.  by  diT.  ta  :  ad  :  :  tc  :  ac  ot  Cb, 

ited  by  comp.  ta  :  td  :  :  yg  :  tb, 

and  by  aim.  tri.         ao  :  de  :  :  gh  :  bi.  ^.  s.  £». 

and      TO.  TE.  TH.  T.    I    •«  »^»  proportional*. 
For  these  are  as  ao,  de,  ch,  bi,  by  similar  triaDgles.  ^ 

TiiEORCM  IX. 

if  (hei^  be  a&y  TangenC,  ahd  ti?o  Lines  dni#n  from  the  iTot^ 
to  the  Poi6t  of  Conttot  ^  th^se  (tvo  Linea  Will  make  eqotf 
Angles  With  thfe  Tdng^nt. 


That  is, 
(he  ^rBT=^fB«. 


For,  draw  the  ordihflt^  hB,  add  fe  {larallel  tO  ft.- 
if  cor.  I ,  thetrr.  d,     ca  :  cd  :  :  or  :  ga  -^  t>B, 
ami  hf  theof*.  t,  ca  ;  cd  :  :  gt  :  ca  ; 

therefore  ct  i  gf  :  :ca  :  ca— fe  ; 

and  by  add.  and  sub.  tf  :  Tf  :  :  fe.:  Sca  — pe  or  fsby  th.  5« 
Bat  bV  simp.  tri.         tf  :  xf  :  :  Fe  :  fe  ; 
thereiore  feasfe,  and  oobseq.         jL^aa^f^gm. 

'FE  is  parallel  tofe,  the  ^e«*£.ri£T  ; 
^FET=»^fke. .       •  <i.  E.  t>. 

CoroL 


l^dt,  because 
therefore  the 
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Cofid.  Am  opticians  find  that  the  angle  of  ipcidence  is  equal 
lo  the  angle  of  reflection,  it  appears  from  this  theorem,  that 
rays  of  light  issuing  from  the  one  focus,  and  meeting  the  curve 
in  every  point,  will  be  reflected  into  lines  drawn  from  those 
poinU  to  the  other  focus.  So  the  ray  fis  is  reflected  into  fb. 
And  this  is  the  reason  why  the  points  f.  f,  are  called  the/act, 
or  buming'points. 

THEOR£M*X. 

All  the  ParpiUelograms  circumscriled  about  an  Ellipse  are 
equal  to  one  another,  and  each  equal  to  the  Rectangle  of 
the  two  Axes. 


That  is, 
the  parallelogram  p^rs^ 
the  rectangle  ab  .  ab. 


Let  EG,  eg,  be  two  conjugate  diameters  parallel  to  the 
sides  of  the  parallelogram,  and  diyidiog  it  into  four  less  and 
equal  parallelograms.  Also,  draw  the  ordinates  de,  de,  and 
ox  perpendicular  to  f%  ;  and  let  the  axis  ca  produced  meet 
the  sides  of  the  parallelogram,  produced  if  necessary,  in  t 
and  t. 

Then,  by  theor.  7,         ct  :  ca 
and  ct  :  ca 

theref  by  equality,       ct  :  ct 
but,  bv  sim.  triangles,  ct  :  ct 
theref  by  equality,       td  :  cd 
and  the  rectangle. 
Again,  by  theor.  7. 
or,  by  division, 
and  by  composition, 
conseq.  the  rectangle 
But,  by  theor.  2, 
therefore 


CA 
CA 

cd 

TD 
CD 


CD, 

cd  ; 

CD  ; 

CD, 

CD, 


TD 
CD 

CD 

CD 

CD 

CA» 

CA  : 


.  DC  is  =  the  square  cd^^ 
:  CA  :  :  CA  :  ct, 

CA  :  :  DA  :  at, 

DB  :  :  AD  :  DT  ; 

pT=cd'  =  AD  .  DB*. 

:  ca«  :  :  (ad  .  db  or)  cd«  :  de*  , 
ca  :  :  cd  :  DB  ; 


*  CoroL  BecaiUQ  cd' 
therefim      ca' 
IH  like  manner,        (^ 


AD  .  DB 


CA" 

CD^ 


CD*, 


Ifr 
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(n  like  manner, 
or 

But,  by  theor.  7, 
theref.  by  equality, 
Bat,  by  sim.  tri. 
theref.  by  equality, 
and  the  rectangle  ck 
But  the  rect.         ck 
theref.  the  rect.  ca 
coDseq.  the  rect.  ab 


CA 

ca 

CT 
CT 
CT 
CK 


ca 
de 
CA  :: 

CA 
CK 
CA 


de, 

CD. 

CD  ; 
de. 
de  ; 
ce. 


CD 
CA 
CA 

ca 

ce 

ca 

ce  =  CA  .  ca. 

ce  :=  the  parallelogram  cEpe> 
ca  =  the  parallelogram  cEpe, 
ab  ==  the  parallelogram  f^rs.    ^.  e.  d. 

THEOREM  XI. 


The  Sum  of  the  Sqaareg  of  every  Pair  of  Conjugate  Diame- 
ters, 18  equal  to  the  same  constant  Qjoantity,  namely,  the 
Sum  of  the  Squares  of  the  two  Axes^ 


That  is, 
>B«  +  aba  -s  EQi  4-  ega  ; 
where  eg,  eg,  are  any  pair  of  con- 
jugate diameters. 


For,  draw  the  ordinates  ed,  ed. 
Then,  by  cor.  to  theor.  10,    ca>  =&  cd>  +  cd>, 
and    -         -        .         -  ca*  =  de*  +  de«, 

therefore  the  sum        ca*  +  ca*  =:  cd*  +  de*  +cd*  +de« . 
But,  by  right-angled  As,      ce*  ^  cd*  +  de*. 


and    - 
therefore  the  sum 
consequently    - 
or,  by  doubling, . 


ce«  =  cd*  +  de*  , 
CB*  +  ce*  =  CD*  +  DE*  +  cd«-|-de*. 
CA*  +  ca*  a=  CE*  -t-  CE«  ; 

AB*  +  «1>*  =**  EG*    4-  eg*»  ••  ^'  D. 

THEOREM  Xn. 


The  differeBce  between  the  Semi-transTorse  and  a  Line  drawn 
from  the  Focus  to  any  point  in  the  Curve,  is  equal  to  a 
Fourth  Proportional  to  the  Semi-transverse,  the  distance 
from  the  Centre  to  the  Focus,  and  Distance  from  the 
Centre  to  the  Ordinate  belonging  to  tb9t  Point  of  the 
Curve. 


Vol.  I- 
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That  i», 

AC FE  =s  d,  or  FE  =  Ai  ; 

md/E  -  AC  «  CI,  or/E  =  bi. 
Where  ca  :  cf  : :  cd  :  ci  the  4lh 
proportieoal  to  ca,  cf,  cd. 


For,  draw  ao  parallel  and  eqtial  to  ca  the  semi-conjogate  ; 
and  join  CG  meeting  the  ordinate  dk  '\m  h. 
Then,  hy  theor.  2  ca«  :  ao^  ::   ca«  -    cd>  :  de«  : 
and,  by  aim.  tri.     ca«  :  ag»  ::   ca*   —  cd>  :  ag«  -dh«  ; 
coDseqaently         de»=»ag«  —  dh»   =  cfl«  — dh*, 
Ahio  FD  «=  CF  c/5  CD,  and  fd«  ^  cf*    -  2cf  .  cd+cd»  ; 
bat  by  right-angled  trianglei,  fd«   +  de«  =fe»  ; 
therefore  fe«  ^  cf«  +  ca»  -  2cf  .  cd  +cd>  — dh«. 
Bat  by  theor.  4,       ca«  +  cf  «  ca>  ; 
and,  by  sappoeitien,  2cf    .  cd  =  2ca  .  ci  ; 
tberef.  fb«=ca«  —  2ca    .   ci  +  cd«— dh«  ; 
But  by  sappoaition,  ca»  :  c»>  ::  cf»  orcA«  -ao*  :  ci«  ; 
aad.by  sink  tri.         ca«  :  cd«  ::  ca«  —  Ae«  :  cd«  -dh«  ; 
therefore  -     -     -     ci«— cd»      dh»  ; 
conaeqnently   -     -   fe*s=ca«— 2ca  .  ci  +  ci«. 
And  the  root  or  aide  of  thin  square  is  pe  =  ca  —  ct  »  ai. 
Id  the  same  manner  is  foand/s  —  ca  -|"  ci  s=  hi.        4.  ■.  i>. 

THEOREM  XIU. 

If  a  Line  be  dravrh  from  either  Focas,  Perpendicalar  to  a 
Tangent  to  any  Point  of  the  cnrFe  ;  the  Distance  of  their 
Intetsection  irom  the  Centre  will  be  eqaal  to  the  Semi- 
transyerse  Axis. 


That  is,  if  FP,/p 
be  perpendicalar  to 
the  tangent  TPp, 
then  shall  cf  and  cp 
be  each  eqaal  to  ca 
erca* 


For, 
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For,  throagh  the  poiot  of  contact  e  draw  rs,  rdJ/e  meet- 
iog  Fp  produced  in  o.  Then,  the  ^oeps^fep,  being  each 
eqaal  to  the  ^/Ep,  and  the  angles  at  p  being  right,  and  the  side 
FB  being  common,  the  two  triangles  oep,  fep  are  equal  in  all 
respects,  and  so  oe:=fb,  and  ap=FP.  Therefore,  since  fp= 
|fg,  and  fc=|f/,  und  the  angle  at  f  common,  the  side  cp  will 
be  ={fe  or  ^AB,  that  is  cp=sca  or  cb.  And  in  the  same  maB- 
ner  c/>=:ca  or  cb.     ^.  e.  d. 

CoroL  1 .  A  circle  described  on  the  transTene  axis,  at  a 
diameter,  will  pass  through  the  points  p,  /> ;  because  all  the 
lines  qA,  cp,  c/),  cb,  being  equal,  will  t>e  radii  of  the  circle. 

Carol,  2.  cp  is  parallel  to/E,  and  cp  parallel  to  fe. 

CoroL  3.  If  at  the  intersections  of  any  tangent,  with  the 
circumscribed  circle,  perpendiculars  to  the  tangent  be  drawn, 
they  will  meet  the  transverse  axis  in  the  two  foci*  That  is, 
the  perpeodiculari  pf,  j^/'give  the  foci  f,/. 

THEOREM  XIV. 

The  equal  Ordinates,  or  the  Ordinate*  at  equal  Distances 
from  the  Centre,  on  the  opposite  Sides  and  Ends  of  ao  El- 
lipse, have  their  Eitremities  connected  by  one  Right  Line 
passing  through  the  Centre,  and  that  Line  is  bisect^  by  the 
Uentre. 

That  is,  if  cd»co,  or  the  ordinate  dbsqb  ; 
then  shall  cbsch,  s^nd-BCH  will  be  a  right  lioe. 


S>^ 


For,  when  cd=co,  then  also  is  dbsor  by  cor.  f ,  th.  I. 
But  the  ^D=Zo.  being  both  right  angles  ; 
therefore  the  third  side  cbsbcb,  and  the  i^»GB«^«€Br, 
and  consequently  bcb  is  a  right  line. 


amf. 
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Corol.  1.  And,  conTersely»  tf  ECH  be  a  right  Uoe  passiDg 
through  the  centre  ;  then  shall  it  be  bisected  by  the  centre, 
or  have  ce  =  ch  ;  alio  de  will  be  =  gh,  and  cd  =  cg. 

Corol,  9.  Hence  also,  if  two  tangents  be  drawn  to  the  two 
eadi,  E,  H  of  any  diameter  bb  ;  they  will  be  parallel  to  each 
other,  and  will  cat  the  axis  at  equal  angles,  and  at  equal  dis- 
tances  from  the  centre.  For,  the  two  cd,  ca  being  equal  to 
the  two  CO,  cB,  the  third  proportionals  ct,  cs  will  be  equal 
also ;  then  the  two  sides  ce,  ct  being  equal  to  the  two  ch, 
cs,  and  the  included  angle  ect  equal  to  the  included  angle 
Bcs,  all  the  other  corresponding  parts  are  equal :  and  ^o  Uie 
^T=:^8,  and  TB  parallel  to  hs.  **^ 

Corol.  3.  And  hence  the  four  tangents,  at  the  four  extremi- 
ties of  any  two  conjugate  diameters  form  a  partlleiogram  cir- 
cumscribing the  ellipse,  and  the  pairs  of  opposite  sides  are 
each  equal  to  the  corresponding  parallel  conjugate  diameters. 
For,  if  the  diameter  eh  be  drawn  parallel  to  the  tangent  tb  or 
HS,  it  will  be  the  conjugate  to  eh  by  the  de6nition  ;  and  the 
tangents  to  e,  h  will  be  parallel  to  each  other,  and  to  the  dia- 
meter EH  for  the  same  reason. 

tHGOREM  XV. 

if  two  Ordinates  kd^  ed  be  drawn  from  the  extremities  b,  e 
of  two  Conjugate  Diameters,  and  Tangents  be  drawn  to 
the  same  Extremities,  and  meeting  the  Axis  produced  in  r 
and  R  ; 

Then  shall  cd  be  a  mean  proportional  between  cd^  c^r, 
and  cd  a  mean  proportional  between  cd,  dt. 


For,  by  theor.  7, 
and  by  the  same, 
theref.  by  equality. 
But  by  sim.  tri. 
theref.  by  equality, 
In  like  manner, 


CD  :  CA  :  :  ca  :  ct, 

s 

cd  :  CA  :  :  ca  :  CR  ; 

ct>  i  cd  :  :  cr  :  ct, 

DT  i  cd:  :  CT  :  CR  ; 

cv  :  cd  :  :  cd  :  dt. 

cd  :  cv  :  :  cd  :  dR, 

^.  E.  D. 

Corol, 

1 


DT  : 

DC  : 

DE, 

c^R  : 

dc  : 

dB. 

CA  :  : 

CA  : 

CT, 

CA  :  : 

AD  : 

AT, 

DB  :  : 

AD  : 

DT, 

DT  :  : 

DC  : 

DB. 

dR  :  : 

dc  : 

<2b. 
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CoroL  J.  Hence  cd  :  cc^  :  :  cr  :  ct« 

CoroL  2.  Hence  also  cd  :  cd  :  :  de  :  de. 
And  the  rectangle  cd  .  de=c({  .  de,  or  Acde=  Acde. 

CoroL  S.  Also  cd*  =cd  .  dt, 
and  CD*  =cd  .  dR, 
Or  cd  a  mean  proportional  between  cd,  dt  ; 
and  CD  a  mean  proportional  between  cd,  da. 

THEOREM  XVI. 

The  same  Figure  being  constmct^  as  in  the  last  Theorem, 
each  Ordinate  will  divide  the  Axis,  and  the  semi-axis  added 
to  the  external  Fart,  in  the  same  Katio. 

[See  the  last  fig.] 

That  is,  DA 

anddA 

For,  by  theor.  7,  cd 

and  by  di?.  cd 

and  by  comp.  cd 

or, DA 

In  like  manner,  ^    dA  :  dR  :  :  dc  :  ds.  q,,  St  d. 

CoroL  1.  Hence,  and  from  cor.  3  to  the  last,  it  is, 

cd*=:CD  .  »T=AD  .  DB=CA«  —CD", 

CD*— CD  .  dRs^Ad  .  dB=CA«  — cd*. 
Corol,  2.  Hence  also,  c A*  =CD*+cd*, 

and  ca*  =de*  +dc* . 

CoroL  3.  Further,  because  ca*  :  ca*  : :  ad  .  db  or  cd^  :  de*  , 

therefore  ca  :  ca  :  :  cd  :  de. 
likewise  ca  :  ca  :  :  cd  :  d«. 

THEOREM  XVn. 

If  from  any  Point  in  the  Curve  there  be  drawn  an  Ordinate, 
and  a  Perpendicular  to  the  Curve,  or  to  the  Tangent  at  that 
point ;  Then,  the 
bist.  on  the  Trans,  between  the  Centre  and  Ordinate,  cd  : 

Will  be  to  the  Dist.  pd  :  :  ^    _,-^ 

As  sq.  of  the  Trans.  Axis  : 

To  sq.  of  the  Conjugate. 

That  is, 
OA*  :  ca*:  :  »c  :  dp. 


For, 


n 
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For,  by  theor.  2,  ca*  :  caa  :  :  ad  .  pb  :  db,  i 

Bat,  by  rt.  angled  as,  the  rect.  td  .  dp=db*  ;  ; 

aod,  b^  cor.   I,  tbeor,  16.  cd  .  dtssad  .  db  ;  '; 

therefore     -     -     ca«  :  ca*  :  :  td  •  dc  :  td  .  dp, 

or AC*  :  ca*  ;  :  dc  :  dp.       «i.  e.  d. 

1 

THEOREM  XYIIL 

If  there  be  Twro  Tangents  drawn,  the  One  to  the  Extremity 
of  the  Trnnsverse,  and  the  other  to  the  Extremity  of  any 
other  diameter,  each  meeting  the  other's  diameter  produc- 
ed ;  the  two  Tangential  Triangles  so  formed  will  be  eqaal. 


That  is, 

the  triangle  cET=the 

triangle  can. 


For,  draw  the  ordinate  de.     Then 
By  fiim.  triangles,  cd  :  ca  :  :  ce  :  en  ? 
but,   by  theor.  7,  cd  :  ca  :  :  ca  :  ct  ; 
tberef.   by  equal,  ca  :  ct  :  :  ce  :  ch. 

The  two  triangles  ckt.  can  have  then  the  angle  c  common, 
and  the  sides  about  that  angle  reciprocally  proportional ;  those 
triangles  are  therefore  equal,  namely,  the  acet=7:.Acaii. 

CoroL   ].     From  each  of  the  equal  tri.  CET,  CAir, 
take  the  common  space  cafe, 
and  there  remains  the  external  Apats=  Apne. 

Corol.  2.  Also  from  the  equal  triangles  cbt,  can, 
take  the  common  triangle  ced,  - 

and  there  remains  the  ziTED=tr«pez.   anep. 

THEOREM  XIX. 

The  same  being  supposed  as  in  the  last  Proposition  ;*then  any 
Lines  k^,  qg,  drawn  parallel  to  the  two  Tangents^ shall  also 
cut  off  equal  Spaces.     That  is, 
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ANHG*  :  K^O. 


AK^G  =  trapez,  ahhg, 
andAK^g^trapez,  Ankgt 


For  draw  the  ordinate  de.-    Aen 
The  three  sim.  triangles  cAir,  cde,  cob, 
are  to  each  other  as         ca*, cd*, co'  ; 
tb.  by  div.  the  trap,  ankd  ;  trap,  arho  : :  ca>— cd'  :  ca'  -co*. 
But,  by  theor.  1,       de'  :  oq*  ; 

theref.  by  equ.  trap.ANEO  :  trap,  anhg-  : 
but,  by  fim  As,  tri.  tcd  :  tri.  k^o  : 
theref  by  equality,  ANKD  :  ted    : 

But,  by  cor.  2,  theor.  18,  the  trap,  anedss  ^  trEo; 
and  therefore  the  trap,  anhg  =  a  k^^o. 
In  like  manner  the  trap.  Avhg  =  Zk  Kqg.     «   b.  d. 
Carol,  1.  The  three  spaces  aitho,  tehg,  k<io  are  all  equal. 
Corol.  2.  From  the  equals  anho,  kqg, 
take  the   equals  Avhg,  Kqg. 
and  there  remains  g/iHG^g^qcr 

CbroZ.  3.  And  from  the  equals  ghne^  =^7?9^g, 
take  the  common  space  gqLHo, 
and  there  remains  the  al^h  :=  *    Lqh, 

Corol.  4.  Again,  from  the  equals  kqg,  tehg, 
take  the  common  space  klho, 
.  and  there  remains  telk  ==  A  i.^h. 


Corol,  5.  And  when, 
by  the  lines  kq,  oh, 
moTing  with  a  parallel 
motion,  iift  comes  into 
the  position  ir,  where 
cR  is  the  conjugate  to 
€A  ;  then 


the  triangle     k^g  becomes  the  triangle  irc, 
and  the  space  anho  becomes  the  triangle  anc  ; 
and  therefore  the  A  iRc  =  A  i^Nc  A  t£c. 

Corol,  6.  Also  when  the  lines  kq,  and  h^,  by  moving  with  a 

parallel  motion,  come  into  the  position  c«,  ««, 

the 


488 


CONIC  SECTIONS. 


the  triangle     Lq.u  becomes  the  triangle  ceu^ 

and  the  space  tblk  becomes  the  triangle  tkc  : 

and  therell  the  A  C€if  as  A  tec  s=  A  ahc  :=  /^  rnc. 

TFIEOREM  XX 

Anj  Diameter  bisects  all  its  Doable  Ordioates,  or  the  Lines 
drawn  Parallel  to  the  Tangent  at  its  Vertex,  or  to  its  Con- 
jngate  Diameter. 


t 


That  i».if^q  be  parallel 
to  the  tangent  tk,  or  to  c€, 
then  shall  l%  ^  vj. 


Fer,  draw  qjLy  qh  perpendicnlar  to  the  transverse. 
Then  by  cor.  3,  theor.  19,  the  A  I'^b  ^  AL^fc  ; 
bnt  these  triangles  are  also  eqaiangnlar  ; 
consequently  their  like  sides  are  eqnal,  or  i.^^l^. 

CoroL  Any  diameter  divides  the  ellipse  into  two  equal 
parts. 

For,  the  ordinates  on  each  side  being  equal  to  each  other, 
and  equal  in  number  ;  all  the  ordinates,  or  the  area,  on  one 
side  of  the  diameter  is  equal  to  all  the  ordinates,  or  the  area, 
•n  the  other  side  of  it. 

THEOREM  XXt 

As  the  Square  of  any  Diameter  : 
Is  to  the  Square  of  its  Conjugate  : 
So  is  the  Rectangle  of  any  two  Abscisses  : 
To  the  Square  of  their  Ordinate. 

That  is,  CE«  :  ce  :  :  el  .  lg  orcE» — ci.*  :  l4** 


For,  draw  the  tangent 
TB,  and  produce  the  or- 
dinate q,L  to  the  trans- 
Terse  at  K.  Also  draw 
^H,  eM  perpendicular  to  T  X. 
the  transverse,  and  meet- 
ting  EG  in  H  and  m. 

Then  similar  triangles 
being  as  the  squares  of  their  like  sides,  it  is, 


by 
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by  Sim.  triangles,   Acbt  :   Aclk  :  :  ce^  :  cl*  ; 

or,  by  division,     Acet  :  trap,  telk  :  :  ce*  :  ce« — cl*. 

Again,  by  sim.  tri.  AceM  :   Al^h  :  :  ce'^  :  lq.>. 
Bat,  by  cor.  5,  theor.   19,  the    Ac^m^Acet, 
and,  by  cor.  4,  theor.  19,  the    ALqu=  trap,  telk  ; 
tfaeref.  by  equality,  ce*    :  ce'  :  :  ce«— cl*  :  lq", 
or         -  -  ce*  :  cc*  :  :  kl  :  lg  :  L<i*.         q..  e.  d. 

Carol,  1.  The  squares  of  the  ordftmtes  to  any  diameter 
are  to  one  another  as  the  rectangles  of  their  respective  ab- 
scisses, or  as  the  difference  of  the  squares  of  the  semidiame- 
ter  and  of  the  distance  between  the  ordinate  and  centre.  For 
they  ar€  all  in  the  same  ratio  of  ce'  to  ce* . 

Corol,  2.  The  aboye  being  the  same  property  as  that  be- 
longing to  the  two  axes,  all  the  other  properties  before  laid 
down,  for  the  axes,  may  be  understood  of  any  two  conjugate 
diameters  whatever,  using  only  the  oblique  ordinates  of  these 
diameters,  instead  of  the  perpendicular  ordinates  of  the  axes  ; 
namely,  dl  the  properties  in  theorems  6,  7,  8,  14,  15,  16, 
18  and  19. 


THEOREM  XXII. 

If  any  Two  lines,  that  any  where  intersect  each  other,  meet 
the  Canre  each  in  Two  Points  ;  then 
The  Rectangle  of  the  Segments  of  the  one  : 
Is  to  the  Rectangle  of  the  Segments  of  the  other  : : 
As  the  Sqnare  of  the  Diam.  Parallel  to  the  former  : 
To  the  Square  of  the  Diam.  Parallel  to  the  latter. 


That  IS,  if  CR  and  cr,  be 
Parallel  to  any  two  Lines 
ffH^,  pnq ;  then  shall 
OR*  :  cr*  : :  PB  .  BQ,  :  pH.Bq, 


For,  draw  the  diameter  chb,  and  the  tangent  te,  and  its 
parallels  pk,  ri,  mb,  meeting  the  conjugate  of  the  diameter 
OR  in  the  points  t,  x,  i,  m.  Then,  because  similar  triaogles 
are  as  the  tqaares  of  their  like  sidet*  it  is. 
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by  aim.  triangleSi  cr'  :  op*  :;   ^  cri  :   agpk, 

aod     .     -    -     -     CR*  :  oh*  : :    A  cm  :   A  ohm  ; 

tberef.by 'division, CR*  :  op*  —oh*  :;    crj  :  kprm- 

Agftin,by  tim.  tri.  CE*  :  ch*  ::    Acts:    i^  cmh  ;  ^ 

and  by  division,     ck*  :  ce*  — ch*  :  :    acts  :  tebm. 
Bat,  by  cor.  5,  theor.  19,  the  A  ctbss  Acir, 
and  by  cor.  1,  theor   19,  tchc=kpho.  or  tehm^^rprm  ; 
tberef.  by  equ.  ce*  :  cs"  —  cii*  :  :  ck*  :  cp*  —  on'orpB  •  bq,. 
In  like  manner  ce*  :  ce*  -  ch*  : :   cr*  :  pn  .  uq. 
Theref.  by  equ.  ch*  :  cr*  ;:   ph  .  h^  :  pn  .  h^.  ^.  r.  d. 

Carol,  1.  In  like  manner,  if  any  other  lines  p'ny,  t>aTaHel 
to  cr  or  to  pq,  meet  phq  ;  since  the  rectangles  pb'q.  p'l^f 
are  also  in  the  same  ratio  of  gr"  to  «r* ;  therefore  rect. 
tmq,  :  pmq  :  :  ph'^  :  p'H'V. 

Also,  if  another  line  vhq!  be  drawn  parallel  to  pq  or  cr  ; 
becaase  the  rectangles  p'A^,'  p'hq'  are  still  in  the  same  ratM| 
tiierefore,  in  general,  the  rect.  vnq. :  pmq  :  :  r'h^' :  p'h^. 

That  is,  the  rectangles«of  the  parts  of  two  parallel  linee, 
are  to  one  another,  as  the  rectangles  of  the  parts  of  two  other 
parallel  lines,  any  where  intersecting  the  former. 

C&rd,  9.  And  when  any  of  the  linetf  only  t6tfch  the  cmVe, 
instead  of  coMlng  it,  the  rectanfj^les  of  iotn  become  sqnarea, 
aqd  the  genetal  property  Btill  attends  Akeitt. 


That  is. 


CR* 

:cr* 

:  :  TE* 

;Te*, 

ATClt 

:  cr 

; :  TE 

:Te. 

andc* 

:  cr 

::IB 

:te. 

(Sq^.  S.  And  hence  tb  :  ts  .  .  ta  :  te. 


OF 


im  ] 


OF  THE  HYPERBOLA. 


THEOREM  L 

The  Squares  of  the  Ordinates  of  the  Axis  are  .to  each  othe/c 
aa  the  Rectangles  of  their  Abacifsea.         ^ 

Let  avb  be  a  plane  paaaiqg 
throogh  the  vertex  and  axis  of 
the  opposite  cones  ;  aqih  an- 
other section  of  them  perpen- 
dicular to  the  plane  of  the  for- 
mer ;  AB  the  alia  of  the  hyper- 
bolic sections  ;  and  po,  hi,  ordi- 
nates perpendicular  to  it.  Then 
it  will  be,  as  fo'  :  bi>  :  :  af  .  fb  : 

AH   •   HB. 

For,  through  the  ordinates  fo, 
HI,  draw  the   circular   sections 
KOL,  KIN,  parallel  to  the  base  of 
the  cone,  having  kl,  mn ,  for  their  diameters,  to  which  fo^  hi^ 
are  ordinates,  as  well  to  the  axis  of  the  hyperbola. 

Now,  bj  the   similar  triangles   apl,  ahn,  and  bfk^  ehm^ 
it  is  AF  :  ah  :  :  fl  :  hn, 
and  eb  :  HB  :  :  KF  :  MB  ; 

hence,  taking  the  rectangles  of  the  corresponding  tennis 

it  is,  the  rect.  af  .  fb  :  ah  .  he  :  :  kf  .  vl  :  mh  .  he. 
But,  by  the  circle,  kf  .  fl«fo<,  and  hh  .  he^^bi*  ; 
TherdRirethe  rect  af  .  fb  :  ah  .  he  :  :^Eci'  :.:|iti*.       tt»  s.  h* 


THEOREM  IL 


As  the  Square  of  the  Transverse  Axis  : 
Is  to  the  square  of  the  •CoajogEte    : 
So  is  the  Rectangle  of  the  Ahacisaes  : 
To  the  Square  of  their 


That  is,  ^B'  :  ab*  or 
AO*  :  ao*  :  :  AD  .  de  :  bx* . 


For,* 
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■ft* 


For,  by  theor.  1,  ac  .  cb  :  ad  .  db  :  :  ca'  :  db*  ; 

Bat»  if  c  be   the  ceotre,  then  ac  .  cbs=  ac',  andcaisthe 

leini-conj. 

Therefore  ac'  :  ad  .  db  :  :  ac'  :  db'  ; 

or,  by  permutation,  ac'  :  ac'  : :  ad  .  db    :  db'  ; 

or,  by  doabliog,        ab'  :  ab'  : :  ad  .  db    :  db'.  a.  k.  d. 

ab' 
Cbro/.  Or  by  div.  ab:~    :  :  ad  .  db  orcD'— ca'  :  db', 


AB 


that  is,  AB  :  p  :  :  ad«  db  or  cd'  —  ca*  :  db'  ; 

ab' 
where  p  w  the  parameter  — ,  by  the  defiDition  of  it. 


ab 


That »,  As  tbe  trausverie, 
Is  to  its  parameter. 
So  is  the  rectangle  of  the  abscissea. 
To  tbe  square  of  their  ordinate. 


THEOREM  Iir. 


As  the  Square  of  the  Conjugate  Aiis 

To  the  Square  of  the  Transyers e  Axis  : 

The  Sum  of  the  Squares  of  the  Semi -conjugate,  and 

Distance  of  the  Centre  from  any  Ordinate  of  the  Axis : 

The  Square  of  their  Ordinate. 


That  is, 
ca'  :  CA'  :  :  ca'+cd*  :  dE«. 


For,  draw  the  ordinate  bd  to  the  transverse  ab. 

Then,  by  theor.  1,  ca'  :  ca'  :  :  db'  :  ad  .  db  or  cd' 

:  cd'  :  dB'  —  ca'  . 


or ca'  :  ca*  : 

But ca'  :  ca'    : 

theref.  by  compos,  ca'  :  ca'   : 

In  like  manner,       ca'  :  ca'   : 

Coroi.  By  the  last  theor.  ca' 

and  b?  this  theor.   ca' 

therefore     -     -      db' 

In  like  manner,  de' 


ca'  •  CA', 

ca«+cd'  :  dB». 
ca'+cd'  :  db'.         q,,  e.d. 
:  ca'  :  :  cd'— ca':db', 

ca'  :  :  cd'  +ca'  :  De' , 

De'  :  :  cd'— ca'  :  cd'+c^** 
:  dfi'  :  :cd'— ca"  :  cd":+CA*. 

THEORCMT 


i 
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THEOREM  IV. 

The  Square  of  the  Diatance  of  the  Focus  from  the  Centre, 
it  equal  to  the  sum  of  the  Squares  of  the  Semi-axes. 

Or,  the  Square  of  the  Distauce  between  the  Foci»  is  equal  to 
the  Sum  of  the  Squares  of  the  two  Axes.  . 


That  is, 
CF*  =  CA*  +  ca" ,  or 
Ffi  =  AB«  +  ab» . 


For,  to  the  focus  r  draw  the  ordinate  fe  ;  which,  by  the 
definition,  will  be  the  semi -pars  meter.  Then,  by  the  nature 
of  the  curve  -  -     ca«  :  ca«  :  :  cf*— ca*  :  fe«, 

and  by  the  def.  of  the  para,      ca^  :  ca'  :  :         ca'      :  fb'  ; 
therefore  -  -     ca*^cF* — '"' 


and  by  addition,       -  -     c¥*=s  ca'+csP  ; 

or,  by  doubling,       -  -     Ff*=5  AB«-f-ah^  ;  q.  x.  n 

Csro^  1.  The  two  semi-axes,  and  the  focal  distance  from 
the  centre,  are  the  sides  of  a  right-angled  triangle  cAa  ;  and 
the  distance  Aa  is=:cF  the  focal  distance. 

Corel,  2.  The  conjugate  6emi*axes,  ca,  is  a  mean  proper* 
tional  between  af,  fb,  or  between  Af,  fa,  the  distances  of  ei- 
ther focus  from  the  two  vertices. 

For  ca^  =  cf*  —  ca*  =  cf  +  ca  .  cf  — >  ca  =s  af  .  fb. 

THEOREM  V. 

The  Difference  of  two  Lines  drawn  from  the  two  Foci,  to  meet 
at  any  Point  in  the  Curve,  is  equal  to  the  Transverse 
Axis. 


That  is, 

fx  —  FE  =AB. 


For,  draw  ao  parallel  and  equal  to  ca  the  semi-eonjugate  ; 
and  join  go  meeting  the  ordinate  de  produced  in  h  ;  also  take 

CI  a  4th  proportional  to  ca,  cf,  cp. 

TheD, 
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Tbeo,  bj  th.  f,  ca'  :  ac'  :  ;  cd*— ca>  :  dx'  ^ 

and  by  •im.  ASf  ca*  :  ao'  :  :  cd"— .CA>  :  dh*  «ao  ; 

ccmseqaeotlyy  dc'=db^  «-  ao' <at>B'—CA'. 

Alto,  ro=  CF  CO  CO,  and  wt^  ar  cf*  —  fcr  .  cd+c»*  ; 
and,  by   ni^t-angled  triaDglea,  fe"  s=  fd*  +  dk*; 
therefore  fb«  =cf*  —  ca"   —  2cf  .  cd  +  cd"+»h*. 
But,  by  theor.  4,        cf*— ca"  =  ca", 
and  by  aapf»Qaition,     2cf  .  cd  s=  2c a  .  ci  ; 
therei.  fe*  =r.  ca"  —  Ica  .  ci  +  ci>*  +dh*. 

Again,  by  auppoa.       ca'  :  en*  :  :  cf'  or  ca'  +  ao'  .  ci* ; 
and,  by  sim.  tri.  ga'  :  cd*  :  :  ga'  +  ao'  :  en'  -^db*  ; 

therefore     -     -     -     ci*s=cd"  +dh"  skch'  ; 
cooceqaeotly  fb'=sca>  —3c a  .  ci  +  ci*. 

And  the  root  or  side  of  thissqaare  is  fe  =s  ci— ca  ^3=  ai. 
In  the  same  manner  it  js  found  that  fie  ^  ci+  ca—bi. 
CoDseq.  by  sabtract.  fx^rssaai  —  Ars=JLB.  ^.  k.  t>. 

-CwtbI,  ] .  Hence  casBci  if  a  4th  pKO|iortiQnal  to  c^t  cf»  cd. 

Coral,  2.  And  fa  +  FEaetcB  or  3ci ;  or  fe,  cb,  fie,  are  in 
cootiDQed  arithmetical  progression,  the  common  diflejoPMse 
being  ca  the  semi-trttosv«rae. 

C<irol.  3*  Hence  is  derived  the  common  method  of  de- 
scribing this  curve  mechanically  by  points,  thus  : 

In  4he  U*aas verse  ab,  produced,  take  the  foci  f,  f,  and  any 
point  1.  Then  with  tbe  radii  ai,  bi,  and  centres  r,  f.  describe 
arcs  intersecting  in  e,  which  will  he  a  point  in  the  curve.  In 
like  manner,  assuming  other  points  i|  as  many  other  points 
will  be  found  in  the  curve. 

Then,  with  a  steady   hand,  the  carve  line  may  be  dravro 
through  all  the  points  of  intersection  e. 

In  the  same  manner  are  constructed  the  other  two  or  con- 
jugate hyperbolaa,  using  Che  axis  ab  instead  of  ab. 

THEDBBM  VI. 

If  from  any  Point  i  in  the  Axis  a  Line  rL  be  drawn  touch- 
ing  the  Curve  in  one  point  l  ;  and  the  Ordinate  lm 
be  drawn  ;  and  if  c  be  the  Centre  or  the  Middle  of  ab  : 
Then  shall  cm  be  to  ci  as  the  Square  of  am.  to  the  ^oare 

of  AI. 


That  IS, 
CM  :  CI  :  :  a««  :  Ai*  .  : ■    j>^F  I        j 

For, 
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M9 


OH*   ! 


dtt*, 


For,  from  the  point  i  dmcw  aoj  lino  ub  to  eqt  tho  cutre 
in  tiro  pointB  e  aod  h  ;  from  which  let  fall  the  perpa»  eb  qo  ; 
and  bisect  do  in  k. 

Theo,  bj  tbeor.  1,  ad  .  lA  :  ao  .  ob 
and  by  sim.  triaogles,  ID*  :  lo*  ::    de' 
tberef.  by  equality,  ad  .  db  :  ao  :  ob   ::  fD*  :  fO*. 

But  DB  s»  CB  +  QD  ^  CB  +  CD  =  CG  +  CD  — AG  =  2CX  — AG, 
and  CB  as  BO  —  CO  =s  CA  +  CG  =  CO  +  CD  — AD^=s  2«.K— AD; 

tft^ref«  AD  .  tCK   «•  AD  .  AG  :  AG  •  SCK  -<  AD  .  AG  *  !  ID*  :  JO*, 

and,  by  diy.  do   .  9tK  :  to*  —  id*  or  do  .  2tk  ::  ad.'£okss 

AD     .  AG  :    ID*, 

or    •  ScK  :    Stt  :  :  ad  .  tak^  ad  .  ao  :  id*, 

or  AD  .  2cK  :  ad  .  2ik  :  :  ad  •  2ck  <-ad  .  ag  :  id*  ; 

theref.  by  div.cK  :  fk  :  :  ad  .  ao  :  ad  .  2ik-^id*, 

and*  by  diy.     ck  :  ci  :  :  ad  .  ao  :  id*  ^  ad   .  id-^ia, 
or  -  CK  :  CI :  :  AD  .  AG  :  ai*. 

Bat  v^ben  the  line  ih,  by  roToWing  about  the  point  i  comes 
into  the  position  of  the  tangent  il,  then  the  points  e  and  h 
meet  in  the  point  l,  and  the  points  d,  e,  g,  coincide  with  the 
point  M ;  and  then  the  last  proportion  becomes  gm  :  ci    : 

AM*    :  AI*.  ^  B.  D. 

THEOREM  VU. 

If  a  Tangent  and  Ordinate  be  drawn  from  any  Point  in  the 
Cni^e,  meefiogtte  TransTorse  Axis  ;  the- Semi-transverse 
will  be  a  Mean  Proportional  between  the  Distances  of  the 
said  Two  Intersections  from  the  centre. 


Thatfe, 
cA  is  a  mean'p^oportional'betweeD 
CD  and  CT  ;  or  cd,  ca,   ct,  are 
continned  proportionals. 


f 


For,  by  th.  6,  cd  :  ct  :  :  ad*  :  at*  . 


that  is, 

or 

and 

OP 

or 

hence 

and 


CD  :  CT  : :  (cd — ca)*  :  (ca— ct  )*, 

CD :  CT  :  :  cd*+ca*  :  ca*+ct*, 

CD  :  DT  :  :  cd*+ca*  :  cd*  — ct*, 

CD  :  DT  :  :cD*4-CA*  :  (cd+ct)  dt, 

CD*  :  CD  •  dt  :  :  cd*+ca*  :  cd  .  dt+ct  .  td  ; 

CD*  :  ca*  :  :  CD  .  dt  :  ct  .  td,' 

CD*  :  CA*  :  :  cd  :  «t. 


therefore  (th.  78,  Geom.)cD*  :  ca*  :  -.  ca  :  ct. 


^.  E.  D. 

Corol, 
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CoroL  Since  ct  is  always  a  third  proportiooal  to  cd,  ca  ; 
if  the  points  d,  a,  remain  constant,  then  will  the  point  t  be 
constant  also  ;  and  therefore  all  the  tangents  will  meet  in  this 
point  T,  which  are  drawn  from  the  point  b,  of  every  hyperbola 
described  on  the  same  axis  ab,  where  they  are  cut  by  the 
common  ordinate  bfe  drawn  from  the  point  d. 

THEOREM  Vm. 

If  there  be  any  Tangent  meeting  Four  Perpendicalars  to  the 
Axis  drawn  from  these  four  Points,  namely,  the  Centre,  the 
two  Extremities  of  the  Axis,  and  the  Point  of  Contact  ; 
those  Four  Perpendiculars  will  be  Proportionals. 


That  is, 
AQ  :  DB  :  :  CH  :  bi. 


For,  by  theor.  7,  to  :  ac  :  :  ac  :  dc, 

theref.  by  diy.  ta  :  ad  :  :  tc  :  ac  or  cb, 

and  by  comp.  ta  :  td  :  :  to  :  tb, 

and  by  aim.  tri.         ao  :  de  :  :  CR  :  bi.  q.  e.  d. 

Corol.  Hence  ta,  td,    tc,  tb  >  «  -x-      i- 

^^A  _  ^»  *    J  „Q  nlgQ  proportionals, 

and  TG,  TE,   th,  ti  J  "^    "^ 

For  these  are  as  ag,  de,  ch,  bi.  by  similar  triangles. 

THEOREM  DL 

If  there  be  any  Tangent,  and  two  Lines  drawn  from  the  Foci 
to  the  Point  of  Contact ;  these  two  Lines  will  makd  equal 
Angles  with  the  Tangent. 


That  is, 
the  ZFET=»ZfE«-  ^ 


V? 


For,  draw  the  ordinate  de,  and  fe  parallel  to  fe. 
By  cor.  I,  theor.  5,     ca  :  cd  ::  cf  :  ca+fe, 
and  by  th.  7,  ca  :  cd  :  :  ct  :  ca  ; 

therefore 
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theterore         ~  ct  :cr  -.  :c&  :  ca+fe  ; 

aod  by  add.  and  aub.    tf  :  rf  :  :  fe  :  Sca+pe  or  Te  by  lb.  S. 

Bott^tim.  tri.  tf  :  rf:  :  fe  :  fe  ; 

therefore         •  fe^fe,  andci>a«eq.         ^e^^fse. 

Bat,  became  fb  ii  parallel  to  fe,  the  Z^^^P't  ; 

tbereforethe  z.FET=z.fEe  «    e,  u. 

Carol.  As  opticians  fiod  that  the  angle  of  iocidence  ia  eqnal 
to  the  angle  of  reflection,  it  appears,  from  thii  propo»itioQ,- 
that  rapa  of  ligbt  issuiog  from  the  one  focas,  aod  meeting  tbe 
curre  io  every  point,  will  be  reflected  into  liaes  drannTrom 
the  other  focus.  So  the  ray  Te  is  reflected  into  rr..  And  tbia 
ia  the  reason  nby  the  points  f,  f,  are  called /oci,  or  bomiDg 
points. 

THEOREM  X. 
All  the  Parallelogrema  inicribed  between  (be  four  Conjugate 

Hyperbolas  are  equal  to  one  another,  and  each  equal  to  the 

Rectangle  of  the  two  Axea. 


That  ia, 
the  paralleli^mD  i^Ka= 
the  rectangle  aa  .  ab. 


Let  Ko,  eg,  be  tiro  conjogate  diameters  parallel  to  tbe 
aides  of  Uie  parallelogram,  and  dividing  it  into  four  leia  and 
equal  parallelograms.  Alio,  draw  the  ordinatea  db,  de,  and 
cK  perpendicular  to  pit ;  and  let  tbe  axis  produced  meet 
the  aides  of  the  parallelogranu,  produced,  if  neceaaary,  in  t 


Then,  bytheor.  7,    ct 

C* 

:  CA  :  CD, 

and                                 ct 

!  CA  :  Cd  ; 

theref.  by  equality.       or 

ct 

:  cd  :  cn  ; 

hut,  byaim.  triaoglea,   ct 
theref.  by  equality,       rn 

.  ct 

:TD:cd; 

cd 

:  Cd  :  CD. 

and  the  recUogle,          td 

:  ia  =  tbe  square  cd^ 

Again,  by  theon  7,        en 
or,  by  diTision.             co 

CA 

:  CA  :  CT, 

DB  : 

:  DA  :  DT  ; 

conteq.  the  rectangle    en  . 

DT= 

cd»  =  AD  .  D»*. 

•  CS^Pt  Beewwed*  — io-Bi 

^ 

•-C*'. 

Bat,  by  Uteor.  2, 

tbererore 

In  like  a 
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But,  by  tbeor.  7, 

thertf.  by  equality. 

But,  by  ■im.  (ri. 

tfaeref.  by  equality, 

and  the  rectangle 

But  (he  reel. 

theref.  tbe  reel. 

cftueq.  the  reel. 

THEOREM  XI. 

Tbe  DifTereuce  of  the  Squarea  of  every  Pair  of  Conjugate 
Diameters,  ii  equal  to  the  aame  constBDt  ^aatity,  naiOBly, 
the  piffereoce  of  the  Squares  of  the  two  Azet. 


ce  =  CA  .  ca. 

ce  ^=  (he  parallelogram  CEre, 
ca  =  the  parallelogram  CEpe, 
ab  =  theparal.  f«rb.         «.  k.  i 


That  \a, 
am'  —  ah'  ^  Eo»  —  eg'  ; 
wbtfre  Ko,  eg,  are  any  conjugate 
diameters. 


For,  draiT  the  ordinatei  ed,  ed. 
Then,  by  cor.  to  theor.  10,  cA>  =  ci^~cd*. 
and     .         -         -         -        ca*x°de'— DE*  ; 
tberef.  the  difference  ca'  -ca*  —  cD>-f  de*  — cd*— de* 
But,  by  right-angled  ^1,     ce"  i"CO*+d«»,  * 

and     -         -         -  ce*— cd*+des  ; 

,  theref.  the  difference  cE*—ce'=>cD'^-DC>—cd*—dci  ; 
coMeqneDlly       ~         ca'— ca*=cE*— ce*  ; 
or,  by  doubling,  ab'— ab'^Eo' — eg».  %.  e.  d. 

THEOREM  XIL 
All  Ibe  Parallelograttu  are  eqaal  which  are  formed  between 
tbe  AajmptoteB  and  Carve,  by  Lines  drawn  faraltel  to  the 
Asymptotes. 


That  ii,  the  lines  ge,  ek,  ap,  a«, 
being  parallel  to  the  asymptotes  ca,  cl ; 
tbea.tn*  paral.  gokk  =  parai.  cpa4. 
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For,  let  ▲  be  the  vertex  of  the  carve,  or  extremity  of  the 
semi-traosverse  axis  ac,  perp.  to  which  draw  al  or  a1,  which 
will  be  equal  to  the  semi-coDJugate,  by  definition  19/  Also, 
draw  HEoeh  parallel  to  l1. 

Then,  by  theor.  2,  ca*  :  al"  :  :  cd" — ca"  :  de", 
and,  by  parallels.         ca'  :  al'  :  :  cd'  :  dh"; 
there/,  by  subtract,     ca*  :  al*  :  :  ca'  :  dh"— de'of  - 

rect   HE  .   eh  ; 
conseq.  the  square  al*  =sthe  rect.  he  .  Eh. 

But,  by  sim.  tri.  pa  :  al  :;   ge  :  eh, 
and,  by  the  same,     (^a  :  a1  ::    ek  :  eH  ; 
theref.  by  comp.     pa  .  a^   :•  al^  :  :  oe  .  ex  :  hb  .  sh  ; 
and,  because  al*s=hb  .  Eh,  theref.    pa  .  a^s=oe  .  bk. 

But  the  parallelograms  cgek,  cpa^,  being  equiangular,  are 
as  the  rectangles  gb  .  ek  and  pa  .  aq. 

Therefore  the  parallelogram  uK=^the  paral.  pa< 

That  is,  all  the  inscribed  parallelograms  are  equal  to  one 
another.  q.  e.  9. 

y  Corel,  1.  Because  the  rectangle  gbk  or  cge  is  constant, 
therefore  oe  is reciproially  as  cg,  or  go  :  cp  : :  pa  :  oe.  And 
hence  the  asymptote  continually  approaches  towards  the  curve, 
but  never  meets  it :  for  gb  decreases  continually  as  cg  in- 
creases :  and  it  is  always  of  ionu  magnitude,  except  when  co 
is  supposed  to  be  infinitely  great,  for  then  on  is  infinitely  small, 
or  nothing.  So  that  the  asymptote  o«  may  be  considered  as  a 
tangent  to  the  curve  at  a  point  infinitely  distant  from  c. 

Cord,  2.  If  the  abscisses  cp, 
OB,  CO,  &c.  taken  on  the  one 
asymptote^  be  in  geometrical 
progression  increasing  ;  then 
•hall  the  ordinates  dh,  di,  gk, 
te.  parallel  to  the  other  asymp- 
tote, be  a  decreasing  geometri- 
cal progression,  having  the  same 

ratio.  For,  all  the  rectangles  cdh,  cei,  cgk,  &c.  being  equal, 
the  ordinates  dh,  ei,  gk,  &c.  are  reciprocally  as  the  abscisses, 
cd«  cb,  CO,  &c.  which  are  geometricals.  And  the  reciprocals 
of  geometricals  are  also  geometricals,  and  in  the  same  ratio, 
but  decreasing^  or  in  convene  order. 
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THEOREM  XIIJ. 


The  three  following  Spaces,  between  the  Asymptotet  and  the 
Carve,  are  equal ;  namely,  the  Sector  or  Trilinear  Spaca 
contained  by  an  Arc  of  the  Curve  and  two  Radii,  or  Lines 
drawn  from  its  Extremities  to  the  Centre  ;  and  each  of  the 
two  Qjuadrilaterals,  contained  by  the  said  Arc,  and  two  Lines 
drawn  from  its  Extremities  parallel  to  one  Asymptote,  and 
the  intercepted  Part  of  the  other  Asymptote. 

That  is, 
The  sector  cae^paeo=^abk, 
all  standing  on  the  same  arc  ae. 


For,  by  theor.  12,  cpa^=goek  ; 
subtract  the  common  space  cciq, 
there  remains  theparal.  pi=£  the  par.  ix  ; 
to  each  add  the  trilineal  iab,  then 
the  sum  is  the  quadr.  faeo  =  ^abk. 

Again,  from  the  quadrilateral  cabk 
take  the  equal  triangles  caq,  cek, 
and  there  remains  the  sector  cAE=qAEK. 
Therefore  cae  =  ^aek  =»  paeg. 

THEOREM  XIV. 


^.  E.  D« 


The  Sum  or  Difference  of  the  S^^mi-traQsverse  and  a  Line 
drawn  from  the  Focus  to  any  point  in  the  Curve,  is  equal  to  a 
Fourth  Proportional,  to  the  Semi-transverse,  the  distance 
from  the  Centre  to  the  Focus,  and  the  Distance  from  the 
Centre  to  the  Ordinate  belonging  to  that  Point  of  the 
Curve. 


That  is, 
FE+Ac  =  ci,  or  ve  r=AI  ; 
and/E  —  AC  =  CI.  or/E  *=  bi. 
Where  ca  :  cr  : :  cd  :  ci  the  4th 
proper,  to  ca,  cf,  cd. 


For, 
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For,  draw  ao  parallel  and  equal  to  ca  the  semi-cODJtigate  ; 
and  join  co  meeting  the  ordinate  db  produced  in  r. 
Then,  by  theor.  2  ca*  :  ag'  :  :  cd*—  ca'  :  db«  ; 
and,  by  sim.  A»,   ca'  :  ao'  :  :  cd"«-ca'  :  dh* — ao"  ; 
consequently  db*  =dh'— ag'  sr.  dh'— ca* . 

Also  FD  i=  CF   ^  CD,  and  pd*=cf'— 2op  .  cd+cd*  ; 
but,  by  right-angled  triangles,  fd'+de*=fb'  ;   . 
therefore   fe*  =  cf«  — co'— 2cf  .  cd  +cd*4"Dh'. 

But  by  theor.  4  cf'  —  ca'  =  ca'  ; 

and,  by  sapposition,     9tcr  .  cd  =  2ca  .  ci  ; 

theref.  fe'=  ca'— 2ca  .  ci+cd'+dh*; 

But,  by  supposition,  ca'  :  cd'  :  :  cf'  or  ca'+ao^  :  ci'  ; 

and,  by  sim.  A«,       ca*  :  cd*  :  :  ca   +ag*  :  cd*+dh*  ; 

therefore     -    -     -  ci*=cd*+dh*=ch*  ; 

consequently    t     -  fe*=ca'— 2ca  .  ci+ci'. 

And  the  root  or  side  of  this  square  is  fex=ci— cas=ai. 

In  the  same  manner  is  found yB^=ci+CAsBi.  <^.  e.  d. 

Carol.  From  the  demonstration  it  appears,  thatDB*s=DH' 
—  ag'sbdh'— ca*.  Consequently  dh  is  every  where  great- 
er than  DE  ;  >and  so  the  asymptote  cgh  never  meets  the  curre, 
though  they  be  ever  so  far  produced  ;  but  dh  and  de  ap- 

S roach  nearer  and  nearer  to  a  ratio  of  equality  as  they  recede 
irther  frbm  the  vertex,  till  at  an  infinite  distance  they  become 
equal,  and  the  asymptote  is  a  tangent  to  the  curve  at  an  infi- 
nite distance  from  the  vertex. 


THEOREM  XV. 

If  a  Line  be  drawn  from  either  Focus,  Perpendicolar  to  a 
Tangent  to  any  Point  of  the  curve  ;  the  Distance  of  their 
Intersection  from  the  Centre  will  be  eqaal  to  the  Semi* 
transverse  Axis. 


That  is,  if  fp,  fy  be  perpen- 
dicular to  the  tangent  TPp,  then 
shall  cp  and  cp  be  each  equal  to 
ca  or  CB. 
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FiNTy  through  the  point  of  contact  e  draw  fe,  and/£  meet- 
ing FP  produced  in  o.  Tben»  the  Z.gep3sz.fep,  being  each 
equal  to  theZ/BF>  ^^^  ^^  angles  at  p  being  right,  and  the  aide 
pE^eing  common,  the  two  triangles  gkp,  fep  are  equal  in  all 
respects,  and  so  oe=fe,  andop=>FP.  Therefore,  since  fps 
Ifq^  and  fc=^f/*,  and  the  angle  at  f  common,  the  side  of  will 
be=4/o  or  ^ab,  that  is  cpscca  or  cb. 

And  in  the  same  manner  cp  =  ca  or  cb.     ti,  e.  i>. 

Cbro^  1 .  A  circle  described  on  the  transverse  axis,  as  a 
diameter,  will  pass  through  the  points  p,  p  ;  because  all  the 
lines  CA,  cp,  cp,  cb,  being  equal,  will  be  radii  of  the  circle. 

CoroL  2»  CP  is  parallel  to/k,  and  cp  parallel  to  fe. 

CoroL  3.  If  at  the  intersections  of  any  tangent,  with  the 
circumscribed  circle,  perpendiculars  to  the  tangent  be  drawn, 
they  will  meet  the  transverse  axis  in  the  two  loci.  That  is, 
the  perpendiculars  vF^j^fgive  the  foci  f,/. 

THBOREM  XVI. 

The  equal  Ordioates,  or  the  Ordinat«s  at  equal  Distances 
from  the  Centre,  on  the  opposite  Sides  and  Ends  of  an  Hy- 
perbola, have  their  Extremities  connected  by  one  right  Line 
passing  through  the  Centre,  and  that  Line  is  bisected  by  the 
Centre. 


That  is,  if  cn=co,  or  the 
ordinate  DE=:Grf ;  then  shall 
CE  =  CH,  and  ech  will  be  a 
right  line. 


For,  when  CD  ==  CO,  then  also  is  de^gh  by  cor.  2,  th.  1. 
But  the  /lD=Za»  heing  botfi  right  angles  ; 
therefore  the  third  side  ce=ch,  and  the  ZdcessZgch, 
and  consequently  kch  is  a  right  line. 

CoroL  1.  And,  conversely,  if  ech  be  a  right  line  passing 
through  the  centre  ;  then  shall  it  be  bisected  by  the  centre, 
or  have  ce=ch  ;  also  de  will  bcs=  oh,  and  cd=  co. 

CoroL  2,  Hence  also,  if  two  tangents  be  drawn  to  the  two 

ends  E,  H  of  any  diameter  eh  ;  they  will   be   parallel  to  each 

*  other, 
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other*  and  will  cut  the  axis  at  equal  angles,  and  at  equal  dis- 
tances from  the  centre.  For,  the  two  cd,  ca  being  equal  to 
the  two  CG,  CB,  the  third  proportionals  ct,  cs  will  be  equal 
also  ;  then  the  two  sides  cs,  ct  being  equal  to  tfae4wo  tn, 
CS,  and  the  included  angle  ect  equal  to  the  included  ai^le 
Hcs,  all  the  other  corresponding  parts  are  equal :  and  so  the 
^T«=»ils,  and  TE  parallel  tons. 

CoroL  3.  And  hence  the  four  tangeots,  at  the  four  extremi- 
ties of  any  two  conjugate  diameters,  iprm  a  parallelogram  in- 
scribed between  the  hyperbolas,  and  the  pairs  of  opposite  sides 
are  eac^  equal  to  the  corresponding  parallel  conjugate  diame- 
ters.— For,  if  the  diameter  eA  be  drawn  parallel  to  the  tangent 
TE  or  HS,  it  will  be  the  coi^ugate  to  fh  by  the  definition  ;  and 
the  tangents  to  eh  will  be  parallel  to  each  4^ther>  and  to  the 
diameter  eh  for  the  same  reason. 

THEOREM  XVn. 

If  two  Ordiaates  bd,  ed  be  drawn  from  the  Extremities  e,  e, 
of  two  Conjugate  Diameters,  and  Tangents  be  drawn  to 
the  same  Extremities,  and  meeting  the  Axis  produced  in  t 
and  R  ; 

Then  shall  cd  be  a  mean   proportional  between  C£{,   Jr, 
andcd  a  mean  proportional  between  co,  dt. 


For,  by  theor.  7, 
and  by  the  same, 
theref  by  equality. 
But  by  sim.  tri. 
theref.  by  equality. 
In  like  manner, 

CoroL  1 .  Hence  cd  :  cd 

CoroL  2.  Hence  also  cd  :  cd  : 
And  the  rect.  cd  .  dbs=cc2  .  de,  or  acdr=3  Accfe. 

CoroL  3.  Also  c«P=cd   .dt,  and  cdS-=c(2  .  <iR. 
.  Or  cd  a  mean  proportional  between  cd,  dt  ; 
and  CD  a  mean  proportional  between  cd,  da. 


CD  :  CA  :  :  CA  : 

CT, 

cd  :  CA  :  :  cA  : 

CR  ; 

CD  :  cd  :  >  CR  : 

CT, 

DT  :  cd  :  :  CT  : 

CR  ; 

CD  :  cd  :  :  cd  : 

DT. 

cd  :  cp  :  :  cd  : 

dR. 

2  :  :  CR  :  ct. 

>  :  cd  :  :  de  :   di 

:. 

<i.  R.  li 
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THEOREM  XVUl. 

The  8ftiD€  Figare  being  constracted  as  in  the  last  Propotilion, 
each  Ordinate  will  divide  the  Axis,  and  the  semi-axis  added 
to  the  external  Part,  in  the  same  Ratio. 


[See  the  last  fig.] 

That  is,  DA 
and  dA 
For,  by  theor,    7,  cd 
and  by  div.  cd 

and  by  comp.         cd 

or, »A 

In  like  manner,     dx 


OT  :  :  DC  i 
dK  :  :  dc 
CA  :  :  CA 
CA  :  :  AD 
DB  :  :  AD 
DT  :  :  DC 
cbt  :  :  dc 


DB, 

dB. 

CT, 

:  AT, 

DT, 
;  DB. 

;  da. 


^.  E.  D. 

Cornl'  !•  Hence,  and  from  cor.  3  to  the  last  prop,  it  is, 

cd*  ==a  CD  .  DT  saa  AD  .  DB  =r  CD*  — CA*  , 

and  cd  .  dR_.  Ad  .  dB=.'CA*  — cd*. 

Gorol,  2.  Hence  also,  ca*  =:cd*  -  cd* ,  and  co*=d«*  —  de»  . 

CoroL  S.  Father,  because  ca*  :  ca*  :  ;  ad  .  db  or  cd*  :  de*  , 

therefore  ca  :  ca  :  :  cd  :  db  , 
Ukeffise  ca  :  ca  :  :  co  :  de. 


THEOREM  XIX. 


If  from  any  Point  in  the  Curre  there  be  drawn  an  Ordinate, 
and  a  Perpendicular  to  the  Curve,  or  to  the  Tangent  at  that 

point :  Then,  the  ,  ^  ,. 

Dist.  on  the  Trans,  between  the  Centre  and  Ordinate,  cd  : 

Will  be  to  the  Dist.   fa  : : 


As  Square  of  Trans.  Axis  : 
To  Square  of  the  Conjugate. 


That  is, 
CA*  :  ca*  : ;  DC  :  dp. 


ti 
al' 

th^ 
or. 

( 

GDO 


For,  by  theor  2,  ca*  :  ca*  ::  ad  .  db  ;  de«. 
But,  by  rt.  angled  i^s,  the  rect.  td  .  dp=db*  j 
and,  by  cor.  1,  theor.  18.         cd  .  dt=ad  .  db  j 


therefore 
or 


CA^ 
CA» 


ca- 
co" 


•  * 


TD  .  DC  :    td  .  DP, 

DC  :    DP.         ^»  ■•  D. 
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THEOREM  XX. 

If  there  be  Two  TaDgents  drawo,  (he  One  to  \h^  ExtremitjF 
of  the  Transverse,  and  the  other  to  the  Extremity  of  any 
other  Diameter,  each  meeting  the  other's  diameter  producr 
e(l  ;  the  two  Tangential  Triangles  so  formed,  will  be  equal. 


That  is, 
the  triangle  cbt* 
the  triangle  can. 


For,  draw  the  ordinate  de.     Then 
Bj  sim.  triangles,  cd  :  ca  :  :  ce  :  cr  } 
bat,  by  theor.  7,*  co  :  ca  :  :  ca  :  ct  ; 
theref.  by  equal,  ca  :  ct  :  :  cs  :  CN. 

The  two  triangles  cbt,can  have  then  the  angle  c  commoot 
and  the  sides  about  that  angle  reciprocally  proportional ;  those 
triangles  are  therefore  equal,  viz.  the  Acet= Acan.  ^.  |£.  tx^ 

CoTol,   1.  Take  each  of  the  equal  tri.'csT,  c^n, 
from  the  common  space  cape, 
and  ther^  remains  the  external  ^pat^^  pne. 

CoroL  2.  Also  take  the  equal  triangles  cet,  can. 
from  the  common  triangle  ced, 

and  there,  remains  the  ^TED=:trapez.  ANEpf 

THEOREM  XXr. 

The  same  being  supposed  as  in  the  last  Proposition  ;  then  any 
Lines  k^,  g«,  drawn  parallel  to  the  two  Tangents,  iBhall  a)8<) 
cut  off  equal  Spaces. 


That  is, 
the  A  x<io  =£  trapez.  anhg, 
and  A  viqg  =^  trapez.  ah^. 


ficli^i) 


For,  draw  the  ordinate  de.     Then 
The  three  aim.  triangles  can,  cdk,  cgi^, 
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are  to  e«ch  other  as  ca«,  co*,  cg»  ; 

th.  bj  dir.  the  trap,  aheh  :  trap,  akhg  ; :  c»»  —  ca>  ;  cq*  —  ca*. 
Bat, by  tbeor.  I,         db«  :  o^-  :  :  cd«— ca«  :co«— ca*, 

tberef:  by  eqa.  trap,  ahco  :  trap,  anho  :  :  de*  :  oq' . 

but,  br  sim.  A«»  tri.  ted  :  tri.     k^o    :  :  de«  :  o<i»  ; 

there/  by  equal,     anbd  :  ted    :  :  anho         :  k^q. 

But,  by  cor.  2,  tbeor.  20,  the  trap,  aned  s=  A  ted  ; 
and  therefore  the  trap  anhg  ss  a  e^o. 
Id  like  maDoer  the  trap.  Avhg  s  A  ^fg*    ^-  £•  d» 

CoroL  1.  The  three  spaces  anho,  teho,e^g  are  all  equal. 

Corol.  2.  From  the  equals  anhg,  k^g, 
take  the  equals  A»hg^  ^9gt 
aad  there  remaiosgKuo  ss  gqq^, 

Ccfpl.  3.  Aod  from  the  equals,  ghuo^  g^^^t 
take  the  common  space  g^LHo, 
and  there  remains  the  Ai^^H^s  ^  l^Ii. 

CoroL  4.  Again,  from  the  equals  e<i  .,  tehg, 
take  the  common  space  klho, 
and  there  remains        telk  =  A  L^'st. 


Cord.  6.  And  when,  by 
the  lines  k^,  gh,  moving 
with  a  parallel  motion,  &^ 
comes  into  the  position  ir, 
where  cr  is  the  conjugate  to 
CA  ;  then 


the  triangle  k<io  becomes  the  triangle  iRC, 
and  the  space  anhg  becomes  the  triangle  anc  ; 
and  therefore  the  A  iRc  =  A  awc  «=  A  tec 

CoroL  e.  Also  when  the  lines  k^  and  h^,  by  moFiog  with  a 
parallel  motion,  come  into  the  position  c«.  Me, 
the  triangle  l^h  becomes  the  triangle  ceii, 
and  the  space  tele  becomes  the  triangle  tec  ; 
and  theref  the  A  <^«h  =*  A  tec  =  A  arc  =  A  i»c. 

THE0RE3tf  XXU. 

• 

Any  Diameter  bisects  all  its  Double  Ordinates,  or  the  Lines 
drawn  Parallel  to  the  Tangent  at  its  Vertex,  or  to  iU  Con- 
jugate Diameter. 

Th^t 
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That  ifl « if  ^9  be  parallel 
to  the  taogent  t£,  or  to  ce, 
then  shall  lq  »L9. 


For«  draw  ^h,  qh  perpendicular  to  the  transverse. 
Then  by  cor.  S,  theor.  2  f ,  the  a  l^h  ^  a  Lqh  ; 
but  these  triangles  are  al^o  equiangular  ; 
consequently  their  like  sides  are  equal,  or  Lq.-:^Lq, 

Corel.  1.  Any  diameter  divides  the  hyperbola  into  two  equal 
parts. 

For.  the  ordinates  on  each  side  being  equal  to  each  other, 
and  equal  in  number  ;  all  the  ordinates,  or  the  area,  on  one 
side  of  the  diameter,  is  equal  to  all  the  ordinates,  or  the  area, 
on  the  other  side  of  it. 

Cora/.  2.  In  like  manner,  if  the  ordinate  be  produced  to 
the  conjugate  hyperbolas  at  q\  ^,  it  may  be  proved  that  l^ 
^Lq,  Or  if  the  tangent  tb  be  produced,  then  cv  =  ew. 
Also  the  diameter  gcbh  bisects  all  lines  drawn  parallel  to  te 
or  ^q ,  and  limited  either  by  one  hyperbola,  or  by  its  two  eea- 
Jngate  hyperbolas. 

THEOREM  XXni. 

As  the  Square  of  any  Diameter : 
Is  to  the  Square  of  its  Conjugate  :  : 
So  is  the  Rectangle  of  any  two  Abscisses  : 
To  the  Square  of  their  Ordinate. 
That  is,  CE*  :  ce^  : 
For,  draw  the  tangent 
TB,  and  produce  the   or- 
dinate  ^L    to  the   trans- 
verse at  K.      Also   draw 
^B,  SBf  perpendicular  to 
the  transverse,  and  meet* 
ting  RG  in  h  and  m.  Then, 
similar  triangles   being  as 
the  squares  of  th^ir  like 
sides,  it  is, 


El. 


LQ  or  cl'— ce' 


L<1- 
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bjsim.  triangles,  Ackt  :   Aclk  ::  cb^  :  cl^  ; 

X)r,  by  division,      ^^ckt  :  trap   telk  :  :  ce"  :  cl*— ce^;. 

Again,bj  sim.tri.'AceM  :   Al^h  :  :  ce"  :  lq'. 

Bat,  by  cor.  6,  theor.  2 1, the  AceM=AcET, 

ind,  by  cor.  4.  theor.  ^t,  tbe  A l^h satrap,  tblk  ; 

Iberef.  by  equality ,  ce"  :  ce"  :  :  cl"— ce"  :  Lq", 

or         ^         -         CE*  :  ce^  :  :  el  .  lu  :  Lq,\  ^.  e.  di 

Corot,  I.  I^he  fqoares  oT  the  ordinates  to  any  diameter, 
«re  to  one  another  as  the  rectangles  of  their  respective  ab« 
tcisses»  or  as  the  difference  of  the  8qaar«^s  of  the  semi-diame* 
ler  and  of  the  distance  between  the  ordinate  and  centre.  For 
tbey  are  all  in  the  same  ratio  of  ce'  to  oe'. 

t!orol,  2.  The  aboVe  being  the  same  {property  as  that  be- 
long! ntr  to  the  t\%u  axes,  all  the  other  properties  before  laid 
doi%D,  for  the  axes,  may  be  understood  of  any  two  conjugate 
diameters  whatever,  using  only  the  oblique  ordinates  of  these 
^  diameters  instead  of  the  perpendicular  ordinates  of  the  axes  ; 
namely,  all  the  pfoperties  in  theorems  6,  7,  8,  16,  17,   20j 

Carol .  3.  Likewise,  when  the  ordinates  are  continued  to 
the  conjugate  hyperbolas  at  q\  9,  the  same  properties  still 
dbtain.  substituting  only  the  sum  for  the  difference  of  the 
squares  of  ce  and  cl, 

That  is,  ce"  :  ce  : :  cl'+ce*  :  l^'^ 
And  so  L<i^  :  lq'  ;:  cl*  — ce":  cl"+ce'. 

G>ro^  4.  When  by  the  motion  of  l^'  parallel  to  itself,  that 
4\ne  coincides  with  ey,  the  last  corollary  becomes 

ce"  :  c€"  :  :  2ce"  :  ev', 
or  ce  :  ev"  :  :      1     :     2, 
or  ce  :   EV   :  :      1     :^2, 
or  as  the  side  of  a  square  io  its  diagonal. 
That  is,  anal!  conjugate  hj'perbolas.  and  all  their  diametet%^ 
«ny  diameter  is  to  its  parallel  tangent,  in  the  constant  tatio  of 
^beside  of  a  sqnare  to  its  diagonal. 

THEOREM  XXIV. 

It'ifby  Two  tiinicfs,  that  any  \vhere  intersect  each  other,  meet 
the  Curve  ^ach  in  Two  points  ;  then 
The  Rectangle  of  the  Sti^ments  of  the  one  t 
Is  to  the  Rectangle  of  the  Segments  of  the  other  : : 
As  the  Square  of  the  Diam.  Parallel  to  the  former  : 
ir>5  the  Square  of  the  l>iam.  Parallel  to  the  latter. 


ttF  THE  HYI>CRB0LA. 


That  ii,  if  cr  and 
icr  be  f  urallel  to  anj 
two  Liiiea  fhr,  paq  ; 
lh«nphuilcB»  ;cr*:  : 
PH  .  ii«  :  pv.  Hg. 


for,  draw  the  diameter  chf.,  nnd  the  tangent  te,  and  iti 
^r.ilk'^  PR,  Ri.  HH.  meeting  the  conjufcate  of  the  diameter 
VK  in  ibe  puinU  T,  K,  i.  K-  Tht>n,  becHute  limilur  (muglet 
are  m  the  squares  of  their  like  sides,  it  is. 


I.  trianglei 


:  AcRi  :  AoFX, 

:  Aciti.:  Aohh; 

OH*     ;   :  cRI  !  KPHM. 

:  AcTB  :  &CKH  ; 

-  QK*    :   :  ACTE  :  tehh. 


bysii 

smd 

thererbjr  division,  cr»  :  op*  — 

Again,  by  aim.  tri    ce'  :  ch*  : 

and  b;  dirision,       ce*  :  ch*  ■ 
Bat,  by  cor.  5.  thcor.  81,  the  Acte  =  &cir, 
knd  liy  cor    l.iheor.  SI.teho^jcfuo.  or  tehm=bfbm  ; 
tberef.  by  eqii.  ce'  :  ch> — cE*  :  :  en'  :  op-^gh*  or  ph  .  aft. 
In  like  manner  ce'  :  cB* — cbJ  ;  :  cr*  :  pu  .  nq. 
Theref.  byequ.  cr»  :  cr'  :  :  ph  .  k4  :  ^h  .  h^.      ^      4.  ■   9, 

Carol.  I.  In  tike  manner,  if  any  other  lines  p'H'q,  parallel 
to  C  or  to  pq,  meet  ph«  ;  since  the  rectangles  Pii'«,  p'a'^ 
mtt  also  in  the  same  ratio  of  cr'  to  cr*  :  therefore  the  rect. 
PHft  ;  pa^  :  :  pb'4  :  p'ucf. 

Alio,  if  another  line  f'h^'  be  drawn  parallel  to  pq,  or  cr  ; 
becaase  the  rectangles  p'W  p'Af' arc  still  in  the  same  ratio, 
therefore,  in  general,  the  reel.  ph4  :  png  :  :  r'k^'  :  p'hg. 
That  is,  the  rectaoglt^s  of  the  ))artHof  two  parallel  hnes, 
-are  to  one  another, »»  the  rcctangk-s  uf  thr  parts  of  tno  other 
pardllel  lines,  any  where  intersecting  the  former. 

Corot.  i.  And  when  any  of  the  line*  only  touch  the  carve, 
instead  of  cutting  it,  the  rcctnnKler  of  such  become  squares, 
'and  the  general  property  still  attends  them. 

That 


H% 
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or  CR 
vki  CR 


That  is,     . 


cr 
cr 


TR 
IB 


Te. 
le. 


•  J 


G^ro/.  3.  And  hence  tk  :  Te  :  :  tm  :  te. 

THEOREM  XXV. 

If  n  Line  be  drawn  through  nny  Point  of  the  Garret,  Parallel 
to  either  of  the  Aien,  hoH  terminated  at  the  Asjmptotea  ; 
the  Rectanc;le  of  itii  ^egmentf>,  measured  from  th>it  Point, 
will  be  equal  to  the  Square  of  the  Semi-aiis  to  which  it  is 
parallel. 


That  if, 
the  rect  hrk  or  h«k  as  ca'  , 
the  rect.  h^k  or  hek  ascA>. 


For,  draw  al  parallel  to  ca^  and  at  to  ca.     Then 

bjr  the  pMralleN,  ca«  :  c«"  or  al*  :  :  cd*  :  dh*  ; 

and  hjf  theor.  2,  ca>  :  ca«  :  :  cd*'-ca»  :  db»  ; 

theref.  by  aubtr.  ca*  :  co*  :  :  ca*  :  oh"  -  db»  or  hrr. 

Bttt  the  antecedents      ca'  ,  ca'  are  equal, 

theref.  the  consequents  ca',  hek  muat  also  be  equal. 
In  like  manner  it  i»  again, 

by  the  parallels,  ca*  :  ca*  or  al*  ::  cd*  :  dh*  ; 

and  by  theor.  3,  ca*  :  ca*   :;  co*+c'a*  :  ne*  ; 

theref  by  subtr,  caI  :  ca*  :  :  ca*  :  •oe^DH*or  b«r. 
But  the  antecedent^  ca*  ,  ca*   are  the  same, 
theref  the  con»eq.  ca>,  Hes  must  be  equal. 
In  like  manner,  by  changing  the  ases,  is  kKk  or  hek  as  ca*. 

CbroZ.  1.  Because  the  rett.  BKK^=the  rect.  bcX) 
therefore  eh  :  ch  : .  ex  :  bk. 
And  consequently  hk  :  is  always  greater  than  Htf. 

,  Coroi,  2.    The  rectangle  Hek  =  the  rect.  uEk. 

For^  by  aim.  tri.  e^  :  eh  :  :  sft  :  ek. 

SCHOLIUM. 
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SCHOLIUM. 

It  w  evident  that  this  proposiUoD  is  general  for  any  line 
obhque  to  the  axis  also,  namely,  that  the  rectangle  of  the 
segments  of  any  line,  cut  by  the  curve,  and  terminated  by  the 
asymptotes,  is  equal  to  the  square  of  the  semi-diameter  to 
which  the  line  is  parallel.  Since  the  demonstration  is  drawn 
from  properties  that  arc  common  to  all  diameters. 

THEOREM  XXVI. 

All  the  rectangles  are  eqnal  which  are  made  of  the  SegmeoU 
of  any  Parallel  Lines  cut  by  the  Curve,  and  limited  by  the 
Asymptotes. 


That  is, 
the  rect.  bkk=s  hck, 
and  rect.  hEk=  hek. 


For,  each  of  the  rectangles  hek  or  HfK  is  equal  to  the 
square  of  the  parallel  semi-diameter  cs  ;  and  each  of  the 
rectangles  kEk  or  hek  i*  equal  to  the  square  of  the  parallel 
semi-diamete^  ci.  And  therefore  the  rectangles  of  the  seg- 
ments of  all  parallel  lines  are  eqnal  to  one  another.    ^.  e  d. 

CoroL  1 .  The  rectangle  hek  being  constantly  the  same, 
whether  the  point  e  is  taken  on  the  one  side  or  the  other  of 
the  point  of  contnct  i  of  the  talbgent  parallel  to  hk,  it  follows 
that  the  parts  he,  kk,  of  any  line  hk,  are  eqnal. 

And  becdUfte  the  rectangle  hck  i^  coo9t:int,  whether  the 
point  e  is  taken  in  the  one  or  the  other  of  the  opposite  hy- 
perbolas, it  follows,  that  the  parts  He,  se,  are  also  equal. 

Carol.  2.  And  when  hk  comes  into  the  position  of  the  tan- 
gent DiL,  the  last  corollary  becomes  il^s  id,  and  iMasriv,  and 

LMcsDlf. 

Hence  also  the  diameter  cm  bisects  all  the  parallels  to  dl 
which  are  terminated  by  the  asymptote,  namely  RHaBBs. 

CoroL 


5ie 
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Co'ol.  3.  From  the  proposition,  and  the  last  corollary,  if 
follows  that  the  constant  rectangle  hek  or  ehb  is  «il«.     And 
the  equal  constant  rect.  hck  or  eHe  =  MiN  or  m'— il«. 
CoroL  4.  And  hence  il  =  the  parallel  semi-diameter  cs. 
For,  the  rect.  ehe«ii-*, 
and  the  equal  rect.  eue^m'— il>, 
theref  iL«=iM*— IL«,  or  im»=2il'  ; 
but,  by  cor.  4,  thcor.  23,  im*=^cs'; 
ane  therefore     •     -     -     il  =cs. 
And  so  the  asymptotes  pass  through  the  opposite  angles  of  ^U 
the  inscribed  parallelograms. 

THEOREM  XXYII. 

The  rectangle  of  any  two  Lines  drawn  from  any  Point  in  the 
Curve,  Parallel  to  two  given  Lines,  and  limited  by  the 
Asymptotes,  is  a  Const  rintX),uatUity. 

That  is,  if  A  p.  EG.  Di  be  parallels, 
as  also         A^,  GK.  nM  parallels, 
then  shall  the  rect.  FA^c=rect.  ccK^rect.  idm. 


I 

■ 


I 


For,  produce  ke,  md  to  the  other  asy^nptote  at  b,  l. 
Then,  by  the  parallels,  he  :  ce  :  :  ld  :  id  ; 
but    -     -     -     -     -     -     EK  :  EK  :  :  DM  :  dm  ; 

'theref  the  rectangle  '    hek  :  gek  :  :  ldm  :  idm. 
But,  by  the  la<it  theor.    the  rect.  hek:=ldm  ; 
and  therefore  the  rect.    qEK=  idm=pa^. 

^THEOREM  XXViri. 

Every  Inscribed  Triangle,  formed  by  any  Tangent  and  thi^ 
two  Intercepted  Parts  of  the  Asymptotes,  is  equal  to  a 
Constant  Q,uantity  ;  namely  Double  the  Inscribed  ParaJie* 
logram. 

That 
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Tkat  is,  the  triangle  cts=s2  paral.  gk. 
For,  since  the  tangent  ts  is 
bisected  by  the   point  of  con* 
tact  c,  and  ek  is  parallel  to  tc, 
and  QK  to  ex  ;  therefore  ck, 
M9>  QK  are   all  equal,  as   are 
dso  CO,  GT,  KB.     Consequent" 
Ijr  the  triangle  gtb  ==  the  tri- 
angle KBs,  and  each  equal  to  half  the  constant  inscribed  pa- 
rall^lograai  ck.     And  therefore  ibe  whole  triangle  ct.**,  which 
is  composed  of  the  two  smaller  triangles  and  the  parallelogramt 
is  equal  to  double  the  constant  inscribed  parallelogram  ok. 

<l.  k,,  D. 

THEOREM  XXIX. 

If  from  the  Point  of  Contact  of  any  Tangent,  and  the  two 
Intersections  of  the  Curve  with  a  Line  parallel  to  the 
Tangent,  three  parallel  Lines  be  drawn  in  any  Direction, 
and  terminated  by  either  Asymptote  ;  those  three  Lines 
shall  be  in  continued  Proportion, 

That  is,  if  hkm  and  the 
tangent  il  be  parallel,  then 
are  the  parallels  dh,  ei,  gk 
in  continued  proportion. 


C    T>     E 


L    G     M 


For,  by  the  parallels,  ei  :  il  : :   dh  :  hm  ; 

and,  by  the  same  ei  :   il  : :   gk  :  km  ; 

theref  by  compos.       ei'  :    il'  :  :  oh  .  gk 
but,  by  theor.  S6,  the  rect.  hbik^il'  ; 
and  theref.  the  rect.       dh  .  gk=s£i*, 
or         -         -         -         dh  :  EI  :  :  EI  :  ok. 


HMK 


^.  E.  B. 


THEOREM  XXX. 

Draw  the  semi-diameters  ch,  cm,  ck  ; 
Then  shall  the  sector  cbi=s  the  sector  cik, 


YoL.  L 


C    D 


For, 


^ 


oU  CONIC  SECTIONS. 

For,  because  hk  aod  all  its  paralleU  are  bisected  bj  cur, 
therefore  the  triangle    cnh  ^  tri.  cnk, 
and  the  segment  inh  =»  seg.  iitk  ; 

consequently  the  sector  cih  =  sec.  gik.  i 

Carol.     If  the  geometricals  dh,  ei,  gk   be  parallel  to  the  i 

other  asymptote,  the  spaces   ohib«  £iko  will  be  equal  ;  for 
they  are  equal  to  the  equal  sectors  chi,  cik. 

So  that  by  taking  any  geometricals  cd,  cb,  cg,  &c.  aod 
drawing  dh,  ei,  gk,  8cc.  parallel  to  the  other  asymptote*  as 
also  the  radii  ch,  ci,  ck  ; 

then  the  sectors  chi,  cik   &c. 
or  the  9p«ice!*  dhie,  f.iko,  &c. 
will  be  all  equ>il  among  theroselres. 
Or  the  sectors  chi,  chk  &c. 
or  the  spaces  dhie,  dhkg,&c. 
will  be  in  arithmetical  progression. 
And  therefore  these  sectors,  or  spaces,  will  be  analogous  to 
the  logarithms  of  the  lines  or  banes  cd,  ce,  cg,  &c.  ;  namely 
CHI  or  OH  IE  the  log.  of  the  ratio  of 

cB  to  cE,  or  of  cE  to  CO,  &c. ;  or  of  ei  to  db,  or  of  gk  to  bi»  &c.  ; 
and  CHK  or  dhko  the  log.  of  the  ratio  of 
CB  to  c«,  &c.  or  of  gk  to  or,  &.C. 


OF  THE  PARABOLA. 

THEOREM  I. 

The  Abscisses  are  Proportional  to  the  Squares  of  their 

Ordinates. 

Let  AVM  be  a  section  through 
the  axis  of  the  cone,  and  auih  a 
parabolic  section  by  a  plane  per- 
pendicular to  the  former,  and 
parallel  to  the  side  vm  of  the 
cone  ;  also  let  afh  be  the  common 
intersection  of  the  two  planes,  or 
the  axis  of  the  paraUola,  and  fg, 
HI  ordinates  perpendicular  to  it. 

Then  it  will  be,  as  ap  :  ah  :  :  fg^  :  hi*. 

For,  through  the  ordinates  fo,  hi  draw  the  circular  sec- 
tions,^  KOL,  Miif ,  parallel  to   the  base  of  the  cone,  having  kl. 
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xNfor  their  diameters,  to  which  fg,  hi  are  ordinates,  aa  well 
as  to  the  axis  of  the  parabola. 

Then,  bj  similar  triangles,  af  :  ah  :  :  fl  :  hn  ; 
but,  because  of  the  parallels,  kf=uu  ; 

therefore'   -         -         -         af  :  ah  :  :  kf  .  fl  :  mh  •  bn. 
But,  by  the  circle,  kf  .  FL=3=Fo',aDd  mu  .  hn  =  hi*  ; 
Therefore     -         -         -      af  :  ah  :  :  fo«  :  iR^        ^  b.  d. 

•  FO*         HI* 

Corol.  Heoce  the  third  proportional or is  acoostant 

AF  AH 

quantity,  and  is  equal  to  the  parameter  of  the  axis  by  defin. 
16. 

Or  AF  :  FG  : :  Fo  :  p  the  parameter. 
Or  the  rectangle  p  .  af  =  fg'  . 

THEOREM  IL 

As  the  Parameter  of  the  Axis  : 
is  to  the^Sum  of  any  Two  Ordinates  : 
So  is  the  Differetice  of  those  Ordinates  : 
To  the  Difference  of  their  Abscisses  ; 


That  is, 
p  :  OR-f  DB  :  :  gh— db  :  dg 
Or,  p:  Ki  :  :  IB  :  ib. 


For,  by  cor.  theor.  1 ,  p  .  ag  =  ob*  I 


ADssDE'*  ; 

DG  =GH* DE* 

DO  =sKI  .   IH, 

KI  :  :  iH  :  DG  or  ki. 


and         -         .         -  p 

theref.  by  subtraction,  p 

Or,         -         -         -  r 

therefore        -         -  p  :  ki  :  :  ih  :  dg  or  ki.  q.  e.  i>. 

Corol,  Hence  because  p  .  ki  =s  ki  .  ih. 

and,  b^  cor.  theor.  1.  p  .  ag  =:gh*, 

therefore        -  -  ao  :  bi  :  :  oh*  :  ki  .  ih. 

So  that  any  diameter  ei  is  as  the  rectangle  of  the  segments 
XI,  IB  of  the  double  ordinate  kr. 


THEOREM  in. 

The  Distance  from  the  Vertex  to  the  Focus  is  equal  to  ^  of 
the  Parameter,  or  to  Half  the  Ordinate  at  the  Focus. 

That 
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Thati«, 

where  f  it  the  focils. 

For,  the  general  property  is  af 
But  by  definitioo  17         -         b-^p  ; 
tberefbre  also        -  -       af=4fe 

THEOREM  IV. ' 

A  Line  drawn  from  the  Focus  to  any  Point  in  the  Curre,  is 
equal  to  the  Sum  of  the  Focal  Distance  and  the  Absciss  of 
the  Ordinate  to  that  Point. 

el 

That  is, 

FE  =  FA  4"  AD  =  OD, 

taking  ao  =  af. 


For,  since  fd  =  ad  co  af, 
theref.  by  squarJDg,     fd«=  af«  —  2af  .  ad+ad*j 
But,  by  cor.  theor.  I,  de«s=  p  .  ad  «;=4af  .  ad  ; 
theref.  by  addition,      fd«+  de*=  af«  4-^af  .  ad  +  ad*, 
But.by  right-ang.  tri.   fd«+dk*=^e«  i 
therefore         -         •   fe*=»af»+  *af  .  ad  +  ad«, 
and  the  root  or  side  is  fe  =  af  +  ad, 
or  -         -         -    FB  e=  oD,  by  taking  ag  ^^af. 


'^.  B.  D. 


Hgg 


CoroL  1.  If,  through  the  point  g,  the  HHH 
line  GH  be  drawn  perpendicular  to  the 
axis,  it  is  called  the  directrix  of  the  pa- 
rabola. The  property  of  which,  from 
this  theorem,  it  appears,  is  this  :  1  hat 
drawing  any  line  he  parallel  to  the  axis, 
he  is  always  equal  to  fe  the  distance  of 
the  focus  from  the  point  b. 


CoroL  2.  Hence  also  the  curve  is  easily  described  by  points. 
Namely ,  in  the  axis  produced  take  ag  =  af  the  focal  distance, 
and  draw  a  number  of  lines  ee  perpendicular  to  the  axis  ad  ; 
then  with  the  distances  qd,  gd,  go,  &c.  as  radii  and  the  centre 
F,  draw  arcs  crossing  the  parallel  ordinatBS  in  c,  e,'e,  &c. 
Then  draw  the  curve  through  all  the  points,  b,  b,  e. 

THEOREM 
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THEOREM  V. 


If  a  Tangent  be  drawn  to  any  Point  of  the  Parabola,  meet- 
ing the  Axis  produced  ;  and  if  an  Ordinate  t>'  the  i^is  be 
drawn  from  the  Point  of  Contact ;  then  the  Absciss  of  that 
Ordinate  will  be  equal  to  the  External  Part  of  the  Axis. 


That  is, 
if  Tc  touch  the  curve 
at  the  point  c  ; 
then  is  at=am. 


For,  from  the  point  t,  draw  any  line  cutting  the  curve  in 
the  two  points  b,  h  :  to  which  draw  the  ordinates  dk,  qh  ; 
also  draw  the  ordinate  mc  to  the  point  of  contact  c. 

Then,  by  th.  1,  ad  :  ao  ::  d«'  :  gh*  ; 
and  by  sim.  tri        td'  :  to'  :  :  dk*  :  gh*  ; 
theref.  by  equality,  ad  :  ag  :  :  td*  :  to^  ; 
and,  by  division,     ad  :  do  :  :  td*  ;  tq«  —  TD'orDO.(TD+To)» 
or     -     -  -        ad  :  td  :  :  td  :  t»+To  ; 

and,  by  division,     ad  :  at  :  :  td  :  to, 
and  again  by  div.     ad  :  at  :  :  at  :  ao  ; 
or     -     -     -     '      at  is  a  mean  propor.  between  ao,  ao. 

Now  if  the  line  th  be  supposed  to  revolve  about  the  point 
T  ;  then,  as  it  recedes  farther  from  the  axis,  the  points  e  and  h 
approach  towards  each  other,  the  point  c  descending  and  the 
point  H  ascending,  till  at  laHt  they  meet  in  the  point  c,  when 
the  line  becomes  a  tangent  to  the  curve  at  c.  And  then  the 
point!4  D  and  g  meet  in  the  point  k,  and  the  ordinates  de,  gh 
in  the  ordinates  cm.  Consequently  ad,  ag,  becoming  each 
equal  to  AM,  their  mean  proportional  at  will  be  equal  to  the 
absciss  am.  i'hit  is,  the  extern  d  part  of  the  axis,  cut  off  by 
a  tangent,  is  equal  to  the  absciss  of  the  ordinate  to  the  point 
of  contact.  q.  e.  d. 

THEOREM  VT. 

If  a  tangent  to  the  Curve  meet  the  Axis  produced  ;  then  the 
Line  drawn  from  the  Focus  to  the  Point  of  Contact,  will 
be  equal  to  the  Distance  of  the  Focus  from  the  Intersection 
of  the  Tangent  and  Axi«. 

That 
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That  is, 

FC=FT. 


For,  draw  the  ordinate  dc  to  the  point  of  contact  c. 

Then,  by  theor.  5,  at  =  ad  ; 
therefore  -  ft  =  af+ad. 

But,  by  theor.  4,         fc  s=  af+ab  ; 
theref.  by  equality,      fc  =  ft. 

Carol.   I.  If  CO  be  drawn  perpendicular  to  the  curve,  or  to 
the  tangent,  at  c  ;  then  thall  fg  s^  fc  =.  ft. 

For,  draw  fh  perpendicular  to  tc,  which  will  al«o  bisect 
TC,  because  ft  »:  fc  :  and  therefore,  by  the  nature  of  the  pa- 
rallels, FH  also  bisects  to  in  f.     And  consequently  fo  =  rr 

==FC. 

So  that  F  is  the  centre  of  a  circle  passing  through  t,  c,  o. 

CoroL  2.  The    tangent  at  ihe  vertei  ah  is  a  mean  propor- 
tional between  af  and  ad. 

For,  because  fht  is  a  right  angle, 
therefore     -       ah  is  a  mean  between  af,  at, 
or  between  -       af,  ad,  because  ad^^at. 
Likewise,    -       fh  is  a  mean  between  fa,  ft, 

or  between  fa,  fc 

G>ro/.  3.  The  tangent  tc  makes  equal  angles  with  fc  and 

the  axis  ft. 

For,  because    ft=fc, 
therefore  the/.  fct=z.ftc.  ' 
Also,  the  angle  GCF  =  the  angle  gck, 
drawing  ick  parallel  to  the  'dw  ag. 

CoroL  4.  And  because  the  angle  of  incidence  gck  is  :=the 
angle  of  reflection  gcf  ;  therefore  a  ray  of  light  falling  untfae 
curve  in  the  direction  ac.  will  be  reflected  tg  the  focus  f. 
That  is,  all  ra>8  parallel  to  the  axis,  are  reflected  to  the  fo- 
cus, or  burning  point. 

-THEOREM 
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THEOREM  VII. 

If  there  be  nny  Taneent.  and  a  Double  Ordinate  drawn  from 
the  point  o(  Cotitaci,  and  dso  ny  Line  parallel  to  the  Axis, 
liiiiited  by  the  Tangent  and  Double  Ordinate :  then  i>haU 
the  Curve  dividf  ih:it  Line  in  the  same  Ratio,  as  the  Lme 
divides  the  double  Ordinate. 

T 


IE 


That  is, 


For,  by  sim.  triangles,  ck 
but  by  the  def.  the  param.  p 
therefore,  by  equality,  p 

Bot,  by  theor.  2,  -  -  -  p 
therefore,  by  equality  cl 
and  by  division,     -     -     -  ck 


THEOREM  VII. 


The  same  being  supposed  a.^  in  theor.  7  ;  then  shall  the  Ex- 
ternal Part  of  the  Line  between  the  Curve  and  Tangent  l>e 
proportional  to  the  Square  of  the  intercepted  Part  of  the 
Tangent,  or  to  the  Square  of  the  intercepted  Part  of  the 
Double  Ordinate. 


That  is,  IE  is  as  ci^or  as  ck^ 
and  IE,  TA,  ON,  PL,  &c. 
are  as  ci*,  ct«,  co«,  cp*,  &c. 
or  as  ck",  cd«,  cm*,  cl*,  &c. 


b:  d 

For,  by  tbeor.  7,  ie  :  ek  :  :  ck  :  kl, 
or,  by  equ.ility,       ie  :  rk  :  :  ck>  :  ck  .  kl. 
But,  by  cor.  th.  2,  ek  is  as  the  rect.  ck  .  kl, 
therefore     -     -     -  ie  is  as  ck*,  or  as  ci*.  a.  >•  d. 

Corol.  As  this  property  is  common  to  every  position  of  the 
tangent,  if  the  hnes  ie.  ta,  on,  &c.  l>e  appended  oo  the  points 
I,  T,  o,  &c.  and  moveable  about  them,  and  of  such  lengths  ai 
that  their  extremities  b,  a,  n,  &c.  be  in  the  carve  of  a  parabola 

in 
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in  tome  one  position  of  the  tangent :  then  making  the  tangent 
revolve  about  the  point  c.  U  appears  that  the  extremities  e.  a, 
»,  he.  will  aWrajfs  form  tb«  curve  of  tome  parabola,  inev^ry 
potKion  of  the  tangent. 

THEOREM  IX. 

The  Abtciaset  of  any  Diameter,  are  as  the  Squares  of  their 

Ordinates. 


That  18,  c^,  CR,  cs,  &c. 
are  a^  ^e*.  ha',  ^n',  &c. 
Or  cq  :  CR  :  :  ^e*  :  &▲>, 
&c. 


For,  draw  the  tangent  tt,  and  the  externals  bi,  at,  no,  &c. 
parallel  to  the  axis   or  to  the  diamrtercs. 

Then,  because  the  orditiates  ^b,  ra,  sn,  &c.  are  parallel  to 
the  tangent  ct,  .t>y  the  definition  of  them,  therefore  all  the 
figure*  1^,  TR,  OS,  &c.  are  parailelegraras,  whose  opposite 
sides  areeqoal ; 

namely,         -         -         ie,  ta,  on,  &c.. 

are  equal  to  -         c<i,  cr,  c8,  &c. 

Therefore,  by  theor.  8,  r^,  ck,  cs,  &c. 
areas  -         -         ci*,  ct- ,  co',  &C. 

or  Bfi  their  equals     -         ^e*  ,ra«,  SH^  &c.  ^   e.  d. 

CoroL  Here  like  as  in  theor.  2,  the  difference  of  the  ab- 
flcisses  is  as  the  difference  of  the  $^quares  of  their  ordinates» 
or  H«  the  rect'Uigles  under  the  sum  and  difference  of  the  ordi- 
nates, the  rectangle  of  the  sum  and  difference  of  the  ordi  • 
nates  being  equal  to  the  rectangle  under  the  difference  of  the 
abscisses  and  the  parameter  of  that  diameter,  or  a  third  pro- 
portional to  any  absciss  and  its  ordinate. 
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THEOR£M  X. 

If  a  Line  be  drawn  parallel  to  any  Tangent,  and  cut  the 
Carve  in  two  points  ;  then  if  two  Ordinates  be  drawn  to 
the  Intersections,  and  a  third  to  the  Point  of  Contact^ 
these  three  Ordinates  will  be  in  Arithmetical  Progression^ 
or  the  Sum  of  the  Extremes  will  be  equal  to  Double  the 
Mean. 


That  is, 
BO  +  Bi  s  2co* 


For,  draw  bx  parallel  to  the  axis,  and  produce  hi  to  l. 
Then,  by  sim.  triangles,  bk  :  bk  :  :  td  or  Sad  :  co  ; 
^Qt,  Iw  theor.  2,     -         ex  :  hk  :  :  xl  :  p  the  param. 
theretl  by  equality,        Sad  :  kl  :  :  cd  :  p. 
But,  by  the  defin.  2ad  :  2cd  :  :  cd  :  p  ; 

theref.  the  3d  terms  are  equal,  kl  s=  2cd, 
that  is,  -  -         BO  -4"  HI  =  2cd.  q.  e.  ot 

Corol,  When  the  point  e  is  on  the  other  side  of  ai  ;  then 

BI  — 6E  ^  2CD. 
THEOREM  XI. 

Any  Diameter  bisects  all  its  Double  Ordinates,  or  Lines  parallel 

to  the  tangent  at  its  Vertex. 


That  is, 

MB  =  MB. 


Fox,  to  the  axis  ai  draw  the  ordinates  ko,  cd,  hi,  and  kn 
parallel  to  them,  which  is  equal  to  cd. 
Vol.  I.  67  Then 
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Then,  by  theor.  10,  Smn  or  9cd  =  eo  +  hi, 
therefore  m  is  the  middle  of  er. 

And,  for  the  same  reaton,  all  its  parallels  are  bisected. 

^.  E.  D. 

ScHOL.  Hence,  as  the  abscisses  of  any  diameter  and  their 
ordinates  have  the  same  relations  as  those  of  the  axis,  namely, 
that  the  ordinates  are  bisected  by  the  diameter,  and  their 
squares  proportional  to  the  abscisses  ;  so  all  the  other  pro- 
perties of  the  axis  and  its  ordinates  and  abscisses  before  de- 
monstrated, will  likewise  hold  good  for  any  diameter  and  its 
ordinates  and  abscisses.  And  also  those  of  the  parameters, 
understanding  the  parameter  of  any  diameter,  as  a  third 
proportional  to  any  absciss  and  its  ordinate.  Some  of  the^ 
most  material  of  which  are  demonstrated  in  tbp  &>lloiring 
theorems. 

THEOREM  Xir. 

The  Parameter  of  any  Diameter  is  eqpal  to  four  Times  the 
Line  drawn  from  the  Focus  to  the  v  ertex  of  that  Diame- 
ter. 


That  is,  4fc  =  p, 
the  param.  of  the  diam.  cm. 


For,  draw  the  ordinate  ma  parallel  to  the  tangent  ct  ; 
also  CD,  Mir  perpendicular  to  the  aiis  an,  and  fb  perpendicu- 
lar to  the  tangent  ct. 

Then  the  abscisses  ad,  cm  or  at,  being  equal,  by  theor.  5, 
the  parameters  will  be  as  the  squares  of  the  ordinates  on,  ica 
or  CT,  by  the  definition  ; 

that  is,         -         -         p  !  p  :  :  CD*  :  cT*. 

But,  by  sim.  tri.       -     fb  :  ft  :  :  cd  :  ct  ; 

therefore         -         -        p  :  p  :  :  fh»  :  ft*. 

But,  bjr  cor.  ft,  th,  6,    fh«  =  fa  .  ft  ; 

therefore        -        -       p  :  p  : :  fa •  ft  :  ft*. 

or,  by  equality        -        p  :  p  :  :  fa  :  ft  or  fc. 

But, 
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But,  by  theor.  3,       p=:4fa, 

and  therefore     -       p=4ft  or  4fc.  ^.  e.  d. 

Corai.  Hence  tbe  parameter  p  of  the  diameter  cm  is  eqoai 
to  4fa  +  4a0,  or  to  ^  -f  4ad,  that  is,  the  parameter  of  Ihe 
a&u  added  to  4 ad. 

THEOREM  xnr. 

If  an  Ordinate  to  any  Diameter,  pass  throagh  the  Focns,  it 
will  be  equal  to  Half  its  Parameter  ;  and  its  Absciss  eqaal 
to  One  Fourth  of  the  same  Parameter. 


That  'iBf  CM  =s  j-p, 
and    ME  =  ^p. 


For,  join  fc,  and  draw  the  tangent  ct. 

By  the  parallels,  cm  =  ft  ; 

and,  by  theor,  6,  fc  ss  ft  ; 

also,  by  theor.  12,  fc  =>  ^p  ; 

therefore'      -    -  cm=  Jp. 

Again,  by  thedefin.  cm  or  |p  :  me  ::  me  :  p, 
and  consequently     me  =»  ^p  ^  3cm. 


^»  X.  D. 


C^roL  1.  Hence,  of  any  diameter,  the  double  ordinate 
which  passes  through  the  focus,  is  equal  to  the  parameter,  or 
to  quadruple  its  absciss. 

Cond.  9,  Hence,  and  from  cor.  1 
to  theor.  4.  and  theor.  6  and  12,  it 
appears,  that  if  the  directrix  oh  be 
drawn,  and  any  lines  hb,  he,  parallel 
to  the  axis  ;  then  eyery  parallel  he 
will  be  equal  to  ef,  or  j.  of  the  pa- 
rameter of  the  diameter  to  the  point  e. 


a  g  Q  H    H 
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TBKOREM  XW. 

If  there  be  a  Taogent,  and  any  Uiie  drawn  from  the  point  of 
Contact  and  meeting  the  Corre  in  jome  other  Point,  as 
also  another  Line  paraUel  to  the  Axis,  and  limited  by  the 
First  line  and  the  tangent ;  I  hen  shall  the  Carre  divide 
this  Second  Line  in  the  same  Ratio,  as  the  Second  Line  di- 
vides the  First  Line. 

IP 


That  is. 


II  ;  KK 


:  OK 


KIm 


For,  draw  lp  parallel  to  ijc,  or  to  the  axis. 
Then  by  theor.  8,         ir  :  pl  ::  ci>  :  cp>, 
or,  by  sim.  tri.     -         ie  :  pl  ::  ck^  :  cl*. 
Also,  by  sim.  tri.  ik  :  pl  ; :  ck    .  cl, 

or,     -         -         -         IK  :  PL  : :  CK»  :  CK  .  CL  ; 
therefore  by  equality  n  :  ik  : :  ck    :  cl  :  cl'  ; 
or,     •         -         -         IE  :  IK  ::  cK 
and,  by  division,  ie  :  ek  : :  ck 


:  CL  ; 


kl 


Q.  B.  i>. 


CoroL  When  ck^skl,  then  iB=fiK=^iK. 


THEOREM  Xy. 

If  from  any  point  of  the  cnrve  there  be  drawn  a  Tangent,, 
and  also  Two  Right  Lines  to  cut  the  Carve  ;  and  Diame- 
ters be  drawn  through  the  points  of  Intersection  b  and  l  , 
meeting  those  Two  Right  Lines  in  two  other  Points  e,  and 
X  ;  Then  will  the  Line  kg  joining  these  last  Two  Points  be 
parallel  to  the  Tangent. 


For, 
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KI 

LH 

LB 


FoR»  by  tbeor.  14,  ck  :  kl  :  :  ei  :  ek 
and  by  composition,  ck  :  cl  :  :  ei 
and  by  the  parallels     ck  :  cl  :  :  gh 
Bat,  by  sim.  tri.     •     ck  :  cl  :  :  ki 
theref.  by  equal.   -     ki  :  lh  :  :  oh  :  lb  ; 
consequeDtly  •     ki=soh, 

and  therefore        -    ko  is  parallel  and  equal  to  ih. 

THEOREM  XVI. 


^.  B.  D. 


If  an  Ordinate  be  drawn  to  the  Point  of  Contact  of  any  Tan- 
gent, and  another  Ordinate  produced  to  cut  the  Tangent ; 
It  will  be,  as  the  Difference  of  the  Ordinates  : 

Is  to  the  Difference  added  to  the  external  Part  :  : 

So  is  Double  the  first  Ordinate  : 

To  the  Sum  of  the  Ordinates. 

That  is,  KB  :  KI  :  :  KL  :  kg. 


IH     K 


For,  by  cor.  1  theor.  1, 

p  :     DC  :  :  DC  :  da, 

and     .... 

p  :  2dc  :  :  DC  :  dt  or  2oa. 

But,  by  sim.  triangles, 

KI  :     Kc  :  :  DC  :  DT  ; 

therefore  by  equality, 

p  :  2dg  :  :  ki    :  KC, 

or,     - 

p  :     KI  :  :  KL  :  xc. 

Again,  by  theor.  2, 

p  :     KH  :  :  KG  :  KC  ; 

therefore  by  equality, 

KB  :    KI  :  :  KL  :  KO.            ^.  e.  n. 

C^rol,  1.  Hence,  by  composition  and  division, 
it  is,  KB  :  KI  :  :  ok.  :  gi, 
and  Bi  :  BK  :  :  HK  :  kl, 
also  IH  ':  IK  :  :  IK    :  lo  ; 
that  is,  IK  is  a  mean  proportional  between  lo  and  ih. 

Carol,  2.  And  from  this  last  property  a  tangent  can  easily 
be  drawn  to  the  cunre  from  any  given  point  i.  Namely, 
drawiBo  perpendicular  to  the  axis,  and  take  ik  a  mean  pro- 
portional between  ib,  io  ;  then  draw  kc  parallel  to  the  axis, 
and  o  will  be  the  point  of  contact,  through  which  and  the  gi- 
ven point  I  the  tangent  ic  is  to  be  drawn. 

THEOREM 
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THEOREM  XVII. 


If  a  Tangeot  cat  any  diameter  produced,  and  if  aa  Ordinate 
to  that  Diameter  be  drawn  from  tbe  Point  of  Contact ;  then 
the  Distance  in  the  Diameter  produced,  between  the  Ver- 
tex and  the  Intersection  of  the  Tangent,  will  be  equal  to 
the  Absdaa  of  that  Ordinate. 


That  is,  IB  =  BK. 
For,  by  the  last  th.  ie  :  ek  : :  ck  :  lu.. 
But,  by  theor.  II,  ck  %  cl, 
and  therefore         tz  snzK. 


'] 


Carol,  1.  The  two  tangents  cf,  lA;  9t  the  aztnemlties  #f  any 
double  ordinate  or.,  meet  in  the  nuBe  point  of  the  diemeler  of 
that  double  ordinate   produced.     And   the  diameter  drawn 
through  the  intersection  of  two  tangentB,  bisects  the  line, 
connecting  the  points  of  contact. 

Coral.  2.  Hence  we  have  another  method  of  drawing  a  tan- 
gent from  any  given  point  i  without  the  curve.  Namely,  from 
I  draw  the  diameter  ik,  in  which  take  ek  =  ei,  and  through  & 
draw  CL  parallel  to  the  tangent  at  e  ;  then  c  and  l  are  the 
points  to  which  the  tangents  mmst  be  drawn- from  i. 

THEOREM  XVIU. 

If  a  line  be  drawn  from  the  Vertex  of  any  Diameter,  to  cut 
the  Curve  in  some  other  Point,  and  an  Ordinate  of  that 
Diameter  be  drawn  to  that  Point,  as  also  another  Ordinate 
any  where  cutting  the  Line,  both  produced  if  neceseary  : 
The  Three  will  be  continual  Proportionals,  namely,  the 
two  Ordinates  and  Part  of  the  Latter  limited  by  the  said 
Line  drawn  from  the  vertex. 


That  is,  DE,GB,  Gi  are 
continual  proportionals,  or 
DE  :  GH  :  :  GH  :  gi. 


For,  by  theor.  9      -     -     -     de«  :  gh» 
and,  by  sim.  tri.       -     -     -     de    :  gi 
theref.  by  equality,      -     -     de    :  ci 
that  is,  of  the  three  de,  qh,  gi,  1st :  3d    ; 

therefore, Ist :  2d 

that  is, DE  :  OH     :  :  OH    :  oi.     q.  e.  d. 


AD 
AD 
DE' 

1st* 
2d 

OH 


Ao; 
AG  ; 
OH*; 
2d«; 
3d, 

OI.       Q.  E< 


Corol. 
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CoroL  1.     Or  their  eqaals,  ok,  gs,  oi,  ai;e  |Mroportionalp  ; 
where  ejc  is  parallel  to  the  diameter  ad. 

CoroL  2.     Hence  it  is  de  :  ao  :  :   /> :  oi,  wliei%}>  is 
the  parameter,  or    ao  :  oi  :  :  dr  :  p. 
For,  by  the  de&i.     ag.  :  oh  :  :  qh  :  p, 

CoroL  3.  -  Hence  also  the  three  Mir,  mt,  mo,  are  propor- 
tionals, where  mo  is  parallel  to  the  diameter,  and  ah  parallel 
to  the  ordinates. 

For,  by  theor.  9,     -     hn,  mi,  mo, 

or  their  equals         -     ap,  ao,  ad, 

are  as  the  squares  of   pn,  oh,  de, 

or  of  their  equals        oi,  oh,  ok, 

which  are  proportionals  by  cor.  1 . 

THEOREM  XIX. 

If  a  Diameter  cut  any  Parallel  Lines  terminated  by  the  Curve  ; 
the  Segments  of  the  Diameter  will  be  as  thti  rectangle  of 
tJie>8egmeBto  of  thoae  Lines. 

That  is,  EK  :  EH  :  :  ck  .  rl  :  nm  .  mo. 
Or,    KK  is  as  the  rectangle  ck  .  kl. 

For,  draw  the  diameter 
PS  to  which  the  parallels 
cL,  NO  are  ordinates  and 
the  ordinate  eq  parallel  to 
them. 

Then  ck  is  the  differ- 
ence, and  KL  the  sum  of 
the  ordinates  e^,  cr  ;  also    ^ 
RH,  the  difference,  and  mo  the  snm  of  the  ordinates  kq,  rs. 
And  the  differences  of  the  abscisses,  are  ^r,  <i9,  or  xk,  em. 

Tlien  by  cor.  theor.  9,  qr  :  ^s  :  :  ck  .  rl  :  nm  .  mo, 
That  is         -         -         BK  :  EM  :  :  CK  .  KL  :  NM  .  mo. 

CoroL  t .  The  rect.  ck  .  kls=  rect.  ek  and  the  param.  of  PS.. 
For  the  rect.  ck  .  kl  =s  rect.  ^r  and  the  param.  of  ps. 

Carol.  2.  If  any  line  cl  be  cut  by  two  diameters,  ke,  cb  ; 
the  rectangles  of  the  parts  of  the  line,  are  as  the  segments  of 
the  diameters. 

For  BK  is  as  the  rectangle  ck  .  kl. 

and  cB  is  as  the  rectangle  ch  .  bl  ; 

therefore  ek  :  gh  :  :  ck  .  kl  :  cii  .  bl. 


C^roL 
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Corol.  3.  If  two  parallels,  cl,  no,  be  cat  by  two  diame- 
ters, EM,  01 ;  the  rectangles  of  the  parts  of  the  parallels,  irill 
be  as  the  segments  of  the  respective  diameters. 

For      •  -  -       EK  :  CM   : :  CK  .  KL  :  NM  .  MO, 

and     -         -         -     BK  :  OB  : :  cc  .  KL  :  CB  .  hl, 
theref.  by  equal.       em  :  gb  : :  vm  .  mo  :  ch  .  hl, 
Corol.  4.     When  the  parallels  come  into  the  position  of 
the  tangent  at  p  ;  their  two  extremities,  or  points  in  the  corre 
unite  in  the  point  of  contact  p  ;  and  the  rectangle  of  the  parts 
becomes  the  square  of  the  tangent,  and  the  same  properties 
still  follow  them. 

So  that,  BV  :  PT  : :  pv  :  j>  the  param. 
ow  :  pw  : :  pw  :  p, 
BT  :  ow  ::  PF«:  pw«, 
EV  :  OH  :  :  py':  cu  .  hl. 


THEOREM  XX. 

If  two  Parallels  intersect  any  other  two  Paralleli ;  the  Rect- 
angles of  the  Segments  will  be  respectively  Proportional. 
That  is,  CK  .  KL  :  DK  .  xe  : :  Gl  •  IH  :  HI  .  lo. 


For,  by  cor.  3,  theor.  19,  pk  :  ^i  ::  ck  .  kl  :  oi  .  lu  ; 

and  by  the  same,  pbl  :  «i  : :  dk  :  kb  .  Ni  .  xo  ; 

theref.   by  equal,  ck  .  kl  :  dk  .  ke  : :  oi  .  ih  :  hi  .  io  ; 

Corol,  When  one  of  the  pairs  of  intersecting  lines  comes 
into  the  position  of  their  parallel  tangents,  meeting  and  limit- 
iog  each  other,  the  rectangles  of  their  amgmeotB  become  the 
squares  of  their  respectiFe  tangents.  So  that  the  constant 
ratio  of  the  rectangles,  is  that  of  the  square  of  their  parallel 
tangents,  namely, 
CK  .  KL  :dk  .  KB  : :  tang'  .  parallel  to  cl  :  tang*  .  parallel  to  de. 

THEOREM  XXI.  - 

If  their  be  Three  Tangents  intersecting  each  other,  their  Seg-  j 

'  ments  will  be  in  the  same  Proportion. 

That 


OF  THE  FARABOU. 
That  u,  01  : 

For,  tbroDgh  the  points 
o,  I,  D,  a,  draw  the  diame- 
ten  OK,  iL,  DM,  HK  ;  bb  ateo 
the  linei  oi,  bi,  which  are 
doable  ordiaateii  to  the  rfia- 
melert  ok,  hit,  bj  cor.  1, 
Ibeor.  16  ;  thererore 
tbe  diametara  ok,  dm,  br, 
biaect  tbe  linei  cl,  cc,  lb  ; 
hence  KH=  ch  — ck  =  ^e— (cl  =  1lb  =  Lit  or  tn, 

andHlta  MB -HE  sIcE-lLE-slcL   =  CK  Of  Kt. 

Bat,  bj  paralleln. 


■B©  -  -       BS  :flK 

Bat  the  3d  (emu       kl,  ck,  mh  are  all  eqiud  ; 
aa  ntaothe  4th  temu  lk.  km,  hb. 
Therefore  tbe  fint  and  aecond  termi,  is  all  tbe  linej,  ore 
proportional,  oamel]'  oi  :  la  :  :  co  :  od  :  ;  db  :  be.     «.  r.  d. 

THEOtlM  XXa 

If  a  Rectangle  be  detctibed  aboat  a  Parabola,  baring  tbe  aame 
Bate  and  Altitnde  ;  and  a  diagonal  Liae  be  drawn  from  the 
Vertex  to  the  Eitremi^  of  the  Base  of  tbe  Parabola,  form- 
ing a  right-angled  Trianele,  of  the  same  Base  and  Altitude 
alio  ;  t^en  any  Line  or  Ordinate  drawn  acrosa  (be  three  Fi- 
gnrei,  perpendicular  to  the  Axis,  will  be  cut  inConlinaal 
Proporiioa  by  (he  Sidea  of  those  Figures. 


Or,Br,  Eo,  BH.are  in  con- 
tinued proportion. 


For,  bytheor  1,  ab  :  ae  :  :  ac*  :  bo*, 
md,.by  aim.  tri.  -  ab  :  ae  :  :  bc  :  Br, 
theref.  of  equality,  -  ir ;  bc  :  :  ma*  :  ac' 
that  ia     •         -  -    Er  :  BH  :  :  bo*  :  eb*, 

tberef.by  Oeom.  tb.  78,  uw,  ra,  eh  are  proportionala, 
or  -  -  -  BF  :  BO  :  ;  BO  :  sa.  «.  b.  t. 
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THEOREM  XXIII. 

The  Area  or  Space  of  a  Parabola,  is  equal  to  two-Thirdfl  of 
its  Circomacri'iiog  Parallelogram. 

That  ifl,  the  space  abcoa=^|  abcd  ; 
or  the  space  adcoa=  |  abcd. 

For,  coDceiTe  the  space  adcoa  to  be  composed  of,  or  di* 
▼ided  iiito,  indefiuUely  small  parts,  by  lines  parallel  to  oc  or 
ab,  such  as  lit,  which  divide  ad   into  like  small  and   equal  • 

parts,  the  number  or  sum  of  which  is  expressed  by  the  line 
AD.     Then, 

by  the  parabola,         bc*  :  eg  h  ab  :  ae, 
that  is,      ...      ad'  :  Ai*  : :  DC  :  lo. 

Hence  it  follows,  that  any  one  of  these  narrow  parts,  aa 

DC 

iG,  is=  — |-  X  Ai*  ;  hence,  ad  and  dc  being  given  o»  constant 

quantities,  it  appears  that  the  said  parts  lo,  &c.  are  pro- 
portional to  Ai' ,  &c.  or  proportional  to  a  series  of  square 
numbers,  whose  roots  are  in  arithmetical  progresaion,  and  the 

oc 
area  adcoa  equal  to  — r-  drawn  into  the  sum  of  such  a  aeries 

AD* 

of  arithmeticals,  the  number  of  which  is  expressed  by  ad. 

Now,  by  the  remark  at  pag.  297  this  vol.  'the  sum  of  the 
squares  of  su  h  a  series  of  arithmeticals,   is  expressed  by 

4^11 .  fli+ 1  .  2n+1>  where  n  denotes  the  number  of  them. 
In  the  present  case,  n  represents  an  infinite  number,  and 
then  the  two  factors  n  +  1, 5^fi  +  1,  become  only  n  and  2ft, 
omitting  the  1  as  inconsiderable  in  respect  of  the  infinite 
number  n  :  hence  the  expression   above  becomes  barelj 

•  ., 

To  apply  this  to  the  case  above  :  n  will  denote  ad  or  bc  ;  f 

and  the  sum  of  all  the  ai'  's  becomea  ^  ad'  or  |  bc'  ;  cense-  ' 

<•    <.    1         DC      ,,      ^       .     DC 

quently  thesumofallthe — j  Xai'^s,  is — j   X    J   ad*    «=  ^ 

AD  .  Dcss  ^  BD,  which  is  tbe  area  of  the  exterior  part  adcoa. 
That  is,  the  said  exterior  part  adcoa,  is  ^  of  tbe  parallelogram 
ABCD  ;  and  consequently  the  interior  part  abcoa  is  f  of  the 
same  parallelogram.  ^.  s.  d. 

Corof, 
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Carol.  The  part  afcoa,  ioclosed  between  the  carve  and 
the  right  line  afc,  is  ^  of  the  same  parallelogram,  being  the 
difference  between  abcoa,  and  the  triangle  abcfa,  that  is,  be- 
tween f  and  ^  of  the  parallelogram. 


THEOREM  XXIV. 

The  Solid  Content  of  a  Paraboloid' (or  Solid  generated  by  the 
Rotation  of  a  Parabola  about  its  Axis),  is  equal  to  Half  ito 
circumscribing  Cylinder. 

Let  ABC  be  a  paraboloid,  generated  by  the  rotation  of  the 
parabola  ac  about  its  axis  ad.  Suppose  the  axis  ad  be  divided 
into  an  infinite  number  of  equal  parts,  through  which  let  cir- 
cular planes  pats,  as  bfo,  all  those  circles  making  up  the  whole 
sblid  paraboloid. 

Now  if  c  SB  the   number 
3*14 16^  then  2cXfo  is  the  cir- 
cumference of  the  circle   efo 
whose  radius  is  fo  ;  therefore 
eXwQ^'u  the  area  of  that  circle. 

But,  by  cer.  theor.  I,  Parabola,  f>XAFssFo>,  where  fide- 
notes  the  parameter  of  the  parabola  ;  consequently  pc  X  af 
will  also  express  the  same  circular  section  eg,  and  therefore 
pc  X  the  sum  of  all  the  af's  will  be  the  sum  of  all  those  cir- 
cular sections,  or  the  whole  content  of  the  solid  paraboloid. 

But  all  the  av!s  form  an  arithmetical  progression^  beginning 
at  0  or  nothing,  and  having  the  greatest  tetm  and  the  sum  of 
all  the  terms  each  expressed  by  the  whole  axis  ad.  And 
since  the  sum  of  all  the  terms  of  such  a  progression,  is  equal 
to  i  AD  >c  AD  or  I  AD>,  half  the  product  of  the  greatest  term 
and  the  number  of  terms  ;  therefore  ^  ad'  is  equal  to  the  sum 
of  all  the  af's  and  consequently /)c  X  |  ad',  or  |  cXpXAD>, 
is  the  sum  of  all  the  circular  sections,  or  the  contest  of  the 
paraboloid. 

But,  by  the  parabola,  f>  :  dc  :  :  dc  :  ad,  or  o  as •    con- 

AD 

sequently  |  c  Xp  x  ad'  becomes  ^  c  X  ad  X  dc*  for  the  solid 
content  of  the  paraboloid.  But  c  X  ad  X  dc*  is  equal  to  the 
cylinder  bcih  ;  consequently  the  paraboloid  is  the  half  of  its 
circumscribing  cylinder.  «.  b.  b. 


THtmsiM 
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The  Soliditj  of  tb«  Frailvm  seoc  or  the  Paraboloid,  ii  equal 
to  a  Cylinder  wbwe  height  is  df.  and  it*  Base  Half  tbc 
Sum  of  the  two  Circular  Bases  eo,  bc. 

For,  by  tbe  U»t  theor.     i  pe^.  ad>  =tbe  solid  abc, 
■Bd.bjr  the  SMino,  |pcXiF'=tlw  solid  ato, 

tberef.  tbediff.  ipcXfAii'— Ar')=:tbefrait.  bboc. 

But  iD«-Ar'=DFX(.D  +af), 

tberef  ^peXo^  x(*d+ap)  =lha  Trust.  sKbc. 

Bbt.  by  tbe  parab.  pX*D=Dc  .  and  p  x  xr^=wo*  ; 
tberef.  }  cXdf  j<(6c»+ra»)=tho  fmst.  bbgc, 

«.  E.  D. 


I.  FortkeEtlipte. 

Let  d  denote  ab,  the  Iranivcrse  or  any  diameter  ; 

c  *=  IH  its  coiyu|ptei; 

X  =  AS,  any  absciss,  from  the  extremity  of  the  diam. 

,y  =:  Di  the  conies  pnndent  ordiuate. 
Tnen,  theor,  i.  as*  :  hi*  :  :  ak  .  kb  :  01*, 
that  is,  d"  ;  e*  :  :  I  (J-i)  :  y*,  beoce  iP^=e'  (ix—x*), 
or  djf'=e^(dx—:^^,  the  eqoatiOD  of  [be  curve. 

And  from  these  equations,  any  one  of  the  four  letters  or 
qnantitiei,  d,  c,  X,  y,  may  easily  be  found,  by  the  reduction 
tif  equations,  when  the  other  three  are  given. 

Or,  if  p  dtinble  the  paranieter,  =<:'  -7-  J  by  its  definitioa  ; 
then,  by  cor.  tb.'l,  d  -.'p  :  i  x  (d—x)  :5^,  or  rfj»=f(ij(— r»), 
Trhich  is  uother  form  of  the  equation  of  tlie  curve. 
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Or,  if  d  3s  AC  the  temi-axis  ;  c  =  cb  the  semi-coDjagate  ; 
p  «c'  "T"  d  the  semi- parameter  ;  z  =  ck  the  ahscias  coanted 
from  the  centre  ;  and  y  =s  ok  the  ordinate  as  before, 
Then  is  ak  =^  d— x,  and  xBs^d  4"  '»  end  ak  .  KB^^fd— x)  X 
(d  +  a;)  «  (<»-.«». 

Then,  by  th.  2,  d" :  c»  ::  «f»— at*:  f.  and  d» y»3Bsc» (d»— ai") , 
or  dy  :s  e  ^  (cP-— or*),  the  equation  of  the  cur?e. 

Or,  d  :  j» :  :  d*  —  i"  :  y",  and  dy*  =  p  (d"  —  «•),  another 
form  of  the  equation  lo  the  carte  :  from  which  any  one  of  the 
qoaotitiea  may  be  found,  when  the  reat  are  gi?en. 

2.  For  the  Hyperbola^ 

Because  the  general  property  of  the  opposite  hyperbolas, 
with  respect  to  their  abscisses  and  ordinates,  is  the  same  as 
that  of  the  ellipse,  therefore  the  process  here  ia  theyery  same 
as  in  the  former  case  for  the  ellipse  ;  and  the  equation  to  the 
curve  must  coEde  out  the  same  also,  with  sometimes  only  the 
ohange  of  the  sign  of  a  letter  or  terpi  from  -(-  to—-,  or  from 
—  to  -|-,  flecause  here  the  abscisses  lie  beyond  or  without 
the  transverse  diameter,  whereas  they  lie  between  or  upon 
them  in  the  ellipse.  Thus,  making  the  same  notation  for  the 
whole  diameter,  conjugate,  absciss,  and  ordinate,  as  at  first  in 
the  ellipse  ;  then,  the  one  abscifs  ak  being  x,  the  other  bk 
will  be  d  4*  ^.  which  in  the  ellipse  was  d  «—  op  ;  so  the  s^ 
of  X  must  be  changed  in  the  general  property  and  equation, 
by  which  it  becomes  d^  i  c^  :  ix  (d+  af ) :  y  ■  ;  hence  d*  y«  = 
«*  (dx  +  as')  end  dy=:c  y/  (dx  +  ac*),  the  equation  of  the 
curve. 

Or,  using  p  (he  parameter  ai9  before,  it  is,  d  :  p  : :  x  (d+x))  : 
y*,  or  dy3  =p  (t'^+sB'),  another  form  of  the  equation  to  the 
curve. 

OtherwUey  by  using  the  same  letters  d^c^p,  for  the  halves 
of  the  diameters  and  parameter,  anc  x  for  the  absciss  ck  count- 
ed from  the  centre  ;  then  is  ak==x—  d,  and  BK^x-f-d  and  the 
property  d«  :  c«  :  :  (x  —  d)  X  (x  +  d)  :  y«,  gives  d«y«aBc« 
(x>— d"),  or  dy5=:cy/(x*  —  d«),  where  the  signs  of  d»  andx' 
are  changed  from  what  they  were  in  the  ellipse. 

Or  again,  using  the  semi- parameter,  d :  p  :  :  x'  -«  d^  :  y*, 
and  dy*  s=  D  (x*  —  d*  )  the  equation  of  the  curve. 

But  for  the  conjugate  hyperbola,  as  in  the  figure  to  theo- 
rem 3,  the  signi  of  both  x>  and  d>  will  be  positive  ;  for  the 
property  in  that  theorem  being  ca'  :  ca*  :  :  cd*  +.  ca>  :  oe*^ 

it 
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it  is  rf-:  c* : :  *"+  <P  ••  2/*  =?*"'  ^"^f  3^  ":  ^  ['^f'^^'J^ 
di/=:  c^  (x'+d»),  the  equation  to  the  conjugate  hyperbola, 

^OtX  d:  p  : :  X-  +  <P:  v' ,  ^od  dy»  =  p  (*•  +  d' ).  also 

the  equatioQ  to  the  same  curve. 

On  the  Equation  to  the  Hyperbola  between  the  Asymptotet, 

Let  CE  and  cb  be  the  two  asymptotes  to 
the  hyperbola  dvD,  iU  vertex  beioj?  f,  aod 
it»,  bd,  AF,  BD  ordinates  parallel  to  the  asymp- 
totes.    FutAFor  EF«tt,  cB=«,  and  bd— y. 
Then,  by  th«>r.  «8,  a/   .  ef  =cb  .   bd,  or 
a»  =  xy,  the  equation  to  the  hyperbola,  when  . 

the  abscisses  and  ordinates  are  taken  parallel    C    d  A,B 
to  the  asymptotes. ' 

3.  For  the  Parabola. 

If  X  denote  any  absciss  beginning  at  the  vertex,  and  y  its 
ordinate,  alsop  the  parameter.  Then,  by  cor.  theorem  1, 
AK  :  KD : :  KD  :  p,  or  x:  y::  y'  pt  hence  px  =  y*  is  the 
equation  to  the  parabola. 

4.  For  the  Circle^ 

Because  the  circle  is  only  a  species  of  the  ellipse,  in  which 
the  two  axes  are  equal  to  each  other :  therefore,  making  the 
two  diameters  d  and  e  equal  in  the  foregoing  equations  to  the 
ellipse,  they  become  y*  =  dx— x*,  when  the  absciss  x  begins 
at  the  vertex  of  the  diameter :  and  y"  =  cP  —  x*,  when  the 
absciss  begins  at  the  centre. 

» 

Scholium. 

In  every  one  of  these  equations,  we  perceive  that  they  rise 
to  the  2d  or  quadratic  degree,  or  to  two  dimensions  ;  which 
is  also  the  number  of  points  in  which  every  one  of  these 
curves  may  be  cut  by  a  right  line.  Hence  it  is  also  that  these 
four  curves  are  said  to  be  lines  of  the  2d  order.  And  these 
four  are  all  the  lines  that  are  of  that  order,  every  other  curve 
being  of  some  higher,  or  having  some  higher  equation,  or 
may  be  cut  in  more  points  by  a  right  line. 
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ELEMENTS  OF  ISOPERIMETRY. 

Dtf,  1 .  When  a  variable  quantity  has  its  mutations  regu- 
lated by  a  certain  law»  or  coutined  witbin  certain  limits,  it  ia 
called  a  fnaatimum  when  it  has  reached  the  greatest  magnitude 
it  can  possibly  attain  ;  and,  on  the  contrary,  when  it  has  ar- 
rived at  the  least  possible  magnitude,  it  is  called  a  rmntfiivm. 

Def,  2.  Isoperifneter$,  or  hoperimetricalfiguretj  are  those 
which  have  equal  perimeters. 

Def,  S.  The  Locus  of  any  point,  or  intersection,  &c.  is 
the  right  line  or  curve  in  which  these  are  always  situated. 

The  problem  in  which  it  is  required  to  find,  among  figures 
of  the  same  or  of  diffiarent  -kinds,  those  which  within  equal 
perimeters,  shall  comprehend  the  greatest  surfaces,  has  long 
engaged  the  attention  of  mathematicians.  Since  the  admir- 
able invention  of  the  method  of  Fluxions,  this  problem  has 
been  elegantly  treated  by  some  of  the  writers  on  that  branch 
of  analysis  ;  especially  by  Maclaurin  and  Simpson.  A  much 
more  extensive  problem  was  investigated  at  the  time  of**  the 
war  of  problems,''  between  the  two  brothers  John  and  James 
Bernoulli  :  namely,  **  To  find  among  all  the  i^operimetrical 
curves  between  given  limits,  such  a  curve,  that  constructing 
a  second  curve,  the  ordinate?  of  which  shall  be  functions  of 
the  ordinates  or  arcs  of  the  former,  the  area  of  the  second 
curve  shall  be  a  maximum  or  minimum."  While,  however, 
the  attention  of  mathematicians  was  drawn  to  the  most  abstruse 
inquiries  connected  with  isoperimetry,  the  elements  of  the 
subject  were  lost  sight  of.  Simpson  was  the  first  who  called 
them  back  to  this  interesting  branch  of  research,  by  giving  in 
his  neat  little  book  of  Geometry  a  chapter  on  the  maxima  and 
minima  of  geometrical  quantities,  and  some  of  the  simplest 
problems  concerning  isoperimeters.  The  next  who  treated 
this  subject  in  an  elementary,  mnnncr  was  Simon  Lhuillier,  of 
Geneva,  who  in  1782,  published  his  treatise  De  Relatione  tnu- 
tua  Capacitaiis  et  Terminorum  Figurarumy  &c.  His  principal 
object  in  the  composition  of  that  work  was  to  supply  the  de* 
ficieocy  in  this  respect  nvhich  he  found  in  most  of  the  ele- 
mentary Courses,' and  to  determine,  with  regard  to  both,  the 
most  usual  surfaces  and  solids,  those  which  possessed  the 
minimum  of  contour  with  the  same  capacity  ;  and,  recipro- 
cally, the  maximum  of  capacity  with  the  same  boundary* 
M.  Legendre  has  also  considered  thesame  subject  in  a  manner 
somewhat  different  from  either  Simpson  or  Lhuillier,  in  hia 
Elements  de  Gfomttrh.     An  elegant  geometrical  tract,  on  the 

same 
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same  ftibject,  was  also  giveo,  by  Dr.  Horsley*  in  the  Pbilos. 
Traill.  Tol.  76,  lor  1776  ,  contaioed  alto  in  the  New  Abridg- 
ment, roL  15,  page  663.  Tbe  chief  propositions  deduced  by 
Uiese  ibar  geometers,  together  with  a  few  additional  proposi- 
tions are  redaced  into  one  system  in  the  following  Uieo- 
rems. 


SECTION  I.     SURFACES. 

THQQOREM  I. 

Of  dl  Trianf^es  of  the  same  Base,  and  whose  Vertices  fall 
in  a  right  Line  given  in  Position,  the  one  whose  Perimeter 
is  a  Minimtim  is  that  whose  sides  are  eqnaJly  inclined  to 
that  Line. 

Let  AM  be  the  common  base  of  a  series  of  triangles  A»€f, 
ABC.  kc.  whose  vertices  c\  c,  fall  in  the  right  line  lv,  givea 
in  position,  then  is  the  triangle  of  least 
perimeter  that  whose  sides  ac,  bc,  are  C^^-^-^^W 

inclined  to  tbe  line  ^m  in  equal  angles.  ^^^^^// 

[Ml 


For,  let  BM  be  drawn  from  b,  perpen- 
dicularly to  MI,  and   produced  till  oms 
BM :  join  AD,  and  from  the  point  c  where 
AB  cuts  LM  draw  bc  :  also,  from  any  other  point  c',  assumed  in 
LM,  draw  c'a,  c'b^c'd.     Then   tbe  triangles  omc,   bmc,  haying 
the  angle  DCMsangle  acl  (th.  7  Geom.}siccB  (by  hyp  )   dmcl 
ssBMc.  and  Diis=Bic,  and  Mc  coomion  to  both,  have  also  nci^BC 
(tb.  1  Geom.) 

So  also,  we  have  cds^c'b.  Hence  ac-|-cb=ac-(-cd==A9, 
is  less  than  AC'-l-c'n  (tbeor.  10  Geom.),  or  than  its  equal  ac  + 
c'b.     And  consequently,  ab+bc+ac  is  less  than  ab-^hbc+ac'. 

^.  E.  D. 

Cor,  1.  Of  all  triangles  of  tbe  same  base  and  the  same  al- 
titude, or  of  all  equal  triangles  of  the  sai^e  base,  the  isosceles 
triangle  has  the  smallest  perimeter. 

For,  the  locus  of  the  vertices  of  all  triangles  of  the  same 
altitude  will  be  aright  line  lm parallel  to  the  base  ;  and 
when  LM  in  the  above  figure  becomes  parallel  to  ab,  since 
McB  ss  ACL,  MCB^cBA  (th.  12  Geom.),  AGL  •=  CAB  ;  it  follows 
that  cA.B=^CBA,  and  consequently  ac=cb  (th.  4  Geom.). 

Cor.  t.  Of  all  triangles  of  the  same  surface,  that  which 
has  the  minimum  perimeter  is  equilateral. 

For 
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For  the  triangle  of  the  amalledt  perimeter,  with  the  same 
surfiice,  niQ8tb.e  isosceles,  whichever  of  the  sides  be  coosid- 
ered  as  base  :  therefore,  tho  triangle  of  smallest  perimeter 
has  each  two  or  each  pair  of  its  sides  equal,  and  consequently 
it  is  equilateral. 

Cor.  3.  Of  all  rectilinear  6gurea,  with  a  giyeo  magnitude 
and  a  givea  number  of  sides,  that  which  has  the  smallest  pe- 
rimeter is  equilateral. 

For  so  long  as  any  two  adjacent  sides  are  not  equal,  we 
may  draw  a  diagonal  to  become  a  base  to  those  two  sides,  and 
then  draw  an  isosceles  triangle  equal  to  the  triangle  so  cut  off, 
but  of  less  perimeter  :  whence  the  corollary  Ib  manifest. 

Seholium. 

To  illustrate  the  second  corollary  above,  the  student  may 
proceed  thus  :  assuming  an  isosceles  triangle  whose  base  is 
not  equal  to  either  of  the  two  sides,  and  then,  taking  for  a 
new  base  one  of  those  sides  of  that  triaogle,  he  may  construct 
another  isosceles  triangle  equal  to  it,  but  a  smaUer  perimeter. 
Afterwards,  if  the  base  and  sides  of  this  second  isosci^les  tri- 
angle are  not  respectively  equal,  he  may  construct  a  third 
isosceles  triangle  equal  to  it,  but  of  a  still  smaller  perimeter  : 
and  so  on,  by  performing  these  successire  operations,  he  will 
find  that  all  the  triangles  will  approach  nearer  and  nearer  to 
an  equilateral  triangle. 

THEOREM  ic. 

Of  all  Triangles  of  the  Same  Base,  and  of  Equal  Perimetert, 
the  Isosceles  Triangle  has  the  Greatest  Surface. 

Let  ABC,  ABD,  be  two  triangles  of  the  same 
base  AB  and  with  equal  perimeters,  of  which 
the  one  abc  is  isosceles,  the  other  is  not : 
then  the  triangle  abc  has  a  surface  (or  an  alti- 
tude) greater  than  the  surface  (or  than  the 
attitude)  of  the  triangle  abd.  ^ 

Draw  c'd  through  d,  parallel  to  ab,  to  cut    A      S       B 
cR  (drawn  perpendicular  to  ab)  in  c' :  then  it  is  to  be  demon- 
strated that  CE  is  greater  than  c'e. 

The  triangles  ac'b,  adb,  are  equal  both  in  base  and  altitude  ; 
but  the  triangle  ac'b  is  isosceles,  while  adb  is  scalene  :  there* 
fore  the  triangle  as^b  has  a  smaller  perimeter  than  the  triangle 
adb  (th.  1  cor.  I),  or  than  acb  (by  hyp).    Consequently  ac 

Vol.  I.  f>9 
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<  AC  ;  aod  in  (be  right-angled  triangles  aec',  aec,  having  ae 
common,  we  have  c'R<qE*.    <i  e.  d. 

Cor,  Of  all  iso|)eri metrical  figures,  of  which  the  number 
of  sides  is  given,  that  which  is  the  greatest  has  all  its  sides 
equal.  And  in  pirticuhir,  of  all  iHoperimetrical  triangles,  that 
whose  surface  is  u  maximum,  i^  equilaterat. 

For,  so  long  as  any  two  .idjacent  sides  are  not  eqaal,  the 
surface  may  be  augmented  without  increasing  the  perimeter. 

Remark,  Nearly  a9  in  this  theorem  may  it  be  proved  that, 
of  all  triangles  of  equal  heights,  and  of  which  the  sum  of  the 
two  sides  i9  equal,  that  which  is  isosceles  has  the  greatest 
base.  And,  of  all  triangles  standing  on  the  same  base  and 
having  equal  vertical  angles ,  the  isosceles  one  is  the  greatest . 

THEOREM  HI. 

Of  all  Right  Lines  that  can  be  drawn  through  a  Given  Point 
between  Two  Right  Lines  Given  in  Position,  that  which  is 
Bisected  by  the  Given  Point  forms  with  the  other  two  Lines 
the  Least  Triangle. 

Of  all  right  lines  QD,  AB,  oD,  that 
can  be  drawn  through  a  given  point 
p  to  cut  the  right  lines  ca,  co,  given  ^ 
in  position,  that  ab,  which  is  bisect- 
ed by  the  given  point  p,  forms  with 
OA,  CD,  the  least  triangle,  abc. 

For,  let  EE  be  drawn  through  a 
parallel  to  cd,  meeting  do  (produc 
•d  if  necessary)  in  e  :  then  the  triangles  pbd,  pab,  are  maDi- 
festly  equiangular ;  and.  since  the  corresponding  sides  pb,  pa 
are  equal,  the  triangles  are  equal  also.  Hence  pbi  will  be 
lessor  greater  than  pao,^  according  as  co  is  greater  or  less 
then  CA.  In  the  former  case  let  paco,  which  is  common,  be 
added  to  both  ;  then  will  bac  be  less  than  pec  (ax.  4  Geom  ). 
In  the  latter  case,  if  pocb  be  added,  dco  will  be  greater  than 
bag  ;  and  consequently  in  this  case   also  bag  is  less  than  dco. 

<^.  E.   D. 

Cor,  If  PM  and  pn  be  dirawn  parallel  to  cb  and  ca  re- 
spectively, the  two  triangles  pam,  pbn,  will    be  equal,  and 


*  When  two  mathematical  quantities  are  separated  by  the  character  < ,  it  de- 
notss  that  the  precediag^  qaantity  is  Usa  than  the  succeeding  one  :  when,  on  th« 
contrary,  the  separatir^  character  is  > ,  it  deRotes  that  the  preceding  qaantity  is. 
Ifrenltr  tki^n  t-he  suQceeiUngonc. 

these 
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these  two  taken  together  (»ince  am  =  pn  =  mc)  will  be  equal 
to  the  parallelogram  pmcn  :  and  consequently  the  parallelo- 
gram PMCN  is  equal  to  half  abc,  but  less  than  half  doc.  From 
which  it  follows  (consistently  with  both  the  algebraical  and 
geometrical  solution  of  prob.  8,  Application  of  Algebra  to 
Geometry),  that  a  parallelogram  is  always  less  than  half  a 
triangle  in  which  it  is  inscribed,  except  when  the  base  of  the 
one  is  half  the  base  of  the  other,  or  the  height  of  the.  former 
half  the  height  of  the  latter  ;  in  which  case  the  parallelogram 
is  just  half  the  triangle  :  this  being  the  maximum  parallelogram 
inscribed  in  the  triangle. 

Scholium. 

From  the  preceding  corollary  it  might  easily  be  shown, 
that  the  least  triangle  which  can  possibly  be  described  about, 
and  the  greatest  parallelogram  which  can  be  inscribed  in,  any 
curve  concave  to  its  axis,  will  be  when  the  subtangentis  equal 
to  half  the  base  of  the  triangle,  or  to  the  whole  base  of  the 
parallelogram  :  and  that  the  two  figures  will  be  in  the  ratio  of 
2  to  1 .     But  this  is  foreign  to  the  present  enquiry. 

THEOREM  IV. 

Of  all  Triangles  in  which  two  Sides  are  Given  in  Magnitude, 
the  Greii^est  is  that  in  which  the  two  Given  sides  are  Per- 
pendicular to  each  other. 

For^  assuming  for  base  one  of  the  given  sides,  the  surface 
is  proportional  to  the  perpendicular  let  fall  upon  that  side  from 
the  opposite  extremity  of  the  other  given  side  :  therefore, 
the  surface  is  the  greatest  when  that  perpendicular  is  the 
greatest  ;  that  is  to  say,  when  the  other  side  is  not  inclined 
to  that  perpendicular,  but  coincides  with  it :  hence  thesur&ce 
its  a  maximum  when  the  two  given  sides  are  perpendicular  to 
«ach  other. 

OtherwiMt,  Since  the  surface  of  a  triangle,  in  which  two 
sides  are  given,  is  proportional  to  the  sine  of  the  engle  in- 
cluded between  those  two  sides  ;  it  follows,  that  the  triangle 
is  the  greatest  when  that  sine  is  the  greatest :  but  the  greatest 
«De  is  the  sine  total,  or  the  sine  of  a  quadrant ;  therefore  the 
two  sides  given  make  a  quadrantal  angle>  or  are  perpendicular  . 
to  each  other,     ot,  e.  d. 

THEOWa^I 
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THEOREM  V. 

m 

Of  all  Rectilinear  Figures  in  which  all  the  Sides  except  one 
are  knov?n,  the  Greatest  is  that  which  may  be  Inscribed  in 
a  Semicircle  whose  Diameter  is  that  UDknown  Side. 

For,  if  yoQ  suppose  the  contrary  to  be  the  case,  then  when- 
er er  the  figure  made  with  the  sides  given,  and  the  side  un- 
known is  not  iuscribable  in  a  semicircle  of  which  this  latter 
is  the  diameter,  ?iz.  whenever  any  one  of  the  angles,  formed 
by  lioes  drawn  from  the  extremities  of  the  unknown  side  to 
one  of  the  summits  of  the  figure,  is  not  a  ri.erht  angle  ;  we 
mny  make  a  figure^  greater  than  it,  in  which  that  angle  shall 
he  right,  and  which  shall  only  difier  from  it  in  that  respect : 
therefore^  whenever  nil  the  anglea  formed  by  right  lines 
drawn  from  the  several  vertices  of  the  figure  to  the  extremi- 
ties of  the  unknown  line,  arc  not  right  angles,  or  do  not  fall 
in  tht:  circumference  of  a  semicircle,  the  figure  is  not  in  its 
maximum  state,     ki.  v.,  v, 

THEOREM  VI. 

Of  all  Figures  made  with  sides  Given  in  Number  and  Mag- 
nitude, that  which  may  be  Inscribed  in  a  Circle  is  the 
Greatest. 

Let  ABCDEFG  be  the 
polygon  inscribed,  and 
abcdefg  a  polygon  with 
equal  sides,  bat  not  in- 
scribable  in  a  circle  ;  E2 

80  that  AB=:a6,BCs6c, 

&c.;  it  is  affirmed  that 
the  polygon  abcdefo 
is  greater  tlian  the  polygon  abcdefg. 

Draw  the  diameter  cp  ;  join  ap,  re  ;  upon  ab  =  ab  make 
the  triangle  ai/>,  equal  in  all  respects  to  abp  ;  and  join  ep. 
Then,  of  the  t«r6  figures  edc6p,  pog/s*  one  at  least  is  not  (bj 
byp*)  inscribabte  in  the  semicircle  of  which  ep  is  the  diame- 
ter.  Consequent^,  one  at  least  of  these  two  figures  is  smaller 
^uuk  the  corresponding  part  of  the  figure  apbcobfg  (th.  6). 
i^herefore  the  figure  apbcdbfq  is  greater  than  the  figure 
apbedffg :  and  if  from  these  there  be  taken  away  the  respec- 
tire  tpriangles  apb,  ap6,  which  are  equal  by  construction,  there 
will  remain  (ax.  5  Geom.)  the  polygon  abcdefg  greater  than 
the  polygon  {tbcdefg.     ^.  e.  i>* 

THFXXIEM 
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THEOREM  VIL 

The  Magnitude  of  the  Greatest  Polygon  which  can  be  con- 
tained under  any  number  of  Unequal  Sides,  does  not  at  all 
depend  on  the  Order  in  which  those  Lines  are  connected 
with  each  other. 

For,  since  the  polygon  is  a  maximum  under  given  sides,  it 
is  inscribable  in  a  circle  (th  6).  And  this  inncribed  polygon 
is  constituted  of  as  many  isosceles  triangles  as  it  has  sides, 
those  sides  forming  the  bases  of  the  respective  triangles,  the 
other  sides  of  all  the  triangles  being  radii  of  the  circle,  and 
their  common  summit  the  centre  of  the  circle.  Consequent- 
ly, the  magnitude  of  the  polygon,  that  is,  of  the  assemblage  of 
these  triangles,  does  not  at  all  depend  on  their  disposition,  or 
arrangement  round  the  common  centre.     ^.  b.  d. 

THEOREM  Vm. 

If  a  Polygon  Inscribed  in  a  Circle  have  all  its  Sides  Equal,  all 
its  Angles  are  likewise  Equal,  or  it  is  a  regular  Polygon. 

For,  if  lines  be  drawn  from  the  several  angles  of  the  poly- 
gon, to  the  centre  of  the  circumscribing  cir^,  they  will  di- 
vide the  polygon  into  as  many  isosceles  triangle»as  it  has  sides  ; 
and  each  of  these  isosceles  triangles  will  be  equal  to  either  of 
the  others  in  all  respects,  and  of  course- they  will  have  the 
angles  at  their  bases  all  equal  ;  consequently,  the  angles  of 
the  polygon,  which  are  each  made  up  of  two  angles  at  the 
bases  of  two  contiguous  isosceles  triangles,  will  be  equal  to 
one  another,     q,.  e.  d. 

THEOREM  IX. 

Of  all  Figares  having  the  Same  Number  of  Sides  and  Equal 
Perimeters,  the  Greatest  is  Regular. 

For,  the  greatest  figure  under  the  given  conditions  has  all 
sides  equal  (th.  2  cor.).  But  since  the  sum  of  the 'sides  and 
the  number  of  them  are  given,  each  of  them  is  given  :  there- 
fore (th.  6),  the  figure  is  inscribable  in  a  circla  :  jxnd  conse- 
quently (th.  8)  all  its  angles  are  equal  ;  that  is,  it  is  regular; 

Q.  E.  D. 

Cor  Hence  we  see  that  regular  polygons  possess  the  pro- 
perty of  a  maximum  of  surface,  when  compared  with  any 
other  figures  of  the  same  name  and  with  equal  perimeters. 

THEOREM 
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THEOREM  X. 

A  Regular  Polygon  has  a  Smaller  Perimeter  than  an  Irregu- 
lar one  Eqaal  to  il  in  Surface,  and  having  the  Same  Num- 
ber of  Sides. 

This  is  the  converse  of  the  preceding  theorem,  and  maj 
be  demonstrated  thus  :  Let  a  and  i  be  two  figures  equal  in 
surfiice  and  having  the  same  number  of  aides,  of  which  r  is 
regular,  i  irregular  :  let  also  r'  be  a  regular  figure  similar  to 
R,  and  having  a  perimeter  equal  to  that  of  i.  Then  (th.  9} 
r'  >  I ;  but  i~R  ;  therefore  r'  >  r.  But  r'  and  r  are  similar ; 
consequently,  perimeter  of  r'>  perimeter  of  r  ;  while  per. 
R'=per.  I  (by  hyp.).     Hence,  per.  i>pcr.  r.      q,-  b.  d. 

THEOREM  XI. 

The  Surfaces  of  Polygons,  Circumscribed  about  the  Same  or 
Equal  Circles,  are  respectively  as  their  Perimeters*. 

Let  the  polygon  abcd  be  ffrcumsrribed 
about  the  circle  cfgh  ;  and  let  this  polygon 
be  divided  into  triangles,  by  lines  drawn 
from  its  several  angles  to  the  centre  o  of 
the  circle.  Then,  since  each  of  the  tan- 
gents,  AH,  Bc,  &c.  is  perpendicular  to  its 
corresponding  radius  oe,  or,  &c.  drawn  to  (he  point  of  coo- 
tact  (th.  46  Geum.) ;  and  since  the  area  of  a  triangle  is  equal 
to  the  rectangle  of  the  perpendicular  and  half  the  base  (Mens, 
of  Surfaces,  pr.  2)  ;  it  follows,  that  the  area  of  each  of  the 
triangles  abo,  bco,  &c.  is  equal  to  the  rectangle  of  the  radios 
of  the  circle  and  half  the  corresponding  side  ab,  bc,  &c.  :  and 
consequently,  the  area  of  the  polygon  abcd,  circa mscribiog 
the  circle,  will  be  equal  to  the  rectangle  of  the  radios  of  the 
circle  and  half  the  perimeter  of  the  polygon.  But,  the  sur- 
face of  the  circle  is  equal  to  the  rectangle  of  the  radios  and 
half  the  circumference  (th.  94  Geom).  Therefore,  the  sur- 
face of  the  circle,  is  to  that  of  the  polygon,  as  half  the  cir- 


*  This  theorem,  together  with  the  anatogoua  onea  respecting  bodies  drcum- 
scribing  cylinders  and  spheres,  were  given  by  Emerson  in  bis  GMnetiy,  and 
their  ase  in  the  theory  of  Isoperiraeters  was  just  suggested  ;  but  tl^  Aill  applica- 
lion  of  them  to  that  theory  is  due  to  Simon  £httillier. 

camference 
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cumfereQce  of  the  former,  to  half  the  perimeter  of  the  lat- 
ter ;  or,  as  the  circamfereoce  of  the  former,  to  the  perimeter 
of  the  latter.     Now,  let  p  and  p'  be  aoy  two  polygons  circum- 
scnbing  a  circle  c  :  then,  by  the  foregoing,  we  have 
surf,  c  :  snrf.  p  :  :  circam.  c  :  perim.  p, 
surf,  c  :  snrf.  p'  :  :  circum  c  :  penm.  p'. 
But,  since  the  anfeeedents  of  the  ratios  in  both  these  propor- 
tions, are  equal,  the  consequents  are   proportional  :  that  is, 
turf,  p  :  surf,  p'  :  :  perim.  p  :  perim.  p'.     q,.  £•  d. 

CoroL  1 .  And  one  of  the  triangular  portions  abo,  of  a  po- 
lygon circumscribing  a  circle,  is  to  the  corresponding  circular 
sector,  as  the  side  ab  of  the  polygon,  to  the  arc  of  the  circle 
included  between  ao  and  bo. 

Cor,  2.  Eyery  circular  arc  is  greater  than  its  chord,  and 
less  than  the  sum  of  the  two  tangents  drawn  from  its  extremi- 
ties and  produced  till  they  meet. 

The  6rst  part  of  this  corollary  is  evident,  because  a  right 
line  is  the  shortest  distance  between  two  given  points.  The 
second  part  follows  at  once  from  this  proposition :  for  ea-j- 
AH  being  to  the  arch  eih,  as  the  quadrangle  aeoh  to  the  cir- 
cular sector  HiEo  ;  and  the  quadrangle  being  greater  than  the 
sector,  because  it  contains  it ;  it  follows  that  ea-J-ah  is  greater 
than  the  arch  eih*. 

Cor.  3.  Hence  also,  any  single  tangent  ea,  is  greater  than 
its  corresponding  arc  ei. 

THEOREM  XII. 

If  a  Circle  and  a  Polygon,  Circumscribable  about  another 
Circle,  are  Isoperimeters,  the  Surface  of  the  Circle  is  a 
Geometrical  Mean  Proportional  between  that  Polygon  and 
a  Similar  Polygon  (regular  or  irregular)  Circumscribed 
about  that  Circle. 

Let  c  be  a  circle,  p  a  polygon  isoperimetrical  to  that  circle, 
and  circumscribable  about  some  other  circle,  and  p'  a  polygon 
similar  to  p  and  circumscribable  about  the  circle  c  :  it  is  af- 
firmed that  p  :  G  :  :  c  :  p'. 


*  ThU  second  corollarjr  is  introdaced,  not  because  of  its  immediate  connec- 
tion with  the  subject  under  discussion,  but  because,  notwithstanding  its  simplici- 
t/,  some  authors  baye  employed  whole  pages  in  attempting  its  demonstration,  and 
failed  at  1r»L 

For, 
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For,  PIP*::  perim*  .  p  ; :  perim*.  p'  :  :  circain*.  c  :  perim^.p' 

by  th.  89,  Geom.  and  the  bypothesis. 
Bat  (th.  II)  p  :  c  : :  per.  p'  :  cir.  c  : :  per" .  p' :  per.  p' x cir.  c- 

Therefore     p  :c  :  : cir*.  c  :  per.  pxcii'.  c. 

:  :  cir.  c  :  per.  p'  :  :  c  :  p'.     q.  e.  d. 

THEOREM  Xin. 

If  a  Circle  and  a  Polygon,  Circumscribable  about  another 
Circle,  are  Eqnal  in  Surface,  the  Perimeter  of  that  Figure 
18  a  Geometrical  Mean  Proportional  between  the  Circam- 
ference  of  the  6r»t  Circle  and  the  Perimeter  of  a  Similar 
Polygon  Circumscribed  about  it 

Let  c=:p,  and  let  p'  be  circumacrib^d  about  c  and  similar  to 
c  :  then  it  is  affirmed  that  cir.  c  :  per  .  p  :  :  per.  p  :  per .  p'. 
For,  cir  .  c  :  per .  p'  :  :  c  :  p'  :  :  p  :  p' : :  per'  .  p  ;  per*  .  p^« 
Also,  per.  p' :  per.  p       ....      ::per*.p'4>erp.Xper.p'. 
Therefore,  cir.  c  :  per.  p    ...       ::  per*.p:  per.Xper.p'. 

:  :  per.  p  :  per.  p'.       q.  a.  d. 

THEOREM  XIV. 

The  Circle  is  Greater  than  any  Rectilinear  Figure  of  the 
Same  Perimeter  ;  and  it  has  a  Perimeter  Smaller  than  any 
Rectilinear  Figure  of  the  Same  Surface. 

For,  in  the  proportion,  p  :  c  :  :  c  :  p',  (th.  12),  since  c  <p^ 

therefore  p<c 
And,  in  the  propor.  cir.  c  :  per.  p  :  :  per.  p  :  per.  p'  (th.  13), 

or,  cir.  c  :  per ,  p' :  :  cir* .  c  :  per*  .  p, 
cir.  c<per.  p'; 
therefore,  cir.  c<per*  .  p,  or  cir  .  c<pep.  p.     ^.  e.  d. 

Cor.  1.  It  follows  at  once,  from  this  and  the  two  preced- 
ing theorems,  that  rectilinear  figures  which  are  isoperiooieterBv 
and  each  circumscribable  about  a  circle,  are  respectirely  in 
the  inverse  ratio  of  the  perimeters,  or  of  the  surfaces,  of 
figures  similar  to  them,  and  both  circumscribed  about  one  and 
the  same  circle.  And  that  the  perimeters  of  equal  rectilineal 
figures,  each  circumscribable  about  a  circle,  are  respectively 
in  the  subduplicate  ratio  of  the  perimeters  or  of  the  surfaces* 
of  figures,  similar  to  them,  and  both  circumscribed  about  one 
and  the  same  circle. 

Cor.  2.     Therefore,  the  comparison  of  the  perimeters  of 
equal  regular  figures,  having  different  numbers  of  sides,  and 

that 
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tfaali>f  the  surfaces  of  regular  isoperi metrical  figures,  is  re- 
duced to  the  comparison  of  the  perimeters,  oc  of  the  surfaces 
of  regular  figures  respectively  similar  to  them,  and  circura- 
scribahlc  about  one  and  the  same  circle. 

Lemma  1. 

If  an  acute  angle  of  a  right-angled  triangle  be  divided  into 
any  number  of  equal  partH,  the  side  of  the  triangle  opposite 
to  that  acute  angle  is  divided  into  uaequal  parts,  which  are 
greater  as  they  are  more  remote  from  the  right  angle. 

Let  the  acute  angle  c,  of  the  right-      p 
angled  triangle  acf   be  divided  into  equal 
parts,  by  the  lines  cb,  cd,  <:e,  drawn  from' 
that  angle  to  the  opposite  side ;  then  shall 
the  parts,  ab,  bd,  &c.  intercepted  by  the        a  -r  n     i? 
lioee  drawn  from  c,  be  succen^ively  long-       A  B  D     E 
er  as  they  are  more  remote  from  the  right  angle  a. 

For  the  angles  acd,  bce,  &c.  being  bisected  by  cb,  cd,  &c. 
therefore  by  theor.  83  Geom.  ac  :  cd  :  :  ab  :  bd,  and  bc  : 
CE  :  :  BD  :  dk,  and  nc  :  cf  :  :  oe  :  ef.  And  by  th.  21  Geom. 
CD>  CA,  ce>  cb,  cf>  CD,  and  so  on  :  whence  it  follows,  that 
DB>  AB,  de>  db,  and  so  on.     q.  s  d. 

Cor.  Hence  it  is  obvious  that,  if  the  part  the  most  remote 
from  the  right  angle  a,  be  repeated  a  number  of  times  equal* 
to  that  into  which  the  acute  angle  is  divided,  there  will  re- 
sult a  quantity  greater  than  the  side  opposite  to  the  divided 
angle. 

THEOREM  XV. 

If  two  Regular  Figures,  Circumscribed  about  the  Same  Circle, 
differ  in  their  Number  of  Sidei*  by  Unity,  that  which  hai 
the  Greatest  number  of  bides  shall  have  the  Smallest  Peri- 
meter.  *    • 

Let  cA  be  the  radius  of  a  circle,  and  ab,  ad,  the  half  sides 
of  two  regular  polygons  circumscribed  about  that  circle,  of 
which  the  number  of  sides  differ  by  unity,  being  ^i 
respectively  n-|-  1  and  n.  The  angles  acb,  acd, 

therefore  are  respectively  the  —. — and  the  -th 

n+l  ffi 

part  of  two  right  Angles;  consequently  these       ^^     ^^ 

angles  are  as  n  and  »  +  1  :  and  hence,  the   angle  may  be 

conceived  divided  into  n  +  I  equal  parts,  of  which  bcd  is  one. 

yo»»I.  7t  .  Cpn« 
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CoDsequeotly,  (cor.  to  the  lemma)  (n  4-  1)  bd>  ao.  Taking, 

til6D,  aneqntfl  qaantitics  from  equal  quantities  we  shall  bare 

(»+l)  AD  —  (n-f-n  bd<(»+1)ad  — AD, 

Or(»+l)  AB<»  .AD. 

That  18,  the  gemiperimeter  oi'  the  polygon  whose  halfside  is 
AS  IS  smaller  than  the  semiperimeter  of  the  poljrgon  whose 
half  side  is  ad  :  whenco  the  proposition  is  manifest. 

Cor.  Hence,  nugmenling  successively  by  unity  the  namber 
of  sides,  it  follows  generally,  that  the  perimeters  of  poiygoos 
circumscribed  about  any  proposed  circle,  become  smaller  as 
the  number  of  their  sides  become  greater. 

THKCREM  XVI. 

The  Surfaces  of  Regular  I s ope ri metrical  Figures  are  Gresttet 
as  the  Number  of  their  Sr4es  is- Greater  ;  and  the  Perime- 
ters of  Equal  K'egolar  Figures  are  SmiiHer  as  the  Namber 
of  their  Sides  is  Greater. 

For,  Ist.  Regular isoperimetrical  figures  are  (cor.  l.tb.  14) 
in  the  inverse,  ratio  of  figures  similar  to  them  circnmacribed 
about  the  same  circle.'  And  (th.  15)  these  latter  are  smaller 
when  the  namber  of  sides  is  greuter  :  therefore,  on  the  con- 
trary, the  former  become  greater  as  they  have  more  sides. 

2dly.  The  perimeters  of  equal  regular  figures  are  (cor.  i 
.th.  14)  in  the  subduplicate  ratio  of  the  perimeters  of  similar 
figures  circumscribed  about  the  same  circle  :  and  (th.  16) 
these  latter  are  smaller  as  they  have  more  sides  :  therefore 
the  perimeters  of  the  former  also  are  smaller  when  the  oom*' 
ber  of  their  sides  is  greater,     q.  e.  d. 


SECTION  H.     SOLIDS. 

THEOREM  XVir. 

Of  all  ^isms  of  the  Same  Altitude,  whose  Base  is  Given  in 
Magnitude  and  Species,  or  Figure,  or  Shape,  the  Right 
Prism  has  the  Smallest  Surface. 

For,  the  area  of  each  face  of  the  prism  is  proportional  to 
its  height ;  therefore  the  area  of  each  face  is  the  smallest 
when  its  height  is  the  smallest,  that  is  to  say,  when  k  is  equal 
to  the  altitude  of  the  prisc^  itself :  and  ip  that  cane  the  prism 
is  evidently  aright  prism-     <%.  £.  b. 

.  THEOai:M 
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or  all  Prisms  whose  Basd  ir  Given  in  Magnitude  and  Species, 
nnd  whose  Lateral  Surface  is  the  same,  the  Right  Prism  has 
the  Greatest  Altitude,  or  the  Greatest  Capacity. 

This  is  the  converge  of  the  preceding  theorem,  and  may 
readily  be  proved  after  the  manner  of  theorem  2. 

THFOREM  XIX. 

Of  all  Right  Prisms  of  the  Same  Altitude,  whose  Bases  are 
Given  in  Magnitude  and  of  a  Given  number  of  Sides,  that 
whose  Base  !»  a  Regular  Figure  has  the  Smallest  Surface. 

For,  the  surface  of  a  right  prism  of  given  altitude,  and  base 
given  m  magnitude,  is  evidently  proportional  to  the  perime- 
ter of  its  base.  But  (th.  10)  the  base  being  given  in  magni- 
tude, and  having  a  given  number  of  sides,  its  perimeter  is 
smaUeat  when  it  is  regular  :  whence,  the  truth  of  the  propo- 
sition is  manifest. 

THEOREM  XX. 

Of  two  Right  Prisms  of  the  Same  Altitude,  and  with  Irregu- 
lar Bases  Equal  in  Surface,  that  whose  Base  has  the  Great- 
est Number  of  sides  has  the  smallest  Surface  :  and  in  par- 
ticular, the  Right  Cylinder  has  a  Smaller  Surface  than  any 
Prism  of  the  Same  Altitude  and  the  Same  Capacity. 

The  denonstration  is  analogous  to  that  of  the  preceding 
theorem,  being  at  once  deducible  from  theorems  16  and  14, 

ITIECXlEI^l  XXI. 

Of  all  Right  Prisms  whose  Altitude  and  whose  Whole  Suj^- 
faces  are  Equal,  and  whose  Bases  have  a  Given  Number  of 
Sides,  that  whose  Base  is  a  Regular  Figure  is  the  Greatest. 

Let  p,  p',  be  two  right  prisms  of  the  same  name,  equal  in 
altitude,  and  equal  whole  surface,  the  first  of  these  having  a 
regular,  the  second  an  irregular  base  ;  then  is  the  base  of  the 
prism  p,  less  than  the  base  of  the  prism  f\ 

For,  let  p"  be  a  prism  of  equal  altitude,  and  whose  base  is 
equal  to  that  of  the  prism  p'  and  similar  to  that  of  the  prism  p. 
Then  the  lateral  surface  of  the  prism  p"  is  smaller  than  he 
lateral  surface  of  the  prism  p'  (th.  19)  :  hence,  the  total  sur* 

&ce 
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face  of  p"  is  smalJer  than  tbe  total  surface  of  f',  and  therefore 
(by  hjp.)  smaller  than  the  whole  surface  of  p.  But  the 
prism  f"  and  r  have  equal  altitudes  ^nd  similar  bases ;  there- 
fore the  dimensions  of  the  base  of  p"  are  smaller  than  the  di- 
mensions of  tbe  base  of  r.  Consequently  the  base  of  p",  or 
that  of  p\  is  less  than  the  base  of  p  ;  o^  the  base  of  p  greater 
than  that  of  p.     <i.  e.  d. 

THEOREM  XXIL 

Of  Two  Right  Prisms,  ha?inK  Equal  Altitudes,  Equal  Total 
Surfaces,  and  Regular  Ba^es,  that  whose  Base  has  the 
Greatest  number  of  ^idea,  has  tbe  Greatest  Capacity.  And, 
in  particular,  a  ri^ht  Cylinder  is  Greater  .than  any  Right' 
Prism  of  Equal  Altitude  and  Ei^ual  Total  Surface. 

The  demonstration  of  this  is  similar  to  that  of  the  preced- 
ing theorem,  and  flows,  from  th.  i^O. 

THEOREM  XXIII. 

The  Greatest  Paralletopiped  which  can  be  contained  under 
tbe  Three  parts  of  a  Given  Line,  any  way  taken,  will  be 
that  constituted  of  Equal  length,  breadth,  and  depth. 

For,  let  AB  be  the  given  line,  and, 

if  possible,  let  two  parts  ae,  bd,  be    f    t         [ 

unequal.     Bisect  ad  in  c,  then  will  ^        C  £      D        H 
the  rectangle  under  ae  (=  ac  +  ce) 

and  ED  (=AC — ce),  be  less  than  ac*,  or  than  ac  .  cd,  by  the 
square  of  ce  (th.  33  Geom.).  Consequently,  the  solid  as  . 
ED  .  DB,  will  be  less  than  the  solid  ac  .  cd  •  db  ;  which  is  re- 
pugnant to  the  hypothesis. 

Cor.  Hence,  of  all  tbe  rectans^ular  parallelopipeds,  having 
the  sum  of  their  three  dimensions  the  same,  the  cube  is  tbe 
gRatest. 

THEOREM  XXIV. 

The  Greatest  Farallelopiped  that  can  possibly  be  contained  an- 
der  the  Square  of  one  Part  of  a  Given  Line,  and  the  other 
Part,  any  way  taken,  will  be  when  the  former  Part  is  the 
Double  of  the  latter. 

Let  AB  be  a  given  line,  and  ,    ^         ^     ^ 

ac=2cb,  then  is  ac*   .   gb  the      ~  T^TfT      jTi  Z 

greatest  possible.  ^        D  D      CT  C         B 

For, 
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For,  Set  ac'  and  c  b  be  any  other  parts  into  which  the  giveo 
line  AB  may  be  divided  ;  and  let  ac,  ac%  be  bbected  in  o,  d\ 
resipectively.  Then  shall  ac'  .  cb  =  4ad  .  dc  .  cb  (cor.  to 
theor.  31  Geom.(  >4ad'  .  d'c  cb,  or  greater  than  its  equal 
c'a3  .  c'b,  by  the  preceding  theorem. 

THEOREM  XXV. 

Of  all  Right  Parallelopipeds  Given  in  ATagnitade,  that  which 
ha*8  the  Smallest  Surface  has  all  its  Pac^s  Squares,  or  is  a 
Cube.  And  reciprocally,  of  all  Parallelopipeds  of  Equal 
Surface,  the  Greatest  is  a  Cube. 

For,  by  theorems  19  and  21,  the  right  parallelopiped  hav- 
ing the  smallest  sur&ce  with  the  same  capacity,  or  the  great- 
est capacity  with  the  same  surface,  has  a  square  for  its  base, 
^ut,  any  face  whatever  may  be  taken  for  base  :  therefore,  in 
the  parallelopiped  whose  surface  is  the  smallest  with  the  same 
capacity,  or  whose  capacity  is  the  greatest  with  the  same  sur- 
face, any  two  opposite  faces  whatever  are  squares  :  conse- 
quently, this  parallelopiped  is  a  cube. 

THEOREM  XXYI. 

The  Capacities  of  Prisms  Circumscribing  the  Same  Right  Cy- 
linder, are  Respectively  as  their  Surfaces,  whether  Total 
or  Lateral. 

For,  the  capacities  are  respectively  as  the  bases  of  the 
prisms;  that  is  to  s<iy  (th.  II).  as  the  perimeters  of  their 
bases ;  and  these  are  manifestly  as  the  lateral  surfaces  :  whence 
the  proposition  is  evident. 

Cor,  The  surfjice  of  a  right  prism  circumscribing  a  cylin- 
der, is  to  the  surface  of  that  cylinder,  as  the  capacity  of  the 
former,  to  the  capacity  of  the  latter. 

Def.  The  Archimedean  cylinder  is  that  which  circ4m- 
scribes  a  sphere,  or  whose  altitude  is  equal  to  the  diameter  of 
its  base. 

THEOREM  XXVII. 

The  Archiaiedeao  Cylinder  has  a  Smaller  Surface  than  any 
other  Right  Cylinder  of  Equal  Capacity  ;  and  it  is  Greater 
than  any  other  Right  Cyhnder  of  Equal  Surface. 

Let  c  and  c'  denote  two  right  cylinders,  of  which  the  first 
is  Archimedean,  the  other  not :  tnbn, 

Ist, 
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1ft,  IT.  .  .  esse',  turf,  c  <sarf.  c  . 
2^y,  if  eurf.  c=     aorf.  c'  >c'. 

For  faaviDg  circumscribed  about  the  c^'linders,  c,  c',  the 
right  prismB  p,p',  with  square  bases,  the  former  h  ill  be  a  cube, 
the  second  not :  and  the  following  series  of  equal  ratios  will 
obtain,  viz  c  :  r  :  :  surf,  c  :  surf,  p  : :  base  c  :  base  p  :  :  base  | 

c'  :  base  p'  :  :  c'  :  p'  :  :  surf,  c'  :  surf.  p'. 

Then   1st  :  when  c  =  c'.     Since  c  :  p  :  :  c'  :  p\  it  follows 
that  p  ss  p' ;  and  therefore  (th.  26}  surf  p  <  surf.  p\     But, 
surf,  c  :  surf,  p  :  :  surf,  c'  :  surf,  p'  ;  consequeotljr  surf,  c  < 
surf.  c'.  a*  E*  li>- 

Sdlj  :  when  surf,  c  =  surf.  c.  Then,  since  surf,  c  :  surf, 
p  :  :  surf,  c'  :  surf  p',  it  follows  that  surf,  p  =  surf  f'  ;  and 
therefore  (tb.  26)  p  >  p'.  Bute  ;  p  : ;  c' :  p'  j  cooiiequent/y 
C>c'.  %,  E.  2d. 

THEOREM  XXVIII. 

Of  all  Right  Prisms  whose  Bases  are  Circtiiiwcnbable  about 
Circles,  and  Given  in  Species,  that  whose  Altitude  is  Doa- 
ble the  Radius  of  the  Circle  Inscribed  in  the  Base,  has  the 
Smallest  Surface  with  the  same  Capacity,  and  the  Greatest 
Capacity  with  the  Same  Surface. 

This  may  be  demonstrated  eiactlj  as  the  preceding  theo- 
rem, by  supposing  cylinders  inscribed  in  the  prisms. 

Scholium,  - 

if  the  base  cannot  be  circumscribed  about  a  circle,  the 
right  prism  which  has  the  minimum  surface  or  the  maximvih 
capacity,  is  that  whose  lateral  soHace  is  quadruple  of  the  sur- 
&ce  of  one  end,  or  that  whose  lateral  surface  is  two-thirds 
of  the  total  surface.  This  is  manifestly  the  case  with  the 
Archimedean  cylinder  ;  and  the  extension  of  the  property  de- 
pends solely  on  the  mutual  connexion  subsisting  between  the 
properties  of  the  cylinder,  and  those  of  circumscribing  prisms. 

THEOREM  XXIX. 

The  Surfaces  of  Right  Cones  Circumscribed  aboot  a  Sphere, 

are  as  Iheir  solidities. 

For,  it  may  be  demonstrated  in  a  manner  analogous  to 
the  demonstrations  of  theorems  I J  and  26,  that  these  cones 

are 
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are  equal  to  right  cooes  whose  altitude  xa  equal  to  the  radios 
of  the  iDscribed  sphere,  and  whose  bases  are  eqaal  to  the 
total  surfaces  of  the  cones  :  therefore  the  surfaces  and  solidi- 
ties are  proportional. 

THEOREM  XXX. 

The  Surface  or  the  Solidity  of  h  Right  Cone  Circumscribed 
about  a  Sphere,  is  Directly  as  the  Square  of  the  Cone*s 
Altitude,  and  loveri»elj  as  the  Excess  of  that  Altitude  over 
the  Diameter  of  the  Sphere. 

Let  VAT  be  a  right-angled  triangle  which, 
hy  its  rotation  upon  va  as  an  axis,  generates  a 
right  cone;  and  bda  the  semicircle  which  by 
a  like  rotation  upon  va  fbrms  the  iosi  ribed 
sphere  :  then,  the  surface  or  the  solidity  of 

VA* 

the  cone  varies  as . 

VB 

For,  draw  the  radius  cd  to  the  point  of  contact  of  the  semi- 
circle and  vT.  Then,  because  the  triangles  vat,  vdc,  are 
similar,  it  is  at  :  vt  :  :  cd  :  vc. 

And,  by  compos-  at  :  a.t  +  vt  :  cd  :  co  +  cv  =  va  ; 
Therefore  at«  :  (at+vt)  at  :  :  cd  :  va,  by  multiply- 

ing the  terms  of  the  6rst  ratio  by  at. 
But,  because  vb,  vd,  va  are  continued  proportionals, 
it  is  VB  :  VA  :  :  vd*  :  va*  :  :  od*  :  at°  by  sim.  trjaogles. 
But  CD  :  VA  :  :  at*  :  (at  +  vt)  at  by  the  last  ;  and  these 
molt,  give  cd  .  vb  :  va*  :  :  cd*  :  (at  +  vt)  at, 

,        ,        .                    va* 
or  VB  :  CD  :  :  va^  :  (at  -f-  vt)  at  =^  cd  . . 

^  VH 

But  the  surface  of  the  cone,  which  is  denoted  by  *  .  at*  + 
tf  .  AT  .  VT*,  is  manifestly  proportional  to  the  Arst  member 
of  this  equation^. is  also  proportional  to  the  second  member, 

AV* 

or,  since  cd  is  constant,  it  is  proportional  to ,  or  to  a  third 

proportional  to  bv  and  av.  And,  since  the  capacities  of  these 
circumsicribing  cooes  are  as  their  surfaces  (th.  29),  Vhe  truth 
of  the  whole  proposition  is  evident. 

Lemma  2. 

The  difference  of  twd  right  lines  being  given,  the  third  pro- 
portional to  the  less  and  the  greater  of  them  is  a  minimum 
when  the  greater  of  those  lines  is  double  the  other. 

*  ^  beinsr  cs  3- 141593. 

Let 
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Let  Av  and  bv  be  two  right     .  i  

lines,   whose  difference  ab  is     7         X  J^  ~ 

given,  and   let  ap  be  a  third     ^        -o  ^ 

proportional  to    bv  and    av  ; 
then  »  AP  a  minimum  when  av  =  2bv. 

For,  since    ap  :  av  :  :  av  :  bv  ; 

By  division  ap  :   ap— av     :  :   av  :  av— bv  ; 

That  is,        AP   :   vp  :  :  av  ;  ab.     • 

Hence,  vp  .  av=ap  .  ab. 
But  VP  .  AV  is  either  =  or  <iApa  (cor.   to  th.  31   Geom. 
and  th.  i3  of  this  chHpter.)  ^ 

Therefore  ap  .  ab<|ap«  :  whence  4ab<ap,  or  ap  >  4ab. 
Consequently,  the  minimum  value  of  ap  is  the  quadruple  of 
ab  ;  and  in  that  case  pv=va=2ab.     q..  e.  d.* 

•» 
THEOREM  XXXI. 

Of  all  Right  Cones  Circumscribed  about  the  Same  Sphere, 
the  Smallest  is  that  whose  Altitude  is  double  the  Diameter 
of  the  Sphere. 

VA« 

For,  by  th.  30,  the  solidity  varies  as <8ce  the  fig.  to  that 

1     J  7  '  v'B 

theorem)  :  and,  by  lemma  2,  since  va — vb  is  given,  the  third 
proportional is  a  minimum  when  va=2ab.     q.  e.  d. 

'  VB 

Cor.  1 .  Hence,  the  distance  from  the  centre  of  the  sphere 
to  the  vertex  of  the  least  circumscribing  cone,  is  triple  the 
radius  of  the  sphere. 

Cor.  2.  Hence  also,  the  side  of  such  cone  is  triple  the  ra- 
dius of  its  base. 


•  Though  the  evidence  of  a  ainsrle  demonatntinn,  condncled  on  aoond  mathe- 
matical pnuciples,  is  really  irrei»/stibl«»,  and  therefore  needs  no  corrobomtion ;  ^t 
it  18  frequently  coriJucive  a«.  ^'4*ii  to  mental  improvcraeut,  a8  to  mental  dcltght,  to 
obtain  like  rebulls  from  different  processes.  In  this  view  it  will  be  advantageous  to 
the  student,  to  confirm  the  truth  of  several  of  the  propositions  in  thk  chapter  by 
means  of  the  fluxional  analysis.  Let  tY^e  truth  enunciated  in  the  above  lemma  be 
taken  for  an  example  :  and  let  ab  be  denoted  b}  a,  av  by  2,  bv  by  a*'— «.  Then  we 

shall  have  X'-a :  x  :  :  x  :  -- —  :  the  third  proportional ;  which  is  to  be  a  minimum. 
Hence  the  floclion  of  diis  fraction  will  be  equal  to  zero  (Flux.  art.  61).      That  is, 

(Flux.  arte.  19  and  30), ~  c=  o.     Consequently,  »■— S«»  »  o,  and  af  r= 

Sa,  or  AV  0  3ab,  as  abow. 
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THEOREM  XXXII. 


The  Whole  Sorfece  of  a  Right  Cone  being  given,  the  In- 
scribed Sphere  is  the  Greatest  when  the  Slant  ^ide  of  the 
Cone  is  Triple  the  Radius  of  its  Base. 

For,  let  c  and  c'  be  two  right  cones  of  equal  whole  surface, 
the  radii  of  their  res r»«ctive  inscribed  spheres  being  denoted 
by  K  and  a' ;  let  the  side  of  the  rone  c  be  triple  the  radius  of 
its  base,  the  same  ratio  not  obtaining  in  c' ;  and  let  c"  be  a 
cone  similar  to  c,  and  circumscribed  about  the  same  sphere 
with  c'.  Then,  (by  th.  31)  surf,  c'  <  surf,  c' ;  therefore  surf, 
c"  <  surf  c.  But  c'  and  c  are  similar,  therefore  all  the  di- 
mensions of  d*  are  less  than  the  eorrespondiog  dimensions  of 
c  :  and  consequently  the  radius  r'  of'tbenphere  inscribed  in 
ci^or  in  c',  is  less  than  the  radius  r  of  the  sphere  inscribed  in 
c,  or  r>r'.  ^  ^.  E.  D- 

Cor.  The  capacity  of  a  right  cone  beiiig  given,  the  inscrib- 
ed sphere  is  the  greatest  when  the  side  of  the  cone  is  tri{Tle 
the  radius  of  its  base. 

For  the  capacities  of  such  cones  vary  as  their  surfaces 
(th.  39). 

THEOREM  XXXril. 

Of  all  Right  Cones  of  Equal  Whole  Surface,  the  Greatest  is 
that  whose  side  is  I'riple  the  Radius  of  its  Base  :  and  re- 
ciprocally, of  all  Right  Cones  of  Equal  Capacity,  that  whose 
Side  is  Triple  the  Radius  of  its  Base  has  the  Least  Surfhce. 

For,  by  th.  29,  the  capacity  of  a  right  cone  is  in  the  com- 
pound ratio  of  its  whole  surfiice  and  the  radius  of  its  inscribed 
sphere.  Therefore,  the  whole  surface  being  given,  the  ca- 
pacity is  proportional  to  the  radius  of  the  inscribed  sphere  : 
and  consequently  is  a  maximum  when  the  radius  of  the  in- 
scribed sphere  is  such  :  t^at  is,  (th.  3i)  when  tbe  side  of  the 
cone  is  triple  the  radius  of  the  base*. 

Agsati, 


•  Hen  aeain  a  similar  rasult  may  easily  be  deduced  from  the  piethod  of  flox- 
ioiis.     Let  the  radius  of  the  base  be  denoted  by  «,  the  slant  side  of  the  cone  by 

«,  its  whole  sarfaoe  by  o* ,  and  8-141 593  by  r.     Then  the  circomferanoe  of  the 

cone's  base  will  be  2jr»,  its  area  ra?" ,  and  the  convex  snrface  «««.    The  whole 

sorfsoo  is,therefoie,  =  »»*   +  iriw :  and  this  being  ■«  a* ,  we  hare  t  ss  ,j^""^ 
But  the  altitude  of  the  cone  is  equal  tothe  square  root  of  the  diftrence  of  the  squaM 
Vol.  I.  71  "^ 
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Again ,  reciprocally,  the  capacity  being  giren,  the  surface 
is  ia  the  inverse  ratio  of  the  sphere  inscribed  :  therefore,  it 
is  the  smallest  when  that  radius  is  the  greatest  ;  that  is,  (tb-  32) 
wbeir  the  side  of  the  cone  is  triple  the  radius  of  its  base. 

THEOREM  XXXIV. 

The  Surfaces,  whether  Total  or  Lateral,  of  Pyramids  Cir- 
cumscribed about  the  Same  Right  Cone,  are  respectively 
as  their  Solidities.  And,  in  particular,  the  Surface  of  a 
Pyramid  Circumscribed  about  a  Cone,  is  to  the  Surface  of 
that  Cone,  as  the  Solidity  of  the  Pyramid  is  to  the  Solidity 
of  the  Cone ;  and  these  Ratios  are  Y  qual  to  those  of  the 
Surfaces  or  the  Perimeters  of  the  Bases. 

For,  the  capacities  of  the  several  solids  are  respectively  as 
their  bases  ;  and  their  surfaces  are  as  the  perimeters  of  those 
bases  :  so  that  the  proposition  may  manifestly  be  demon- 
strated by  a  chain  of  reasoning  exactly  like  that  adopted  w, 
theorem  11. 


2a« 


Qftbende  and  of  the  radios  of  die  base;  that  u.  it  if  s  ^  ( _>*   And 


.»«« 


this  multiplied  into)^  of  the  area  of  the  base,  viz.  by  ^  rx*,  giveg  ^wtia  ^(. 


.4 


»*.^ 


)t  ibr  the  capacity  of  the  coae*    Now,  this  being  a  maximum,  its  square 

mast  be  ao  likewise  (Flux,  art- £3),  that  is, •^-- ,   or,  lejectiDg  the  de- 

nominator,  as  coastant,  a*a'^9wa^x*  must  be  a  maiimum  This,  in  flux- 
ions, is  Sa  «*— 8»a* at^rf  aiO :  whence  wo  have  a*  — 4$rx*  as  o,  and  consequent- 
ly «  e  y^_ .  and  a*  -s4ir«'  .    Snbstitutifv  Ms  value  of  a'  lor  h,  in  the  valae 

aa  4,3* 

of*  above  given,  there  results  »  » xea — ae  :a  4«— «bss  Sx.      Theiv- 

wac  9X 

fcifL  the  side  of  the  cone  is  triple  the  radius  of  its  base.  On  the  souare  of  the  al- 
titude is  to  the  square  of  the  radius  of  the  base,  as  8  to  1,  or,  to  the  squue  of  the 
diameter  of  the  base,  as  2  to  1 . 


THEOREM 
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THEOREM  XXXV. 

The  Base  of  a  Right  Pyramid  being  Cfirea  in  Species,  the 
Capacity  of  that  Pyramid  is  a  Maximum  with  the  tame  Sur- 
face, and  on  the  contrary,  the  Surface  is  a  Minimum  with 
the  Same  Capacity,  whea  the  Height  of  One  Face  is  Tri- 
ple the  Radius  of  the  Circle  Inscribed  in  the  Base. 

Let  p  and  p'  be  two  right  pyramids  with  similar  bases,  the 
height  of  one  lateral  face  of  p  being  triple  the  radius  of  the 
circle  inscribed  in  the  base,  but  this  proportion  not  obtaining 
with  regard  to  p'  :  then 

1st     If  surf.  p=surf  p',  p  >^, 
2dly-  If  .  .  .  p=ss  .  .  .  p*,  surf,  f  <  surf.  p*. 

For  let  c  and  c  be  right  cones  inscribed  within  the  pyra- 
mids p  and  p'  :  then  in  the  cone  c,  the  slant  Hide  is  triple  the 
radius  of  its  base,  while  this  is  not  the  case  with  respect  to  the 
cone  G".  Therefore,  if  c=^%  surf,  c  <  surf  c'  and  if  surf,  c 
=s  surf,  c' .  c  >c'  (th.  3S). 

But,  1st.  surf  p  :  surf  c  :  :  surf  p'  :  surf,  e*  ; 
whence,  if  surf  p~  if  surf  p'  surf,  c  =s  surf  C  ; 
therefore  c>c'.     But  p  :  c  :  :  p'  :  c'.     Therefore  p>p'. 

2dly,  p  :  c  :  :  p* :  c'.  Theref.  p=ap',  c=c'  :  consequently 
»arf  c<surf.  c'.  But,  surf,  p  :  surf,  c  :  :  surf  p'  :  surf.  c'. 
Whenca,  aarf.  p<surf.  p'. 

Cor*  The  regular  tetraedon  possesses  the  property  of  the 
minimum  surface  with  the  same  capacity,  and  of  the  maxi- 
mum capacity  with  the  same  surface,  relatively  to  all  right 
pyramids  with  equilateral  triangular  bases,  and,  a  fortiori^  re- 
latiirely  to  every  other  triangular  pyramid. 

TOfiORCM  XXXVI, 

A  Sphere  is  to  any  Circumscribing  Solid,  Bounded  by  Plane 
Surfaces,  as  the  Surface  of  the  Sphere  to  that  of  the  Cir* 
cumscribtng  Solid. 

For,  since  all  the  planes  touch  the  sphere,  the  radius  drawn 
to  each  point  of  contact  will  be  perpendicular  to  each  re* 
spective  plane.  So  that,  if  planes  be  drawn  through  the  cen^ 
tre  of  the  sphere  and  through  all  the  edges  of  the  body,  the 
body  will  be  divided  into  pyramids  whose  bases  are  the  re* 
spective  planes,  and  their  common  altitude  the  radios  of  the 
sphere.  Hence,  the  sum  of  all  these  pyramids,  or  the  whole 
circumscribing  solid,  is  equal  to  a  pyramid,  or  a  cone  whose 

bale 
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base  is^eqaal  to  the  whole  sarface  of  that  solid,  and  aUitude 
equal  to  the  radius  of  the  sphere.  But  the  capacity  of  the 
sphere  tB  equal  to  that  of  a  cone  whose  base  is  equal  to  the 
sarfece  of  the  sphere,  aud  aUitude  equal  to  its  radius.  Cod- 
sequeotly,  the  capacity  of  the  sphere,  is  to  that  of  the  cir- 
cumscrihiog;  solid,  as  the  surface  of  the  forioer  to  the  surface 
of  the  latter  :  both  haviog  io  this  mode  of  consider ing  them, 
a  common  altitude.  q   e.  d. 

Cor,  1.  All  circomscribiog  cylinders,  cooes.  &c.  are  to  the 
sphere  they  pircumscribe,  as  their  respective  surfaces. 

For  the  same  proportion  will  subsist  betweea  their  indefi- 
nitely small  corresponding  segments,  and  therefore  between 
their  wholes. 

Cor.  9,  All  bodies  circumscribing  the  anme  sjf^ere,  are  re- 
sp^tively  as  their  surfaces. 

THEOREM  XXXVII. 
The  Sphere  is  Greater  than  any  Polyedroo  of  Equal  Surface. 

For,  first  it  may  be  demonstrated  by  a  process  similar  to 
that  adopted  in  theorem  9,  that  a  regular  polyedron  has  a 
greater  capacity  than  any  other  polyedron  of  equal  surface  : 
Let  p,  therefore,  be  a  regular  polyedron  of  equal  sarface  to 
a  sphere  s.  Then  p  must  either  circumscribe  s,  or  fail  partly 
within  it  and  partly  out  of  it,  or  fall  entirely  within  it.  The 
first  of  these  suppositions  is  coiitniry  to  the  hypothesis  of  the 
proposition,  because  in  that  case  the  surface  of  p  c€MAd  oot 
be  equal  to  that  of  s.  Either  the  2d  or  3d  sapposittoo  there- 
fore must  obtain ;  and  then  each  plane  of  the  sarface  of  p 
must  fiill  either  partly  or  wholly  within  the  sphere  s  ;  which- 
ever of  these  be  the  case,  the  perpendiculars  demitted  from 
the  centre  of  s  upon  the  pkm«»,  will  be  each  Ie88  than  the 
radius  of  that  sphere  :  and  consequently  the  polyedron  p  must 
be  less  than  the  sphere  s,  because  it  has  an  e^ual  base,  bnt  a 
less  altitude.  %.  s.  d. 

Cor,  If  a  prism,  a  cylinder,  a  pyramid,  or  a  cone,  be  equal 
to  a  sphere  either  in  capacity,  or  in  surface  ;  in  the  first  case, 
the  surface  of  the  sphere  is  less  than  the  surface  of  any  of 
those  solids  i  in  the  second,  the  capacity  of  the  sphere  ie 
greater  than  that  of  either  of  those  solids. 

The  theorems  in  this  chapter  will  suggest  a  Yariety  of  prac- 
tical examples  to  exercise  the  student  in  computation.  A  ^w 
such  are  given  in  the  following  page. 
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EXERCISES. 

Ex.  1 .  Find  the  areas  of  an  eqailateral  triangle,  a  square, 
a  hexagon,  a  dodecagon,  and  a  circle,  the  peiimeter  of  each 
being  36. 

Er,  ^.  Find  the  difference  between  the  area  of  a  triangle 
whose  sides  are  3,  4,  and  6,  and  of  an  equilateral  triangle  of 
equal  perimeter. 

Ex.  3.  What  is  the  area  of  the  greatest  triangle  which  can 
be  constituted  with  two  given  sides  8  and  1 1  :  and  what  will 
be  the  length  of  its  third  side  ? 

Ex  4,  The  circumference  of  a  circle  is  12,  and  the  peri- 
meter of  an  irregular  polygon  which  circumscribes  it  is  15: 
what  are  their  respective  areas  ? 

Ex,  5.  Required  the  sar&ceand  the  solidity  of  the  greatest 
parallelepiped,  whose  length,  breadth,  and  depth,  together 
make  18  ? 

Ex.  6.  The  surface  of  a  square  prism  is  546  :  what  it  its 
solidity  when  a  maximum  ? 

Ex.  7  The  content  of  a  cylinder  is  169*646968  :  what  is 
its  surface  when  a  minimam  ? 

Ex.  8.  The  whole  surface  of  a  right  cone  is  201*06196S  : 
what  id  its  solidity  when  a  maximum  ? 

Ex.  9.  The  surface  of  a  triangular  pyramid  is  43*30127  : 
what  is  its  capacity  when  a  maximum. 

Ex.  10.  The  radius  of  a  sphere  is  10.  Required  the  soli- 
dities of  this  sphere,  of  its  circumscribed  equilateral  cone,  and 
of  its  circumscribed  cylinder. 

Ex,  11.  The  surface  of  a  sphere  is  ''8.2743^7,  and  of  an 
irregular  polyedron  circumscribed  about  it  36  :  what  are  their 
respective  solidities  ? 

Ex.  12.  The  solidity  of  a  sphere,  equilateral  cone,  and  Ar- 
chimedean cylinder,  are  each  600  :  what  are  the  surfaces  and 
respective  dimensions  of  each  ? 

Ex.  13.  If  the  surface  of  a  sphere  be  represented  by  the 
number  4,  the  circumscribed  cylinder's  convex  surface  and 
whole  surface  will  be  4  and6,and  the  circumscribed  equilate- 
ral cone's  convex  and  whole  surface,  6  and  9  respectively. 
Show  how  these  numbers  are  deduced. 

Ex,  14.  The  solidity  of  a  sphere,  circumscribed  cylinder, 
and  circumscribed  equilateral  cone,  are  as  the  numbers  4,  G, 
and  9.     Required  the  proof. 
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PROBLEMS  RELATIVE  TO  THE  DlVISrON  OF  FIELDS  OB 

OTHFJl  SURFACES. 


AB. 


PROBLEM  I. 

To  Divide  a  Triangle  into  two  parts  hay iog  a  Given  Ratio, 

m  :  n 
1st.  By  a  line  drawn  from  one  angle 
of  the  triangle. 

Make  ad  :  ab  :  ;  w  :  fi»  +  «  ;  draw  cd. 
So  shall  ADC,  BDC,  be  the  parts  required. 

m  n 

Here,  evidently,  ad  = — r—  ad,  db  =      , 

•^  fw-f-ft  m-r» 

2dly.  By  a  lipe  parallel  to  one  oi  the  sides  of  Ibetnangle. 

Let  ABC  be  the  given  triangle  to  be 
divided  into  two  parts,  in  the  ratio  of  m 
to  ft,  by  a  line  parallel  to  the  base  ab. 
Make  ce  to  eb  as  m  to  n:  erect  ed  per- 
pendicularly to  cB,  till  it  meet  the  semi- 
circle described  on  cb,  as  a  diameter, 

in  D.  Make  cf==cd  :  and  draw  through  f,  of  ||  ab.  So  shall 
OF  divide  the  triangle  abc  in  the  given  ratio. 

CD* 

For,  CE  :  CB  = ::cd=(=cf3)  :  cb».  But  ce  :  eb  ::m  :  fi, 

CE 

or  CE  :  CB  :  :  m  :  m  +  n,  by  the  construction  ;  therefore 
cp«  -.  CB»  :  :  m  :  tn-f-n.  And  since  A  cgf  :  A  cab  ::  of*  :  CB* ; 
it  follows  that  cgf  :  cab  :  :  m  :  wi+n,  as  required. 

Computation,      Since  cb*  :  cf'  :  :  wi  +  n  :  m,  therefore, 
(«  +  n)  cf"  =m  .  cb'  ;  whence  cf  -y/  (m  +  n)  =  cBy/m,  or 


of  =  CB  ^ 


m 


In  like  manner,  co  =  oa^ 


m 


f»+n 


m-i-n 

3dly.  By  a  line  parallel  to  a  given  line. 

Let  HI  be  the  line  parallel  to  which 
a  line  is  to  be  drawn,  so  as  to  divide 
the  triangle  abc  in  the  ratio  of  m  to 
n. 

By  case  2d  draw  gf  parallel  to  ab, 
so  as  to  divide  abc  in  the  given  ratio. 
Through  f  draw  fe  parallel  to  hi. 
On  CE  as  a  diameter  describe  a  semi- 
circle ;  draw  gd  perp.  to  ac,  to  cut 
the  semicircle  in  d.  Make  cp  =  cd  : 
through  p,  parallel  to  bf,  draw  f<i,  the  line  required. 
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The  demoii8(ratioQ.  of  this  foUowB  at  once  from  case  2  ;  be- 
cause  it  is  only  to  divide  fce,  by  a  line  parallel  to  fr,  into  two 
triangles  having  the  ratio  of  fce.  to  fcg,  that  is,  of  ce,  to  co. 

Cofnputation.  co  and  cf  being  computed,  as  in  case  t,  the 
distances  ch,  ci  being  given,  and  cp  being  to  cj^  as  ch  to  ci : 
the  triangles  ggf,  op^,  also  having  a  common  verticle  angle, 
are  to  each  other,  as  co  .  cf  to  cq.  cp.  These  products  there- 
fore are  equal  ;  and  since  the  factors  of  the  former  are  knofrn, 
the  latter  product  in  known.  We  have  hence  given  the  ratio 
of  the  two  lines  cp  (=x)  to  c^  (==y)  as  ch  to  ci  ;  say,  as  p  to 
9  ;  and  their  product  =  cf  .  co,  say,  =s  a6  :   to  find  x  and  y. 

Here  we  find  x  =  a/  — ■^-.,  y  =  ^ — — ,     That  is, 

9  P 

CF   .  CG   .  CH  CF  .   CG   .  CI 

CP  =  ^ ;  c^  =  ^ . 

^  CI  ^  CH 

N.  B.  If  the '  line  of  division  were  to  be  perpendicular  to 
one  of  the  sides,  as  to  ca,  the  construction  would  be  similar  ; 

cp  would  be  a  geometrical  mean  between  ca  and — r-    c^,    b 

being  the  foot  of  the  perpendicular  from  b  upon  ac. 
4thly.     By  a  line  drawn  through  a  given  point  p. 


am  A.      C       \\/M>/7       M     A 


By  any  of  the  former  cases  draw  Im  (fig.  1)  to  divide  the 
triangle  abc,  in  the  given  ratio  of  m  to  n  :  bisect  c/  in  r,  and 
through  r  and  m  let  pass  the  sides  of  the  rhomboid  cram. 
Make  co=pe,  which  is  given,  because  the  point  p  is  given 
in  position  :  make  cd  n  fourth  proportional  to  ca»  cr,  cm  ; 
th«nt  is,  make  ca  :  cr  :  :  cm  :  cd;  and  let  a  and  d^  be  two  an- 
gles of  the  rhomboid  cabd^  figs.  1  and  2.  re,  in  figure  2,  be- 
ing drawn  parallel  to  ac,  describe  on  ed  as  a  diameter  the  sc* 
mictrcle  efd^  on  wiiich  set  off  e/=^ce=^ar  :  then  set  off  du  or 
c/m'  on  CA  equal  to  df,  and  through  i'  and  m,  p  and  m'  draw  the 

lines 


] 
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dnw  thetinei  tM,  lV,  either  of  which  fiHI  divide  the  triangle 
ID  the  given  ratio.— > The  constractioo  is  given  in  2  figs,  mere- 
Ij  to  avoid  complezness  in  the  diagrams. 

The  linttations  are  obvious  from  the  construction  :  for,  the 
point  L  aa»t  fall  between  b  and  c,  and  the  point  m  between  a 
and  c ;  ap  must  also  be  less  than  f6,  otherwise  ^cannot  he 
applied  to  the  semicircle  on  ed. 

Demon.  Because  cr  as  ^c/,  the  rhomboid  cram  ?=  triangle 
cim^  and  because  ca  :  cr  :  ;  cm  :  cc/,  we  have  c<i  .  cd^s^cm  .  cr, 
therefore  rhomboid  cabd  =  rhomboid  crnn  se  triangle  dm. 
By  reason  of  the  parallels  cb,  bd,  and  ca,  a5,  the  triangles 
atp,  <iuM,  6gp,  are  similar,  and  are  to  each  other  as  the 
squares  of  their  homologous  sides  up,  i/v,  5p  :  now  e^s^ef 
+d/*^  by  construction  ;  and  edss-^h  ef^av.  dfs^du  ;  there- 
fore p^  ^  up'  -h  dm',  or,  th<^  trinngle  pba  taaen  away  from 
the  rhomboid,  is  equal  to  the  sum  of  fhe  triangles  api.,  dua^ 
added  to  the  part  copccl :  consequently  CLM^^col^d.  asreqiiir- 
ed.  By  a  like  process,  it  may  be  shown  that  ol'p,  cfoV,  p6o% 
are  similar,  and  aCr  +  do'M'^p6o' ;  whence  pMii'scaL'p,  and 
CL'M'=ca6</.  as  required. 

Cornputaiion.  c/,  cm,  being  known,  as  well  as/ca,ap,  or 
ce,  ep,  crss^cJ,  is  known  :  and  hence  cd  may  be  found  by 
the  proportion  ca  :  cr  :  :  cm  :  cd.     Then  cd     ce«=^ed,  and 

V'icPir^  5B  ^/^  -IflpT*  d/=  du  =  dw.     Thus  CM  is  de- 


termined.    Then  we  have 


cl    cm 

CM 


ssaCL. 


\  N.  B.  When  the  point  is  in  one  of  the  sides,  as  at  m  ;  then 
make  cl  .  cm  .  (m+»)  =  ca  .  cb  .  m,  or  cl  :  ca  :  :  m..  cb  : 
(m+n)  CM,  and  the  thing  is  done. 

5thly.     By  the  shortest  line  possible. 

Draw  any  line  p^  dividing  the  triangle  in 
the  given  ratio,  and  so  that  the  summit  pf  the 
triangle  cp<i  shall  be  c  the  most  acute  of  the 
three  angles  of  the  triangle.  Make  cmscn, 
a  geometrical  mean  proportional  between  cp 
and  c^  ;  so  shall  mn  be  the  shortest  line  pos- 
sible dividing  the  triangle  in  the  given  ratio. 
— The  computation  is  evident. 

Demon$,  Suppose  mn  to  be  the  shortest 

line  cutting  off  the  given  triangle  cmn,  and 

CG  J    MN    .    N5  =  M6  -f*  GFt  =  CG    .    COt   M    + 

CG  .  cot  K=ca  (cot  M+cot  w).     But,  cot  M-t 


COS  M  .  cos  n 

cot  K=s- 1 


s=- — k — —J..  And)equa. 


sin  M    sm  N     sm  M  .  sin  f 


xviii» 


■J 
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XVIII,  Aoaljt  pi.  trigonom.)  sin.  h  .  sia  ir  as  |cob,  (m — n) 
—  ^cos.  (mHPn)  =^co8.  (ji*— n)  +  ^co8  c.    Theref  mn  a=  cg, 

sin  (m+w)  i_-  ■_     •  .       .'  1. 

; ; — "^  .  .  / ;  which  eipressioD  li  a  minimuin  when 

^COS  (m-n)+^C08C  '^ 

Its  denoiDiDator  is  a  maximum  ;  that  is«  when  cos  (m-n)  is  the 
greatest  possible,  which  is  manifestly  when  m  —  n  =  o,  or 
M  =  0,  or  when  the  triangle  gmn  is  isosceles.  That  the  isos- 
celes triaogle  most  hare  the  most  acute  aogle  for  its  summit,  i« 
eyident  from  theconaideratioD,  that  since  i^cuN  =  co  mn, 
MN  varies  inversely  as  co  ;  and  consequently  mn  is  shortest 
when  CO  is  longest,  that  b,  when  the  angle  c  is  the  most  acute. 
N.  B.  A  very  simple  and  elegant  demonstration  to  this  case 
18  given  in  Simpson*s  Geometry  :  vide  the  book  on  Max.  and 
Min.  See  also  another  demonstration  at  case  2d  prob.  6th, 
below. 

PROBLEM  n. 

To  Divide  a  Triangle  into  Three  Parts,  having  the  Ratio  of 

the  qijantities  m,  n,  p. 

1st.  Bylines  drawn  from  one  angle  of  the  triangle  te  the  op- 
posite side. 

Divide  the  side  ab,  opposite  the  angle  o 
from  whence  the  lines  are  to  proceed,  in  the 
given  ratio  at  d,  k  ;  join  cd,  cb  ;  and  acd, 
DCE,  BcB,  are  the  three  triangles  required. 
The  demonstration  is  manifest ;  as  is  also  AD  X  B 
the  computation. 

If  it  be  wished  that  the  lines  of  division  be  the  shortest 
the  nature  of  the  case  will  admit  of,  let  them  be  drawn  from 
the  most  obtuse  angle,  to  the  opposite  or  Itrngett  side. 

2d]y.  By  lines  parallel  to  one  of  the  sides  of  the  triangle. 

Make  cd  :  db  :  hb  :  :  m  :  n  :  p.     Erect 
DB,  HI,  perpendicularly  to  cb,  till  they  meet 
the  semicircle   described  on   the  diameter 
cb,  in  x  and  i.     Make  cf  =»  ce,  and  ex  =»     q< 
Ci.    Draw  OF  through  f,  and  lk  through  x,  j^ 

parallel  to  ab  ;  so  shall  the  lines  of  and  lx,  *    J 

divide  the  trian^e  abc  as  required.  A  B 

The  demonstration  and  computation  will  be  similar  to  those 
in  the  second  case  of  prob.  1. 

Sdly.    By  lines  drawn  from  a  giiren  point  en  one  of  the 
sides. 
VoL.*I.  7e  J^g- 


C 
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F  ig.i,     c/yM      ^ig'^' 


"oTFSSb  a.  h  ^  1  B 

Let  p  (fig.  1)  be  the  giTen  point,  a  and  b  the  points  which 
divide  the  side  ab  hi  the  given  ratio  of  m,  i»,  p  :  the  point  p 
falling  between  a  and  6.  Join  pc,  parallel  to  which  drawac, 
bd,  to  meet  the  sides  ac,  bc,  in  the  points  e  and  d:  join  rc^ 
rd,  so  shall  the  lines  ee,  vdy  divide  the  triangle  in  the  given 
ratio. 

in  fig.  13,  where  p  falls  nearer  one  of  the  eztremitieB  of  ab 
than  both  a  and  6,  the  construction  is  esaenttalljr  the  same  ; 
the  sole  difference  in  the  result  is,  that  the  points  c  and  d^ 
hoth  fall  on  one  side  ac  of  the  triangle* 

Demon  The  lines  ca,  c6,  divide  the  triangle  inlolbe  ^ven 
ratio,  by  case  Ist.  But  by  ri'ason  of  the  parallel  lines  ac«  pc, 
bdy  A  ace  Aoc¥,  and  A  ^''c  »  ^c/p.  Therefore,  in  fig.  I, 
Aoc  +  acp  =  Aoc  H-  ace  that  is,  Acp  s=  Aac  :  and  Bbd  +  bd^ 
ss-  Bbd  +  bdc,  that  is,  sd?  =^  obc,  Conseqnently,  the  re- 
mainder cc?d  =  ca5.  — In  fig  2,  a^p  ?=  aoc,  and  aJp  =?  ac6  ; 
therefore  cpd  =  ocp  ;  and  acb  —  Adf  ss=  acb  —  Aci,  that  is, 
CBP<i  SB  cb6. 

Computation,  The  perpendiculars  eg,  cd  being  demitted,  A 
ACP  :  A^<^>  :  :  m:  m+n-^  p  :  :  kv  'Cg;  AB  .  cd.   Thereiore 

(m+n+p)  AP.Cfl^=m.AB.CD,and  cg^- — | — T---r— •    The  line 
\  f^'        °  ^     {m+n+p)A9 

eg  being  thus  known,  we  soon  find  ac  ;  for  cd  :  ac  : :  ^  :  acs= 

AC.  cf       m  .  ab  .  AC  ■   J      t  ..  •  L     J 
?=S7 — ; — , — V — .     Indeed  this  expression  may  be  de- 

CD  (m -1-11-1-0)  AP  .■^  .  >> 

dnced  more  simply  ;  for,  since  acb  :  acp  :  :  ac  .  ab  :  ac  •  ap 
: :  fii+n+p  ••  trt»  we  have  (m+n+p)  ac  .  Ap«=m  .  ab  .  ac,  and 

AC3:=7 — T — r-^ — •     ^J  •  JiJte  process  is  obtained,  in  fig.   1 , 
(m+n+p)  AP         •'  ■^  »       -w 

,  .     n  .  ab  .  BC  J    •    /s      a      J (fn+n)An  .  ac 

*  (fn+n+p)  PB  C"*+n+f )  ap 

4th1y.  By  lines  drawn  from  a  |;iven  point  p  Uftihin  the  tri- 
angle. 


•CJbuti. 
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Comt.  Through  p  and  c  draw  the  line  cp|>,  and  let  the  tri- 
aogle  be  divided  ioto  the  given  ratio  by  lines  pc,  pd,  drawn 
from  p  !o  intersect  ac,  bc,  or  either  of  them  ;  according  to 
the  method  described  in  case  3  of  this  problem.  Through  p 
d^aw  PC,  ptf,  aiid  respectively  parallel  t6  them,  from  p  draw 
the  Hues  j9if,  pn  :  join  ph,  pn  ;  so  shall  these  lines  with  p/y, 
divide  the  triangle  in  the  given  ratio.- 

Demon,  The  triangles  cpm,  cpp,  are  manifestly  equal,  as 
8Ye  also  (Iph,  dpp  ;  therefore  cpm  =  cpc,  and  cpn=c/}(I  ; 
wbeoce  also,  io  fig.  1 ,  cnpm  »c(fpc,  and,  in  fig.  2,  cb^pn  = 
c^pd. 

Campui.  Since  cp  •  cir  a>cp  .  cc^,  we  have  CNsa  ^  * » — . 

cp 

In  like  manner  cm  =  -J— — . 

CP 

Remark.  It  will  generallj  the  best  to  contrive  that  the  BtnaU- 
eH  share  of  the  triangle  shall  be  laid  off*  nearest  the  vertex  c 
of  the  triangle,  in  order  to  ensnre  the  possihihty  of  the  con« 
straction.  Even  this  precaation  however  may  sometimes  fail, 
of  ensitringthecomtrQction  by  the  method  above  given :  when 
this  happens,  proceed  thus  : 

By  case  1,  draw  the  lines  c<l,  ce,  from 
the  vertex  c  to  the  opposite  side  ab,  to  di- 
vide the  triangle  in  the  given  ratio     Upon 
AB  set  off  any  where  hb,  so  that  mb  :  ab  :  f  • 
pp  (the  P^rp.  from  p  on  ab)  :  ep^  the  alti- 
tude of  the  triangle.     If  mp  and  ph  are  to- 
gether to  be  the  least  possible,  then  set  off  ^  mb  on  each  side 
%h^  p<^at  p :  so  will  the  triangle  mpr  be  isosceles,  and  its  pe- 
rimeter (with  the  given  base  and  area)  a  mioiiisum. 

Gthly.  By  liiite,  one  of  which  is  drawn /rom  a  given  angle 
to  a  given  pointy  which  is  also  the  point  of  concourse  of  Uie 
ether  two  lines. 


€on9t. 
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Om$t  By  case  liit  draw  the  lines  en,  c£,  dividing  tbe  tri- 
aii^e  in  the  given  ratio,  and  «o  that  the  •mailer  pertiona  shall 
lie  nearest  the  angles  a  and  b  (unless  tbe  conditions  of  the 
division  require  it  tu  be  otherwise).  From  p  and  a  demit 
upon  AC,  the  perpindicolarn  rp,  ac  ;  and  from  p  and  6«  on  bc» 
the  perpendicular!*  rq-  td.  Make  cm  :  ca  :  i  ae  :  pp,  and  cm 
:  CB  :  :od  :  rq.  Draw  pm,  pn,  which,  with  cp,  will  divide  the 
triangle  as  required. 

When  the  perpendicular  from  b  or  from  a,  upon  bc  or  ac, 
if  longer  than  the  corresponding  perpendicular  from  p,  the 
point  H  or  M  will  fall  further  from  c  than  a  or  a  does.  Sup- 
pose it  to  be  H  ;  th|n  make  it's  :  €b  :  :  ae  :  cp,  and  draw  pr' 
for  the  line  of  division. 

The  demonstration  of  all  thu  is  too  obyious  to  need  trac- 
ing here. 

^              rwi.                                                ,           CA  .  lie 
CompuL    The  perp.  c«=  ao  .  sin  a  ;  and  cm  » • 

6«{  as  b6  .  sin  b  ;  and  ch  «=i • 

pj. 

6thlj.     Bv  lines,  one  of  which  falls  from  the  given  point  of 
concourse  of  all  three,  upon  a  given  side,  in  a  given  angle. 

Suppose  the  given  angle  to  be  a  right 
angle,  and  ff  the  given  perpendicular : 
which  will  simplifj  the  operation,  though 
tbe  principles  of  construction  will  be  the 
same. 

Gcmil.  Let  ca,  c6,  divide  the  triangle 
in  the  given  ratio.  Make/a  :  ca  :  :  bd  :  rf, 
and  fu  I  CA  :  I  ac  :  rf;  and  dnw  pn,  pm,  thus  forming  two 
triangles  p/k,  p/m,  equal  to  g6b,  caA  respectively.  If  n  hSi 
between/ and  b,  and  m  between  a  and  /#  this  conatmctien 
manifestly  effects  the  division .  But  if  one  of  the  points,  sup- 
pose M,  falls  beyond  the  corresponding  point  a,  the  line  pm 
intersecting  ac  in  «  :  then  make  H'e  :  ca  :  :  sm  :  ep,  and  draw 
PM*  :  so  shall  p/y  pm'.  Pa,  divide  the  triangle  as  required. 


Cowpuf* 
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GiMfi|Hii.  Here  ca  and  bdy  are  found  as  in  case  5th ;  and 

•  •           J.       CB  .  bd        ,  -      CA  •  ae      _,,  ,   ^  ^ 

hence /n  = t;— ;  and/M= ^.     Then  pm  =  v'(m/*  + 

/ps)  and  ^sssin.  m.     Also  leo"*— (if+A)=sNeA.     Then  sin. 

PM 

utA  :  sin.  m  :  sin  a  a  ma  («m/— V)  -  ^^  •  **'*     -Again  pe= 
PM-Me  ;  and  lastly  m'«= . 

•'  CP 

Here  also  the  demonstration  is  manifest. 

7thly.  By  lines  drawn  from  the  angles  to  meet  in  a  deter- 
minate point.  ^ 

Con$truc,  On  one  of  the  sides,  as  ac,  set 

off  AD,  so  that  AD  :  AC  :  :  m  :  m^n-^^p.   And 

on  the  other,  as  ab,  set  off  bb,  so  that  be  :  bc 

: :  »  :  m+fi+P'     Through  d  draw  do  paral*  ___^__ 

lei  to  ab  ;  and  through  e,  eh  parallel  to  bc  ;         A.     I\  JB 

to  their  point  of  intersection  i  draw  lines  ai,  bi,ci,  which  will 

difide  the  triangle  abc  into  the  portions  required. 

Demon.  Any  triangle  whose  base  is  ab,  and  whose  vertex 
falls  in  DO  parallel  to  it,  will  manifeatly  be  to  abc,  as  ad  to 
Ac»  or  as  fti  to  m+n+p  :  so  also  any  triangle  whose  base  is 
kc,  and  whose  vertex  falls  in  eu  parallel  to  it,  will  be  to  abc, 
as  BE  to  BA,  that  is,  as  n  to  tn-f  n-f-j^- 

Thus  we  have  aib  :  acb  :  :  tn  :  fn+M+P) 
and     .  .    Bic  :  acb  :  :  n  :  m+n+p, 

therefore      .    aib  :  arc  :  :  m  :n. 
And  the  first  two  proportions  give,  by  composition, 
AiB+Bic  :  ACB  :  :  m+n  :  tn+n+p  ;  and  by  division,  acb— 
(aib  +  Bic)  :  ACB  :  :  m'\'n+p — (ni'^'n)  :  m+w+f?,  or  aic  : 
ACB  i  :  p  :  m+n+p^  consequently  a]B  :  bic  :  aic  a  m  :  n :  p. 
^         ^  n  .  AB  m  .  BC  , 

VompUt.     BB=C61a ; ' —  ;  BG= ; ; ;  angle  BOX  a=2 

right  angles— B.    Hence,  in  tne  triangle  boi,  there  are  known 
two  sides  and  the  included  angle,  to  find  the  third  side  bi. 

« 

Remark.  When  fii=sn=p,  the  construction  - 

becomes  simpler.     Thus :  from  the  vertex 
draw  CD  to  bisect  ab  ;  and  from  b  draw  be  in 
like  manner  to  the  middle  of  ac  :  the  point  of         AD 
intersection  i  of  the  lines  co,  be  will  be  the  point  sought. 

For,  on  be  and  be  produced,  demit,  from  the  angle  c  and 

A, 
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A,  the  perpendicalart  ci,  ak  :  then  tbe  triangles  est,  ask,  are 
equal  id  all  reapects,  because  AE=cB«KAe=:ice,  aodthe  an- 
gles at  B  are  equal.  Hence  ak=ci.  Hut  these  are  the  per- 
pendicular altitudes  of  the  triangles  bpc,  bpa,  which  have  tbe 
comaon  iNwe  bp.  Consequently  those  two  triangles  are  equal 
in  area.  In  a  similar  manner  it  maj  he  proved,  that  apc;=afb 
or  CPB  :  therefore  these  three  triangles  are  equal  to  each 
other,  and  the  lines  fa,  pb,  pc,  trisect  the  A  abc. 

PROBLEM  lu. 

To  Divide  a  Triangle  into  Four  Parts,  having  the  Proportion 

of  the  Qjaantities  m,  n,j9,  q. 

This,  like  the  former  problems,  might  be  divided  into  seve- 
ral  cases,  the  consideration  of  all  which  would  draw  us  to  a 
very  great  length,  and  which  is  in  a  great  measure  unnecessa- 
ry, because  tbe  method  will  in  general  be  saggested  imme- 
diately on  contemplating  the  method  of  proceeding  in  the  ana- 
logond  case  of  the  preceding  problem.  We  shall  therefore 
only  take  one  case,  namely,  that  in  which  the  lines  of  diviaion 
must  all  be  drawn  from  a  given  point  of  one  of  the  sides. 

Let  p  be  the  given  point  in  the  side  ab. 

Let  the  points  /,  m,  n,  divide  the  base  ab  q 

in  the  given  proportion  ;  so  will  the  lines  cZ, 
cm,  en,  divide  the  surface  of  the  triangle  in 
the  same  proportion.     Join  cp,  and  parallel        _^ 
to  it  draw,  from  /,  m,  n.  the  lines  /l,  ma,  nn,       A. 
to  cut  the  other  two  sides  of  tbe  triangle  in  l«  a,  tr      Draw 
PL,  PM,  PN,  which  will  divide  the  triangle  as  required. 

Tbe  demonstration  ifi  too  obvious  to  need  tracing  through- 
out :  for  the  triangles  lip,  Uc,  having  tbe  same  base  Li,  and 
lying  between  the  same  too  parallels  Li,  cp,  are  equal  ;  to 
each  of  these  adding  the  triangle  al/.  there  results  alp=bacL 
And  in  like  manner  tbe  truth  of  the  whole  construction  may 
be  shown. 

The  computation  may  be  conducted  ailer  the  manner  of 
that  in  case  3d.  prob.  n. 

PROBLEM  IV. 

To  Divide  a  Qjaadrilateral  into  Two  Parts  hariag  a  Given  Ra- 
tio, m  :  n. 

1st.  By  a  line  drawn  from  any  point  in  tbe  perimetor  of 
the  6gure. 

Construe,     From  p  draw  lines  pa,  pb,  gjp 
to  the  opposite  angles  a.  b.     Through  n 
draw  dp  parallel  to  pa,  to  meet  ba  pro- 
duced in  p  :  and  through  c  draw  ce  pa-     

rallel  to  pd  to  meet  ab  produced  in  c^.     ^  j^ 
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Divide  fb  id  m,  id  the  giveD  ratio  of  m  to  n  :  joiD  p,  n  ;  so 
shall  the  liae  pv  divide  the  quadrilateral  as  required. 

Dtmon.  That  the  triaogle  fpb  is  equal  to  the  quadraDgle 
▲BCD,  may  be  showo  bj  the  same  procejss  as  is  used  to  demoD- 
strate  the  coostruction  of  prob.  ^36,  Geometry  ;  of  which,  id 
&cXy '  this  is  oDiy  a  moditicatioD.  Aod  the  line  pn  evidently 
divides  fpe  id  the  given  ratio.  Bot  fpm  ^^aopii.  and  epm  s= 
BCFM  :  therefore  pm  divides  the  qnudraogle  also  in  the  given 
ratio. 

Remark  1.  If  the  line  fm  cat  either  of  the  sides  ad,  bc, 
theo  its  positioD  mast  be  changed  by  a  process  similar  to  that 
described  in  the  5th  and  6th  cases  of  the  last  problem. 

Remark  8.  The  quadrilateral  may  be  divided  into  three, 
£>ar,  or  more  parts,  by  a  simihur  method,  being  subject  how- 
ever to  the  restriction  mentioned  in  the  preceding  remark. 

.    RMmark  3.  The  same  method  may  obviously  be  used  wheo 
the  giveD  poiDt  p  is  id  one  of  the  angles  of  the  figure. 

Comput.  Suppose  i  to  be  the  point  of  intersection  of  the 
ndes  DC  and  is,  produced ;  aod  let  the  part  of  the  quadrila- 
teral laid  off  towards  i,  be  to  the  other,  as  n  to  m.     Then  we 

,  n(iD .  lA  — IB  .  ic)       A    ^    ..       ..  ^  ,  . 

have  iM=-^ — ; — r^-r •,     As  to  the  distances  di,  ai,  (since 

(fii+w)*^ 
the  angles  at  a  and  d,  and  coDsequently  that  at  i,  are  known) 
they  are  easily  found  from  the  proportionality  of  the  sides  of 
triangles  to  the  sines  of  their  opposite  angles. 

Sdly.     By  a  line  drawn  parallel  to  a  given  line. 

Construe,  Produce  dc,  ab,  till 
they  meet,  as  at  i.  Join  db  pa- 
rallel to  which  draw  cf.  Divide 
AP  in  the  given  ratio  in  h. 
Through  D  draw  do  parallel  to 
the  given  line.  Make  ip  a  mean 
proportiooal  betweeiv.iH,  lo  ;  through  p  draw  pu  parallel  to 
od  :  so  shall  pm  divide  the  quadrilateral  abcd  as  required. 

Demtm.  It  is  evident,  from  the  transformation  of  figures, 
BO  often  resorted  to  in  these  problems,  that  the  triangle  adf 
asquadrilateral  abco  (th.  36  Geom  )  :  and  that  oh  divides  the 
triangle  adf  in  the  given  ratio,  is  evident  from  prob.  I,  case  1. 
We  have  only  then  to  demonstrate  that  the  triangle  iho  is 
equal  to  the  triangle  ipm,  for  in  that  case  hdf  will  qianifestly 
be  equal  to  bcmp.  Now,  by  construction,  ih  :  ip  : :  if  :  to  : : 
(by  the  parallels)  im  :  id  ;  whence,  by  making  the  products  of 
the  means  and  extremes  equal,  we  have  to  .  ii^ssip  .  m  ;  but 

when 
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when  the  prodvets  of  the  sides  aboQ(  the  equal  nogles  of  two 
.triiioglet  hariDg  a  commoii  angle  are  equal,  those  trianglea 
are  equal ;  therefore  Aiui>=s  A  inc.     ^.  e.  d. 

C&mgttU.  In  the  triangles  adi,  ado  are  given  all  the  anises, 
and  the  side  ad  ;  whence  ai,  ao,  di.  and  ic,  acDi-^oc,  kNMSooie 
known.  In  the  triangle  ifc.  all  the  angles  and  the  side  ic  are 
known  ;  whence  if  becomes  known,  as  well  as  fh,  since  ah  : 
BF  :  :  fit:  n.     Lastly,  ipsc^^ih  .  ig),  and  lo  md  :  :  ip  :  iv. 

Cor.  I.  When  the  line  of  division  pm  is  to  be  perpendicu- 
lar to  a  side,  or  parallel  to  a  given  side  ;  we  have  only  to  draw 
DO  accordingly  ;  so  that  those  two  cases  are  included  in  this. 

Cor.  2.  When  the  line  pm  is  to  be  the  shortest  possible,  it 
most  cot  off  an  isosceles  triangle  towards  the  acutest  angle ; 
and  in  that  case  lo  roust  evidently  be  ^qual  to  id. 

3dly.  By  a  line  drawn  through  a  given  point. 

The  method  will  be  the  same  as  that  to  case. 4th  prob.  1« 
and  therefore  need  not  be  repeated  here. 

Scholium,  If  a  quadrilateral  were  to  be  divided  into  four 
parts  in  a  given  proportion,  m,  n,  p,  a  :  we  most  first  divide 
it  into  two  parts  having  the  ratio  of  m+n*  to p+q;  and  then 
each  of  the  quadrangles  so  formed  into  their  respective  ratios, 
of  m  to  n,  and  p  to  q, 

PROBLEM  V. 

To  divide  a  Pentagon  into  Two  Parts  having  a  Given  Ratio, 
from  a  Qiven  Point  in  one  of  the  sides. 

Reduce  the  pentagon  to  a  triangle  by  prob.  37,  Geometry, 
and  divide  this  triangle  in  the  given  ratio  by  case  1,  prob.   1. 

PROBLEM  VI. 

To  divide  any  Polygon  into  Two  Parts  having  a  GiTeo  Ratio. 

1st.  From  a  given  point  in  the  perimeter  of  the  polygon. 

Construe.  Join  any  two  opposite 
angles,  a,  d,  of  the  polygon  by  the  line 
AD.  Reduce  the  part  abco  into  an 
equivalent  triangle  ftps,  whose  vertex 
•hall  be  the  given  point  p,  and  base  ad 
produced  ;  an  operation  which  may  be 
performed  at  once,  if  the  portion  abcd 
be  quadrangular  ;  or  by  several  opera- 
tions 
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tioDS  (as  from  8  sides  to  6,  from  6  to  4,  &c.)  if  th6  sides  be 
more  than  four.  Divide  the  triangle  nps  into  two  parts  bar- 
ing the  given  ratio,  by  the  line  ph.  in  like  manner,  reduce* 
ADEFOA  into  an  equivalent  triangle  having  r  for  its  vertex,  and 
FB  produced  for  its  base  ;  and  divide  this  triangle  into  the 
given  ratio  by  a  line  from  h,  as  hk.  The  compound  line  phk 
will  manifestly  divide  the  whole  polygon  into  two  parts  baV" 
iog  the  given  ratio.  To  reduce  this  to  a  right  line,  join  pjc, 
and  through  h  draw  hm  parallel  to  it  ;  join  pm  ;  so  will  the 
right  line  fm  divide  the  polygon  as  required,  provided  m  fall 
between  f  and  r.  If  it  do  not,  the  reduction  may  be  com* 
pleted  by  the  process  described  in  cases  /3th  and  6th  prob.  ^d. 

m 

All  this  is  too  evident  to  need  demonstration. 

Remark.  Ther«  is  m  dtVecf  method  of  soiving  this  prob* 
lem,  without  subdividing  the  figure  ;  but  as  it  requires  the 
computation  of  the  area^  it  is  not  given  here, 

2dly.     By  the  shortest  line  possible. 

Comtrue.  From  any  point  p', 
in  one  of  those  two  sides  of  the 
polygon  which,  when  produced, 

meet  in  the  most   acute  angle  i,       _  /         '{      \d  ***"^. 
draw  a  line  pV,  to  the  other  of 
those    sides   (bf,)   dividing    the  _ 

polygon  in  the  given  ratio.     Find  F 

the  points  p  and  v,  so  that  ip  or  im  shall  be  a  mean  propor- 
tional between  ir',  lai' ;  then  will  ph  be  the, line  of  division 
required. 

The  demoniBtration  of  this  is  the  same  as  has  been  already 
given,  at  case  5  prob.  1.  Those,  however*  who  wish  for  a 
proof,  independent  of  the  arithmetic  of  sines,  will  not  bedis* 
pleased  to  have  the  additional  demonstratioa  below. 

The  shorU$t  line  which,  with  two  other  lines  given  in  po- 
sition includes  a  given  area,  will  make  equal  angles  with  those 
two  lines,  ^r  with  the  segment  of  them  it  cuts  off  from  an 
isosceles  triimgle. 

Let  the  two  triangles  abc,  aef,  having  the  common  angle 
A,  be  equal  in  sur^ce,  and  let  the  former  triangle  be  isos* 
celes,  oc  have  abssac  ;  then  is  bc  shorter  than  kf. 

First, 
Vol..  I.  is 
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Pint,  the  obltque  base  rf  caoDot  paas 
throagh  d,  the  middle  point  of  bc,  as  in 
the  annexed  figure.  For,  drawing  co 
parallel  to  ab,  to  meet  cr  produced  in 
o.  Then  the  two  triangles  dbe,  dcg 
are  identical,  or  mutually  equal  in  all 
respects.  Const  queotly  the  triangle 
ncF  is  less  than  dbe,  and  therefore  abc 
less  than  aef. 

EF  must  therefore  cut  bc  in  some  point  h  between  b  and 
D,  and  cutting  the  perp.  ad  in  some  point  i  above  d,  as  hi  the 
2d6g.  Upon  GF  (produced  if  necessary) 
demit  the  perp.  as.  Then  in  the  right- 
angled  A  aik,  the  perp.  ak  is  less  than 
the  hypothenuse  ai,  and  therefore  much 
more  less  than  the  other  perp.  ad.  Bat, 
of  equal  triangles,  that  which  hRS  the 
greatest  perpendicular,  has  the  least  base. 
Therefore  the  base  bc  is  lesa  than  the 
base  EF.     Q.  E.  D. 

This  series  of  problems  might  have  been  extended  aHich 
farther  ;  but  the  preceding  will  famish  a  sufficient  Tarietyi 
to  suggest  to  the  student  the  best  method  to  be  adopted  in 
almost  any  other  case  that  may  occ«r.  The  following  prac- 
tical examples  are  subjoined  by  way  of  exercise. 

Ex.  1.  A  triangular  field,  whose  sides  are  20,  18,  and  16 
chains,  is  to  have  a  piece  of  4  acres  in  caoteot  fiac^d  off  from 
it,  by  a  right  line  drawn  from  the  most  obtuse  angle  to  the 
opposite  side.  Required  the  length  of  the  dividing  line,  and 
its  distance  from  either  extremity  of  the  line  on  which  it 
fells? 

Ex.  2.     The  three  sides  of  a  triangle  are  5,  12,  and   13. 
If  two-thirds  of  thi^  triangle  be  cut  off  by  a  line  drawn  pa- 
rallel to  the  longest  side,  it  is  required  to  find  the  length  of 
the  dividing  line,  anH  (he  distance  of  its  two  extremities  fram 
the  extremities  of  the  longest  side. 

Ex,  3  It  is  required  to  find  the  length  and  pdtition  of  the 
shortest  possible  line,  which  shall  divide,  into  two  equal  parts, 
a  triangle  whose  sides  are  25,  24,  and  7  respectively. 

Ex.  4.  The  sides  of  a  triangle  are  6,  8,  and  10 :  it  is  re- 
quired to  cut  off  nine-sixteenths  of  it,  by  a  line  that  shall  pass 
through  the  centre  of  its  inscribed  circle. 
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Ex.  5.  Two  sides  of  a  triangle>  which  include  aD  angle 
of  70°,  and  14  and  17  respectively.  It  is  required  to  divide 
it  into  three  equal  parts,  by  lines  drawn  parallel  to  its  longest 
side. 

Ex.  6.  The  base  of  a  triangle  is  11 2 -65,  the  vertical  angle 
57*'  bfj  and  the  difference  of  the  sides  about  that  angle  is  8. 
It  is  to  be  divided  into  three  equal  parts,  by  lines  drawn  from 
the  angles  to  meet  in  a  pomt  within  the  triangle.  The  lengthi 
of  those  lines  are  required. 

Ex.  7.  The  legs  of  a  right-angled  triangle  are  K  and  46. 
Required  the  lengths  of  lines  drawn  from  the  middle  of  the 
hypothenuse,  to  divide  it  into  four  equal  parts. 

Ex.  8.  The  length  and  breadth  of  a  rectangle  are  15  and 
9.  It  is  proposed  to  cut  off  one -fifth  of  it,  by  a  line  which 
shall  be  drawn  from  a  poiot  on  the  Longeat  aide  at  the  distance 
of  4  from  a  corner. 

Ex.  9.  A  regular  hexagon,  each  of  whose  sides  is  IS,  is 
to  be  divided  into  four  equal  parts,  by  two  e.qual  lined  ;  both 
passing  through  the  centre  of  the  figure.  What  is  the  length 
of  thode  lines  when  a  minimum  ? 

Ex.  10.  The  three  sides  of  a  triangle  are  5,  6,  and  7.  How 
may  it  be  divided  into  four  equal  parts,  by  two  lines  ;  whieh 
shall  cut  each  other  perpendicularly  ; 

«.  *i^*  The  student  will  find  that  some  of  these  examples  will 
admit  of  two  answers. 


On  ike  Constructi4m  of  Geometrical  Probleme. 

Problems  in  Plane  Geometry  are  solved  either  by  means  of 
the  modem  or  algebraical  analysis,  or  of  the  ancient  or  geo- 
metrical analysis.  Of  the  former,  some  specimens  are  given 
in  the  Application  of  Algebra  to  Oeometry,  page  369,  £c.  of 
thisTolnme.  Of  the  latter,  we  here  present  a  few  examples, 
premisiDg  a  brief  account  of  this  kind  of  analysis. 

GeometricRl  analysis  is  the  way  by  which  we  proceed  from 
the  thing  deHianded,  granted  for  the  moment,  till  we  have 
cooneoted  it  by  a  series  of  consequences  wl|h  something  an- 
teriorly known,  or  placed  it  among  the  number  of  principles 

known  to  be  troe. 

Analysis 
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Aoalysis  maj  be  distiDguished  into  two  kinds.  Id  the  one, 
which  is  named  by  Pappus,  contemplative,  it  is  proposed  to 
ascertain  the  truth  or  the  falsehood  of  a  proposition  advanced; 
tb^  other  is  referred  to  the  solution  of  problems,  or  to  the 
inyestigation  of  unknown  truths.  In  the  first  we  assume  as 
true,  or  as  previously  existing,  the  subject  of  the  proposition 
advanced,  and  proceed  by  the  consequences  of  the  hypothesis 
to  something  known  ;  and  if  the  result  be  thus  found  true, 
the  proposition  advanced  is  likewise  true.  The  direct  de- 
monstration is  afterwards  formed,  by  taking  up  again,  in  an 
inverted  order,  the  several  parts  of  the  analysis.  If  the  con- 
sequence at  which  we  arrive  in  the  last  place  is  found  false, 
we  thence  conclude  that  the  proposition  analysed  is  also  false. 
When  a  problem  is  under  consideration,  we  first  suppose  it 
resolved,  and  then  pursue  the  consequences  thence  derived 
till  we  come  to  something  known.  If  tbe  ultimate  result  thus 
obtained  be  comprised  in  what  the  geometers  call  dat«,  the 
question  proposed  may  be  resolved  :  the  demonstration  (or 
rather  the  construction),  is  also  constituted  by  taking  tbe  parts 
of  the  analysis  in  an  inverted  order.  The  impossibility  of 
the  last  result  of  the  analysis,  will  prove  evidently,  in  this 
case  as  well  as  in  the  former,  that  of  the  thing  required. 

In  illustration  of  these  remarks  take  the  following  examples. 

Ex,  1 .  It  is  required  to  draw,  in  a  given  segment  of  a  cir- 
cle, from  the  extremes  of  the  base  a  and  b,  two  lines  ac,  set, 
meeting  at  a  pomt  c  in  the  circumference,  such  that  they  shall 
have  to  each  other  a  given  ratio,  viz.  that  of  m  to  ft. 

Jnalysia.  Suppose  that  the  thing  is  af- 
fected, that  ifl  to  say,  that  ac  :  cb  :  :  m  :  n, 
and. let  the  base  ab  of  the  segment  be  cut 
in  the  same  ratio  in  the  point  c.  Then  bc, 
being  drawn,  will  bisect  the  angle  acb  (by 
th.  83  Geom.) ;  consequently,  if  the  cir- 
cle be  completed,  and  cs  be  produced  to 
meet  it  in  f,  tbe  remaining  circumference  will  also  be  bisected 
in  F,  or  have  fa=fb,  because  those  arcs  are  the  doable  mea- 
tures  of  equal  angles  ;  therefore  tbe  point  p,  as  well  as  s, 
being  given,  the  point  c  is  also  given. 

CoMlrucHon,  Let  the  given  base  of  the  segment  ab  be  cut 
in  the  point  e  in  the  assigned  ratio  of  m  to  n,  and  complete 
the  circle  ;  bisect  the  remaining  circumference  in  f  ;  join  fe, 
and  produce  it  till  it  meet  the  circumference  in  c  :  then  draw- 
ing CA,  CB,  the  thing  is  done. 

Demomstraiion ,  Since  the  arc  fa  =  the  arc  rn  ,the  angle 
ACF  s=  angle  bcf,  by  theor.  49  Geom.  ;  therefore  ac  :  cb  :*: 

ae  • 


fcy 
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AE  ;  BB,  by  th.  83.     Bat  ae  :  eb  :  :  m  :  if,  by  constractioD  ; 
therefore  ac  :  cb  :  :  m  :  w.     q,.  b.  d. 

Ex.  2.  From  a  given  circle  to  cut  off  an  arc,  sach  that 
the  sum  of  m  times  the  sine,  aodn  times  the  rersed  sine,  may 
be  equal  to  a  given  line. 


;  therefore 


AneU.  Suppose  it  dooe,  and  that  aee'b  is 
the  given  circle,  be'e  the  required  arc,  ed 
its  sine,  bd  its.,  versed  sine  ;  in  da  (produced 
if  necessary)  take  bp  and  nth  part  of  the 
given  sum  ;  join  pe,  and  produce  it  to  meet 
BF  J^  to  AB  or  n  to  ED,  in  the  point  r.  Then, 
since  m  .  KD+n .  BD=n  BP=n  .  PD+n  .  bd  ; 
consequently  m  .  ED=n  .  pd  ;  hence  pd  : 
ED  :  :  m  :  n.  Bat  fd  :  kd  :■ :  (by  sim.  tri.)  fb  ; 
pb  :  BF  :  :  m  :  n.  Now  pb  is  given,  therefore  bf  is  given  in 
magnitude,  and,  being  at  right  angles  to  pb,  is  also  given  in 
position  ;  therefore  the  point  f  is  given  and  consequently  pf 
given  in  position  ;  and  therefore  the  point  e,  its  intersection 
virith  the  circumference  of  the  circle  aee'b,  or  the  arc  be  is 
given.     Hence  the  following 

Const,  From  b,  the  extremity  of  any  diameter  ab  of  the 
given  circle,  draw  bm  at  right  angles  to  ab  ;  in  ab  (produced 
if  necessary)  take  bp  an  nth  part  of  the  given  sum  ;  and  on 
BM  take  BF  so  that  bf  :  bp  : :  n  :  m.  Join  pf,  meeting  the 
circumference  of  the  circle  in  e  and  e',  and  be  or  be'  is  the 
arc  required. 

Demon, '  From  the  points  e  and  £%  draw  bd  and  e  d'  at 
right  angles  to  ab.  Then,  since  bf  :  bp  :  :  n  :  m,  and  (by 
sim.  tri.)  bf  :  bp  :  :  db  :  dp  ;  therefore  de  :  dp  :  :  n  :  m. 
Hence  ra  .  oE=n  .  dp;  add  to  each  n  .  bd,  then  will  m  .  DB-f- 
n  •  BD=n  .  Bo-f*a  .  DP=n  .  pb,  or  the  given  sum. 

Ex.  3.  In  a  given  triangle  abh,  to  inscribe  another  tri- 
angle tibCf  similar  to  a  given  one,  having  one  of  its  sides  pa- 
rallel to  a  line  msn  given  by  position,  and  the  angular  points 
a,  6,  c,  situate  in  the  sides  ab,  bh  ah,  of  the  triangle  abh 
respectively. 

Analysis.  Suppose  the  thing  done, 
and  that  abc  is  inscribed  as  required. 
Through  any  point  c  in  bh  draw  cd 
parallel  to  msn  or  to  ab,  and  cutting 
ab  in  D  ;  draw  ce  parallel  to  5c,  and 
DB  to  ac,  intersecting  each  other  in  e.  ^  ^  jy 
The  triangleB  dec,  adt,  are  similar,  and 
DC  :  a6  :  :  CE  :  be  ;  also  bdc,  sab,  aresimilar^  and  dc  :  ab  :  : 


bc 
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Bc  :  B^.  Tbtrefote  ac  :  re  ::  ob  :  bt  i  and  they  are  about 
equal  ingles,  cODsequenllj  a,  t,,  e,  ar«  in  a  right  line. 

rWitrwe.  From  »nj  point  ,c  in  bb,  tlratr  cd  pantIM  to 
ntn  ;  on  en  conilitute  a  triangle  cdb  similar  to  tbegiren  one  ; 
and  through  its  >iDg1ei  a  dran  ak,  which  produce  till  it  cuta  ak 
in  c  :  through  e  [Iraw  ea  parallel  to  ed  and  eb  parallel  to  bc  ; 
join  ab.  then  abc  ii  the  Iriangle  required,  having  its  aide  ab 
parallel  to  mn,  and  beiog  similar  to  the  given  triangle. 

Vettion.  Far,  became  of  the  parallel  lines  oc,  oe,  andci, 
EC,  the  quadrilateral!  bdec  and  Bacb.  are  similar  ;  aod  there- 
fore the  proportional  lines  dc,  ab,  cutting  off  equal  angles 
BDC.  Biib  i  BCD,  aba  ;  must  make  the  angles  eoc,  icd,  respec- 
tirelj'  eqaal  to  the  an^tpo  rob,  rha  ;  irhile  ab  is  parallel  to  nc, 
which  19  parallel  to  itiBti,  b^  coostruction. 

Ex.  4.  Giren,  in  a  plane  triangle,  the  vertical  angle,  tbe 
perpendicular,  and  the  rectangle  of  the  segmeoti  ofthe  baie 
made  bjr  that  perpendicular  ;  lo  construct  (be  triangle. 

Aniil.     Suppose  abc  the  triangle  re-  _  n 

qaired,  aa  the    given  perpendiiutar   lo 
Ibe  base  ac,  produce  it  lo  meet  the  peri- 
phery ofthe  ci  re  □  inscribing  circle  abcii, 
wboae  centre  is  o,  in  h  ;   then,  hy  th.  G I 
Qeom.  the  reetaogle  ao  .  nH=aD    .  dc, 
tbe   given  rectangle  :   hence,  since  bd  is 
gtren,  dh  and  an  are   given  ;  therefore 
Bi=Ki  ia  given  :  as  also  id=^or  :  and  the  angle  boc  (•  ^  abc 
the  given  one,  beciiu«e  eoc  is  measured  by  the  arc  sc,  and 
ABO  by  half  the  arc  akc  or  by  kc.     Consequently  eo  tiBdAC= 
2ec  are  g:iven.     Whence  this 

Coiatrnetim.  Find  dh  such  that  na  .  DK=tlie  given  rect- 
angle, or  fiod  oR=  — '■ ;  then    on   any  right  line   of  take 

ve=:the  given  perpendicalar,  and  eg=:dh  ;  bisect  fo  in  O, 
and  make  r.uc  ~-  the  given  vertical  angle  ;  then  will  oc  cut 
EC,  drawn  perpendicular  to  ob,  in  r.  With  centre  o  and  ra- 
dius oc,  describe  n  circle,  cutting  ce  produced  in  a  :  through 
r  parallel  to  ac  draw  fb,  to  cut  the  circle  in  a  ;  join  ab,  cs, 
and  ABC  is  the  triangle  required. 

Rtmark.     In  a  similar  manner  we  nay  proceed,   when   it 
is  required  to  divide  a  given  angle  into  two  parts,  tbe  rect- 
angle 
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angle  of  whose  tangents   may  be  of  a  given  magnilnde.    See 
prob.  40,  Simpson's  Select  Exercises. 

JN'ote.  For  other  exercises,  the  student  may  construct  all 
the  problems,  except  the  24th  in  the  Application  of  Algebra  ' 
to  Geometry,  at  page  369,  &c.  of  this  volume.  And  that  he 
may  be  the  better  able  to  trace  the  relative  advantages  of  the 
ancient  and  the  modern  analysis,  it  will  be  adviseable  that  he 
solve  those  problems  both  geometrically  and  algebraically. 


PffACTICAL  EXERCISES  IN  MENSURATION. 

^EST.  I.  What  difference  is  therebetween  a  floor '28 
feet  long  by  So  broad,  and  two  others,  each  of  half  the  dimen- 
sions :  and  what  do  all  three  come  to  at  46s.  per  square^  or 
1 00  square  feet  ? 

Ans.  diff.  280  sq.  feet.     Amount  18  guineas. 

QussT.  2.  An  eli»  pknk  iS'  1 4  feet  3  inches  long,  and  I  wctoU 
bave  just  a  sqaare  yard  slit  off  it ;  at  what  distaoce  from  the 
edge  must  the  line  be  struck  ?  Aos.  7f(  iaches. 

Quest.  3.  A  ceiling  contains  114  yards  6  feet  of  plaister- 
log,  and  the  room.  28  feet  broad  ;  what  is  the  length  of  it  ? 

Ans.  364  ^^^^' 
Quest.  4.  A  common  joist  is  7  inches  deep  apd  2^  thick 
but  wanting  a  scantling  just  as  big  again,  that  shall  be  3  inches 
thick  ;  what  will  the  other  dimensions  be  ? 

Ans.  1 1|  inches. 

QjtJEST.  5.  A  wooden  cistern  coi^t  me  %.  2(i.  painting 
within,  at  6d,  pet  yard  ;  the  length  of  it  was  102  inches,  and 
the  depth  21  inches  ;  what  was  the  width  ? 

Ans.  27J  inches. 

Quest.  6.  If  my  court-yard  be  47  feet  9  inches  square, 
and  I  have  laid  a<  foot-path  with  Purbeck  stone,  of  4  feet 
wide,  along  one  side  of  it,  what  will  paving  the  rest  with  flints 
come  to,  at  6e{.  per  square  yard  ?  Ans.  6/.  165.  0|<2. 

QjiJBST.  7.  A  ladder  26|  feet  long,  may  be  so  planted,  that 
it  shall  reach  a  window  22  feet  from  the  ground  on  one  side 

of 
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of  the  street ;  and  by  only  turoiog  it  over,  without  moviDgthe 
loot  oat  of  ilB  place,  it  will  do  the  same  by  a  window  1 4  feet 
high  on  the  other  side  ;  what  is  the  breadth  of  the  street  ? 

Ans.  37  feet  9J  inches. 

QrEST.  8.  The  paving  of  a  triangular  court,  at  18d.  per 
foot,  came  to  100/.  ;  the  longest  of  the  three  sides  was  88 
feet ;  required  the  sum  of  the  other  two  equal  sides  ? 

Ans.  106*85  feet. 

QjTOST.  9.  There  are  two  columns  in  the  ruins  of  Perse- 
polls  left  standing  upright  :  the  one  is  64  feet  above  the  plain, 
and  the  other  50  :  in  a  straight  line  between  these  stands  an 
ancient  small  statue,  the  head  of  which  is  97  feet  from  the 
summit  of  the  higher,  and  86  feet  from  the  top  of  the  lower 
column,  the  ba«e  of  vrhicb  meoaurefl  just  76'  feet  to  the  cen- 
tre of  the  figure's  base.  Required  the  distance  between  the 
tops  of  the  two  columns  ?  Ans.  157  fee#bearlj» 

QjiTEST.  10.  The  perambulator,  or  surveying  wheel,  is  so 
contrived,  as  to  turn  just  twice  in  the  length  of  1  pole,  or 
16^  feet  ;  required  the  diameter  ?  Ans.  2*626  feet. 

Quest.  II.  In  turning  a  one-horse  chaise  within  a  ring  of 
a  certain  diameter,  it  was  observed  that  the  outer  wheel  made 
two  turns,  while  the  inner  made  but  one  :  the  wheels  were 
both  4  feet  high  ;  and  supposing  them  fixed  at  the  distance  of 
5  feet  asunder  on  the  azletree,  what  was  the  circumference  of 
the  tract  described  by  the  outer  wheel  ?        Ans.  6^-83  feet. 

QjETEST.  12.  What  is  the  side  of  that  equilateral  triangle, 
whose  area  cost  as  much  paving  at  8d.  a  foot,  as  the  paUisad- 
ing  the  three  sides  did  at  a  guinea  a  yard  ? 

Ans.  72-746  feet. 

QjDBST.  13.  In  the  trapezium  abcd,  are  given,  ab  ==  13» 
BC=31f  ^cD=s24,  and  da=18,  also  b  a  right  angle  ;  required 
the  area  ?  Ans.  410122. 

Quest.  14.  A  roof  wfaicb  is  34  feet  8  iaciies  by  14  feet  6 
inches,  is  to  be  covered  with  lead  at  8lb.  per  square  foot : 
what  will  it  come  to  at  I89.  per  cwt  ;       Ans.  22/.  195.  \0\d. 

Quest.  15.  Having  a  rectangular  marble  slab,  58  inches 
by  27 , 1  would  have  a  square  foot  cut  off  parallel  to  the  short- 
er edge  ;  I  would  then  have  the  like  quantity  divided  from 
the  remainder  parallel  to  the  longer  side  ;  and  this  alternate- 
ly repeated,  till  there  shall  not  be  the  quantity  of  a  foot 

left : 
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left  :  whet  will  be  the  dimensioos  of  the  remaiohig  piece  t 

Ana.  SO-7  ioches  by  6*086w 

QuRST.  16.  Given  two  {>ides  of  an  obtuse-angled  triangle, 
which  are  20  and  40  poles  ;  required  the  third  side,  ths^t  the 
triangle  may  contain  just  an  acre  of  land  1 

Ans.  68-876  or  25-099, 

ODDEST.  17.  The  end  wall  of  a  house  is  24  feet  6  inches 
in  breadth,  and  40  feet  to  the  eaves ;  ^  of  which  is  2  brickB 
thick,  i  more  is  1^  brick  thick,  and  the  rest  1  brick  thick. 
Now  the  triangular  gable  rises  38  courses  of  bricks,  4  of' 
which  usually  make  a  foot  in  depth,  and  this  is  but  4^  inches, 
or  half  a  brick  thick  :  what  will  this  piece  of  work  come  to 
at  bl.  10#.  per  statuta  rod  2  AlM.  ^01*  1 U-  H^r 

Quest.  18.  How  many  bricks  will  it  take  to  build  a  wall, 
10  feet  high,  and  500  feet  long,  of  a  brick  and  a  half  thick  : 
reckoning  the  brick  10  inches  long,  and  4  courses  to  the  foot 
in  height  ?  Am.  72000. 

Quest.  19.  How  many  bricks  will  build  a  square  pyra* 
mid  of  too  feet  on  each  side  at  the  base,  and  also  100  feet 
perpendicular  height :  the  dimensioDS  of  a  brick  being  sopt 
posed  10  inches  long,  6  inches  broad,  and  3  inches  thick  ? 

Ans.  3840000; 

QvBST.  20.  If  from  a  right-angled  triangle,  whose  base  is 
12,  and  perpendicular  16  feet,  a  line  be  drawn  parallel  to  the 
perpendicular,  cutting  off  a  triangle  whose  area  is  24  square 
feet ;  required  the  sides  of  this  triangle  ? 

Ads.  6,  8,  and  10« 

QjvBST.  21.  The  ellipse  in  Grosvenor-square  measures 
840  links  across  the  longest  way,  and  612  the  shortest,  within 
the  rails  :  now  the  walls  being  14  inches  thick,  what  grovDd 
do  they  enclose,  and  what  do  they  stand  upon  ? 

Ans  \  ^^^^^^  4  ac.  0  r.  6  p^ 
*  I  stand  on  1 760^  sq.  feet< 

Quest.  22.  If  a  reand  pillar,  7  inches  orer,  have  4  feet 
of  stone  in  it :  ef  what  diameter  is  the  column,  of  eqoal 
length,  that  contains  10  times  as  much  ? 

Ans,  22-136  inches. 

QiEST.  23.  'A  circular  fish- pond  is  to  be  made  in  a  ftf* 
dan,  that  shall  lake  up  just  half  an  acre  ;  what  must  be  the 
length  of  the  chord  that  strikes  the  circle  ?    Ans.  27}  yards. 

Vol.  I.  74  9)[rVST. 
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Q^SST.  24.  When  a  roof  is  of  a  true  pitch,  or  making  a 
right  angle  at  the  ridge,  the  rafters  are  nearly  j^  of  the  breadth 
of  the  boildiog  :  now  supposing  the  eyes-boards  to  project  10 
inches  on  aside,  what  will  the  new  ripping  a  house  cost,  that 
measures  S2  feet  9  inches  long,  by  22  feet  9  inches  broad  on 
the  flat,  at  IBs.  per  square  ?  Aos.  8/.  Ids.  9^d. 

QjDBST.  25.  A  cable,  which  is  3  feet  long,  and  9  inches  in 
compass,  weighs  22Ib ;  what  will  a  fathom  of  that  cable  weigh, 
which  measures  a  foot  about  ?  Ans   78|lb. 

QpesT.  26.  My  plumber  has  put  28)b.  per  square  foot 
ipto  a  cistern,  74  inches  and  twice  the  thickness  oif  the  lead 
long,  26  inches  broad,  and  40  deep  :  he  has  also  put  three 
stays  acrofls  it  within,  of  the  aame  strength,  and  16  inches 
deep,  and  reckons  22s.  per  cwt.  for  work  and  malenala.  I, 
being  a  mason,  have  paved  him  a  workshop,  22  feet  10  inches 
broad,  with  Purbeck  stone,  at  Id,  per  foot ;  and  on  the  ha- 
bnce,  1  find  there  is  3s.  6d.  due  to  him  ;  what  was  the  length 
of  the  workshop,  supposing  sheet  lead  of  ^  of  an  inch  thick 
to  wei^  5- 8991b.  the  square  foot. 

Ans.  32  feet,  0}  inch. 

Qji7E9T.  27.  The  distance  of  the  ceotres  of  two  circles, 
whose  diameters  are  each  50,  being  given,  equal  to  30  ;  what 
is  the  Bvesk  of  the  space  enclosed  by  their  circumferences  ?. 

Ans.  569119. 

QltffcsT.  28.  If  .20  feet  of  iron  railing  weigh  half  a  ton, 
when  the  bars  are  an  inch  and  quarter  square  ;  what  will  50 
feet  oome  to  at  34d.per  lb.  the  bars  being  {  of  an  inch  square  ? 

Ans.  20/.  Ot.  2d. 

QpfiST.  29.  The  area  of  an  equilateral  triangle,  whose 
base  falls  on  the  diameter,  and  its  vertex  in  the  middle  of  the 
ate  of  a  semicircle,  is  equal  to  100  ;  what  is  the  diameter  of 
the  semicircle  ?  An..  2632148. 

QpBST.  30.  It  is  required  to  find  the  thickness  of  the  lead 
in  a  pipe,  of  an  inch  and  quarter  bore,  which  weighs  14lb. 
MF  vard  in  length  ;  the  cubic  foot  of  lead  weighing  11325 
Sences?  Ans. -20737  iochei. 

QuftST.  31.  Supposing  the  expense  of  paving  a  semicir- 
cular plot,  at  2s.  4d.  per  foot,  come  to  tOl. ;  what  is  the  dia- 
meter of  it  ?  Ans.  14-7737  feet. 

QjUKST. 
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QjUEST.  32.  What  is  the  length  of  a  chord  which  cots  off 
^  of  the  area  from  a  circle  whose  diameter  is  289  ? 

Ads.  278*6716. 

Quest.  33.  My  plumber  has  set  me  ap  a  cistern*  and  his 
shop- book  being  barnt,  be  has  no  means  of  bringing  in  the 
charge,  and  i  do  not  choose  to  take  it  dowp  to  have  it  weighs 
ed  ;  but  by  measure  he  finds  it  contains  64<|^  square  feet,  and 
that  it  IS  precisely  |  of  an  inch  in  thickness.  Lead  was  then 
wrought  at  21/.  per  fother  of  19^  cwt.  It  is  required  from 
these  items  to  make  out  the  bill,  allowing  6f  oz.  for  the  weight 
o£  a  cubic  inch  of  lead  ?  Ans.  4/.  1 U.  .2(1. 

Quest.  34.  What  will  the  diameter  of  a  globe  be,  when 
the  solidity  and  soperficial  content  are  expressed  by  the  same 
number  ?  Ans.  6. 

QjUEST.  35.  A  sack,  that  would  hold  3  bushels  of  corn*  is 
22^  inches  broad  when  empty  ;  what  will  another  sack  con- 
tain, which,  being  of  the  same  length,  has  twice  its  breadth, 
or  circumference  ?  Ans.  1 2  bushels. 

Quest.  36.  A  carpenter  is  to  put  an  oaken  curb  to  a  round 
well  at  8(/.  per  foot  square  :  the  breadth  of  the  curb  is  to 
be  7^  inches,  and  the  diameter  within  3|-  feet ;  what  will  be 
the  expense  ?  Ans.  6f .  2^(1. 

Quest  37.  A  gentleman  has  a  garden  100  feet  long,  and 
80  feet  broad  ;  and  a  gravel  fialk  is  to  be  made  of  an  equal 
width  half  round  it ;  what  must  the  breadth  of  the  walk  be 
to  take  up  just  half  the  ground  ?  Ans.  26*968  feet. 

Quest  38.  The  top  of  a  may-  pole  being  broken  off  by  a 
blast  of  wind,  struck  the  ground  at  10  feet  distance  from  the 
foot  of  the  pole  ;  what  was  the  height  of  the  whole  may-pOle, 
supposing  the  length  of  the  broken  piece  to  be  26  feet  ? 

Ans.  60  feet. 

Quest.  39.  Seven  men  bought  a  grinding  stone,  of  60 
inches  diameter,  each  paying  ^  part  of  the  expense ;  what  part 
of  the  diameter  must  each  grind  down  for  his  share  ? 

Ans.  the  1st  4-4608,  2d  4*8400,  3d  6-3636,  4th  6*0766. 
5th  7-2079,  6th  9*3935,    7th  22*6778  inches. 

QffBST.  40.  A  malster  has  a  kiln,  that  is  16  feet  6  inches 
square  :  but  he  wants  to  poll  it  down,  and  build  a  new  one, 

that 
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that  may  'dry  three  timet  at  mnch  at  once  as  the  old  one  ; 
what  mast  be  the  length  of  its  Me  ?     Ans.  *28  feet,  7  inches. 

iStfJMr.  41.  How  maoy  3»nch  cubea  may  be  cut  out  of  a 
18-ioeb  cube  ?  An^.  64. 

Q^BflT.  42.  Hqyf  loDg  must  the  tether  of  a  horse  be,  that 
will  alWw  him  to  graze,  quite  round,  just  au  acre  of  ground  ? 

Ans.  3^4  yards. 

QjucsT.  43.  What  will  the  painting  of  a  conical  spire  come 
to,  at  M.  per  yard  ;  supposing  the  height  to  be  118  feet,  and 
the  circumference  of  the  base  64  feet  ?       Ans.  14/.  Of.  8|d. 

QfjKST.  44.  The  diameter  of »  9t;indard  corn  buahel  is  18^ 
inches*  and  its  depth  8  inches  ;  then  what  must  the  diameter 
of  that  bushel  be  whose  depth  is  7^  inches  ? 

Ans.  19' 1067  inches. 

Q)VB8T.  45.  Suppose  the  ball  on  the  top  of  St.  Paulas  church 
b  6  feet  in  diameter;  what  did  the  gilding  of  it  cost  at  3|J. 
per  square  inch  ?  Ans.  237/.  ]0«.  Id. 

Quest.  46.  What  will  a  frustum  of  a  marble  cone  come  to, 
at  12«.  per  solid  foot ;  the  diameter  of  the  greater  end  being 
4  feet,  that  of  the  less  end  1^  ;  and  the  length  of  the  slant 
side  8  feet  ?  Ans.  30/.  U.  ]0|<£. 

QuRST.  47.  To  divide  a  cone  into  three  equal  parts  by 
sections  parallel  to  the  base,  and  to  find  the  altitudes  of  the 
three  parts,  the  height  of  the  whole  cone  being  20  inches  ? 

Ans.  the  upper  part  13-867. 
the  middle  part  3-605. 
the  lower  part    2*628. 

QjEJKST.  48.  A  gentleman  has  a  bowling  green,  300  feet 
long,  and  200  feet  broad,  which  he  would  raise  1  foot  higher, 
by  means  of  the  earth  to  be  dug  out  of  a  ditch  (hnt  goes  round 
it :  to  what  depth  must  (he  ditch  be  dug,  supposing  its  breadth 
lo  he  every  where  8  feet  ?  Aos.  7}f  feet 

QjUcsT.  49*  How  high  above  the  earth  must  a  person  be 
raised,  that  he  may  see  ^  of  its  surface  ? 

Ans.  to  the  height  of  the  earth's  diameter. 

Qp£8T. 
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Quest.  50*  A  cabic  foot  of  brass  is  to  be  drawn  into  wire, 
of  ^  of  an  inch  in  diameter  ;  what  will  the  length  of  the 
wire  be,  allowing  no  loss  in  the  metal  ? 

Ans.  97784*797  yards,  or  55  miles  984  797  yards. 


Quest.  51.  Of  what  diameter  must  the  bore  of  a  cannon 
be,  which  is  cast  for  a  ball  of  241b.  weight,  so  that  the  diame- 
ter of  the  bore  may  be  iV  of  an  inch  more  than  that  of  the 
ball  ?  Ans.  5*647  inches. 


QjirBST.  52.  Sopposing  the  diameter  of  an  iron  91b.  ball 
to  be  4  inches,  as  it  is*  very  nearly ;  it  is  required  to  find  the 
^aneters  of  the  several  balls  weighing  1,  2,  d,  4,  6,  12,  18, 
24,  32,  36,  and  421b,  and  the  caliber  of  their  gnns  allowing 
^  of  the  caliber,  or  ^  of  the  ball's  diameter,  for  windage. 


Answer. 


V^t.   o{ 

Diameter 

Caliber  of 

ball 

ball 

gun. 

1 

1-9230 

1-9622 

2 

2*4228 

2-4728 

3 

2:7734 

2-8301 

4 

3  0526 

3- 1149 

6 

3-4943 

3-5656 

9 

4.0000 

4-0816 

12 

4-4026 

4-4924 

18 

5-0397 

5- 1425 

34 

5-5469 

5-6601 

32 

6*1051 

6-2297 

36 

6-3496 

6-4792 

42 

6-6B44 

6-8208 

Q)I7BST.  53.  Sopposing  the  windage  of  all  mortars  to  be 
1^  of  the  caliber,  and  the  diameter  of  the  hollow  part  of  the 
shell  to  be  -^  of  the  caliber  of  the  mortar  :  it  is  required  to 
determine  the  diameter  and  weight  of  the  shell,  and  the  quan- 
tity or  we^ht  of  powder  requisite  to  fill  it,  for  each  of  the 
seTeral  sorts  of  mortars,  namely,  the  13.  10,  8,  5-8,  80^4-6 
inch  mortar. 

Answer, 


oni 
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Answer, 


\ 


Calib  of 

Diameter 

mort. 

of  shelL 

4-6 

4-6^3 

5-8 

6-703 

8 

7-867 

10 

9-833 

1^ 

l«.783 

Wt.  of  shell  Wt.of 
empty,      ^powder. 


8-320 

16-677 

43-764 

85*476 

187-791 


0-685 
1-168 
3.066 
6-986 
13-161 


Wt.  of  shelll 
filled. 


8-903 

17-845 

46-8^9 

91-462 

«00-  942. 


QjvcsT.  54.  If  a  heavy  sphere,  Whose  diameter  is  4  inch- 
es,  be  let  fall  into  a  conical  glass,  fulj  of  water,  whose  di- 
aiBeter  if  5,  and  altitode  6  inches  ;  it  is  required  to  determine 
bow  much  water  will  run  over  ? 

Ans.  26*272  cubic  inches,  or  nearly  J  of  a  pint. 

Quest.  56.  The  dimensions  of  the  sphere  and  cone  being 
the  same  as  in  the  last  question,  and  the  cone  only  ^  full  of 
water  ;  required  what  parf  of  the  aiis  uf  the  sphere  b  im- 
mersed in  the  water  ?  Ans.  -646  parts  of  an  inch. 

QjDEST.  56.  The  cone  being  still  the  same,  and  |  full  of 
water  ;  required  the  diameter  of  a  sphere  which  shall  be 
just  all  covered  by  the  water  ?  Ans.  2-446996  inches, 

QjUEST.  67.  If  a  person  with  an  air  balloon,  ascend  verti* 
cally  from  London,  to  such  a  height  that  he  can  just  see  Ox- 
ford appear  in  the  horizon  ;  it  is  required  to  determine  his 
height  above  the  earth,  supposing  its  circumference  to  be 
26000  miles,  and  the  dis<tance  between  London  and  Oxford 
49*6933  miles  ?     Ans.  ,%VV  ^^^  mile,  or  647  yards  1  foot. 

Quest.  68.  In  a  garrison  there  are  three  remarkable  ob- 
jects A,  B,  c,  the  distances  of  which  from  one  to  another  are 
known  id  be,  ab  213,  ac  424,  and  bc  262  yards  ;  I  am  desirous 
of  knowing  my  position  nod  dis Uoce  at  a  place  or  station  s, 
from  which  I  observed  the  angle  asb  13"*  30',  and  the  angle 
CSS  29^  50^  both  by  geometry  and  trigonometry. 

Answer, 

AS  606-7122  ;  A^^^^ C 

BS  429-6814;  X*>*^B. 

OS  524*2365. 

Quest.  60.  Required  the  same  as  in  the  last  question, 
when  the  point  b  is  on  the  other  side  of  ac,  supposing  ab  9, 

AC 
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AC  12,  and  bc  6  farloogs  ;  also  the  angle  asb  SS^  45',  and  the 
angle  b8c  22*"  30^. 

Answer, 
Ai  10*64»  BS  15*64,  G8  14*01. 


QjDEST.  60.  It  is  reqaired  to  determine  the  magnitade  of 
a  cube  of  gold,  of  the  standard  fineness,  which  shall  be  equal 
to  a  sum  of  480  million  of  pounds  sterling,  supposing  a  guinea 
to  weigh  5  dwts  9  ^  grains.  Ans.  18*691  feet 

Quest.  61.  The  ditch  of  a  fornication  is  1000  feet  long, 
9  feet  deep,  90  feet  broad  at  bottom,  and  22  at  top ;  how  much 
water  will  fill  the  ditch  ?  Ans.  1 158127  gallons  nearly. 

Quest.  62.  If  the  diameter  of  the  earth  b«  7920  miles, 
ahd  that  of  the  moon  2160  miles  :  required  the  ratio  of  their 
surfaces,  and  also  of  their  solidities  :  supposing  them  both  to 
be  globular,  as  they  are  nearly  ? 

Ans.  the  surfaces  are  as  13}^  to  1  nearly  ; 
and  the  solidities  as  49]^  to  1  nearly. 
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